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PREFACE. 



rl E who wishes to acquire any other reputation than 
that of being useful, will not devote his time to the pre- 
paration of an elementary work. Such, howerer, is the 
Lumble honour af\er which I here aspire : and if the 
imail volume I now lay before the public shall contri- 
bute, in any degree, to increase the knowledge and 
improve the taste of the mathematical student in the 
earlier stages of his progress, I shall have attained my 
object. 

Of late years the authors of elementary treatises on 
different branches of mathematics, and especially Dr. 
Hutton and Mr. BonnucastUy in their compendious ma* 
nusds for popular use, have shown that it is possible, by 
judicious arrangement and selection, to compress muca 
interesting, valuable, and scientific matter, within the 
compass of a small duodecimo volume. There can, I 
think, be no doubt that to the extensive circulation of 
this class of books, together witlvthe stimulus furnished 
by the annual problems in the ^adies* and Genileman*s 
Diaries, and those proposed in the Senate House at 
Cambridge, must principally be ascribed the circum- 
stance that mathematical knowledge, to a certain extent, 
is more widely diftused over the middle clas<^es of so- 
ciety in this country, than in any other part of Eu- 
rope. 
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IV PRXVACE. 

What, however, has been so successfully effected in 
other departments of mathematics has not yet been 
attempted with regard to Trigonometry. We have 
some excellent works on this subject, whose value it 
would ill become me to depreciate. But such of them 
as go extensively into the business of Trigonometry and 
its applications are too large and expensive for general 
circulation ; while others, being confined almost en- 
tirely to the elements, exclusive of the applications, 
must of necessity be restricted, both in point of circu- 
lation and utility. There is one treatise, that otEmerson^ 
which is a most copious store-house of curious and ele- 
jpint theorems : but they are so obscured by a defective 
notation, that the perusal of greater part of the book 
must, to a mathematical student, be as perplexing as the 
solution of a perpetual string of enigmas. 

It has been my aim to steer into a middle course, 
betwcK^B that in which is presented a mere common- 
place book of principles ana theorems, and that which, 
by leading&r into the detail of multifarious processes and 
methods, precludes the study of the science, except by 
Ae sacrinoe of much time and expense. In order to 
this I have endeavoured to be select in my materials, and 
bave, for the most part, observed unity of method. A 
book of three thnes the size and price might have been 
chrawn up with far less mtellectaal labour (for the fa- 
tigue of selecting from a fund of v^uable naatertals, and 
^astifig the result ini^ one ufould, is not slight) ; but 
iach a Wcpck woald n^t bav^ tended to iM:com|dish thie 
|Nii)Ki8e I have in vicfm By adoptitig a small type and 
a full page, and confini^ myself chiefly to the analyti- 
cal mode of investigation, I have been able to introduce, 
and I shall rejoice if it be thought I have treated perspi- 
cuously, a greater variety of the applications of plane and 
spherical Trigonometry than are to be found in any 
other work on the subject with which I am acquainted. 
In the first three chapters I have exhibited the theory of 
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Plane Trigonometry geametricatt^f and ha^v^ shown the 
application of that theory to the logarithmic solutions 
of the usual cases into which this portion of the subject 
is conveniently distributed. I have endeavoured to 
conduct these introductory inquiries with the utmost 
perspicuity ; that the student, by obtaining a thorough 
comprehension of the principal topics of research, and 
by seeing a little of their utility, may enter with the 
greater relish upon the subsequent investigations ; and 
by tracing the correspondence of these results with 
such as will afterwards appear in the analytical theory of 
Plane Trigonometry, may be prepared to lean with full 
confidence upon the analytical formulas that are in other 
places to be laid before him. The deductions from 
theory in the succeeding chapters are usually obtained 
by analytical processes ; and their utility is shown in 
the logarithmic and trigonometric solution of a great 
number of problems, classi6ed under the particular 
heads of the several applications, as specified in the ta- 
ble of contents. The whole, except what relates to the 
miniite variations of the sides and angles of triangles, 
an4 the differential analogies which apply to them, may^ 
I am persuaded, be readily comprehended by any per- 
son who is tolerably conversant with the elements of 
Geometry and Algebra. 

In the composition of the work I have freely availed 
myself of all such matter as was likely to answer my pur- 
pose, especially in the productions of foreign mathema- 
ticians. The plan and method are of course my own t 
the materials have been collected, almost of necessity, 
from all quarters. In addition to the acknowledgments 
which will occur in different parts of this little volume, 
it would be unjust not to say here, that the theory of 
Projections, the general problem in reference to Dial- 
ling, and the comprehensive table of Differential Equa- 
tions for the variations of triangles, are taken, simply 
with such alterations as fitted them better for general 
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usefulness, from the Chevalier DelamhreU adminbli 
treatise on Astronomy, in three volumes quarto. Tb 
transferring such curious and valuable matter from an 
expensive treatise in a foreign language, into a cheap 
volume in our own, will not I hope oe regarded as per- 
forming a trifling service to the English student. 

I am aware that there are some persons, into whose 
hands this work may fall, who will not approve it as they 
would have done had the demonstrations been exclu« 
sively geometrical. This is in consequence of a preju- 
dice against the analytical processes, most sing^arly 
cherished in a country where the modem analysis has 
received seme of its most valuable improvements : a 
prejudice which, though it is rapidly weakening, still re- 
tains its hold upon the minds of several respectable ma- 
thematicians; and on account of which it may be expe- 
dient to assign some of the reasons that have induced 
me to appropriate so large a portion of the following vo- 
lume as I have done to the analytical or algebraictd 
mode of deducing properties and theorems. 

1. It is more concise^ and therefore allows of the in- 
troduction of a much greater quantity and variety of 
matter, in any proposed space, than could possibly be 
exhibited and demonstrated according to the geometri- 
cal method of the antients. 

2. This method is more uniform than the other, as 
well as more general and comprehensive. In the geome- 
trical method as it is usually conducted, however con- 
vincing and elegant, the demonstration of one property 
or theorem may not have the remotest analogy tto that 
which will serve to establish the truth of another. The 
demonstrations of a series of propositions such as are ob- 
viously connected in the logical arrangement of a trea- 
tise, may probably have nothing common in their ap- 
peutmce, except that they are all geometrical; nor 
•ball the manner of demonstrating one proposition sug- 
^st ntcessarUy a lingle hint that may apply to the de- 
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•onifration df the very next. The separate chaiug of 
^emonstratioB of the two propositions may be as dis- 
tinct (if I may be pardoned so familiar an allusion) as 
the processes by which a swprd and a needle are ma- 
inifactiired. In the one case both are eeometrical, in 
tie other both are mechanical; but neither •f the two, 
whether geometrical or mechanical, although beauti- 
fullj adapted to their purpose, need be at all alike. It 
R not thus with regard to the analytical method : the 
pmcesses have all more or less of resemblance, they are 
sU conducted by the same general rules; and they com- 
monly lead to universal results, from which particular 
corollaries are deducible at pleasure. The analytical 
fnethod is at the same time much the most comprehen- 
sive. There are several curious and useful theorems to 
be found in the analytical treatises on trigonometry^ 
which hare not yet, to my knowledge, been demon- 
strated in any other way; and not a few which I am 
persuaded do not admit of any other kind of proof. 

3. This method is also much the easiest. The pro- 
cesses themselves are, in the main, conducted with the 
greatest possible simplicity; the substitutions and trans- 
wrroations are generally natural and obvious : in truths 
so much so, that a student no sooner attains a compe- 
tent acquaintance with the manner of conducting his in- 
vestigation, than he will be enabled to develope prac- 
tical theorems nearly as fast as he can write them down. 
Nor is the mode of inquiry such as need encumber the 
memory; the operations being general, the requisite 
first principles few. This is a great recommendation ; 
because every unnecessary load upon the memory 
tends more or less to weaken our mental elasticity, and 
impede the intellectual operations. I am happy to for- 
tky my opinion on this point by an observation of the 
tnost profound mathematician and natural philosopher 
now living, Laplace. " Pr6f6rez (says he) dans ren- 
** seignement les methodes g6aerales, attachez-vous a 
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** les presenter de la xnaniere la plus simple^ et youm 
«< verrez en m^me terns qu'elles sont presque toujours 
** les plus faciles.*' 

4. The analytical method of establishing the prin- 
ciplesy and deducing the &rmula3 of trigonometry, has 
this farther advantage, that it connects it more inti- 
mately with the principal topics of mixed mathematics, 
and causes it to become a portal to the higher mechanics 
and the celestial physics. Any person who has looked, 
however cursorily, into the best treatises on. statics, 
dynamics, and physical astronomy, ^specially those 
which have been published on the continent, must have 
observed that they abound with trigonometrical for- 
mulae. And they who have gone a little below the 
surface, know that several of the most striking results 
of physical astronomy turn upon some obvious trigono- 
metrical truth. Thus, to select only one class of in- 
stances, our countryman Simpson^ in. his researches into 
that part of the celestial physics which relates to the 
moon (Miscellaneous Tracts, p. 179), having shown 
that no terms enter the equation of the orbit but what 
are expressible by the cosine of an arc, or, the cosines 
of its multiples, and, therefore, that no terms enter that 
equation but what by a regular increase and decrease 
return to their former values ; immediately infers that 
the moon's *' mean motion, and the greatest quantities 
of the several equations, undergo no change from gra- 
vity/' Frisi advanced still farther in the same line of 
induction. And farther yet Lagrange and Laplace; 
who have demonstrated that no term of the form a x tit, 

or A tan^zT, or a cosec nx, or -: (t denoting the 

' ' sin nT ^ ° 

time) can enter the analytical expression for any of the 
inequalities of the planetary motions, or those of their 
satellites: and have thus proved that the system is stable, 
all its irregularities being confined within certain limits; 
just as all the modifications in the magnitude^nd posir 
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Hon of the smes and cosines of arcs in the same circlii 
are confined within limits, such as the theory of trigo* 
noraetry assigns them. This consideration stamps a 
value upon the researches in this department of science 
which they would not otherwise possess ; and in order 
that the mathematical student may fully avail himself 
of k) it is requisite that he understand the analytical 
method. 

Lastly, this method is preferable to the geometrical, 
because it tends to communicate to the student the habit 
of investigation^ which that does not. It is one thing 
to be able to demonstrate, or to be able to understand 
by means of a demonstration, that a preposition is true 
or false :* it is a totally distinct one to be able to inues^ 
iigate propositions which shall inevitably be true. In 
this pomt of view I have often been struck with what I 
cannot but regard as a singular defect in tbe manner 
of teaching geometry, which prevails in most mathema- 
tical seminaries. If a student 90 apply himself to the 
admirable Elements otEuclid^ or to those ofLegendrCf 
or others which need not be specified, as to understand 
and feel the force of each demonstration, and trace tha 
exquisite concatenation and mutual dependence of the 

Ets, his logical habits of arran^eraent, and the dassi'i' 
tion of his thoughts in reasonmg, must be improved; 
and superadded to this there mai/ be a fondness for geo* 
metrical pursuits. But this latter consequence does not 
necessarily follow; for which the principal reason is, 
that he has not been taught the use of his instruments* 
That meithod of teaching geometry is essentially defect- 
ive which does not include geometrical analysis: and 
yet, axiomatic as this would seem to be, Euclid's Elc" 
mentSy or books for a similar purpose, are almost univer« 
sally studied ; while Euclid's Data are almost as univer* 
sally neglected. For like reasons, every department of 
mathematics should be so taught as to enable the stu^ 
dent, nay to stimulate bim^ to pursue his researches : ai 
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thisy as in every other region of abstract science, so id 
trigonoraetryy must, if the pursuit is intended to be at 
all extensive, be conducted, for the most part, (I do 
not say, exclusively) according to the principles of 
analysis. , 
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TRIGONOMETRY- 



CHAPTER I. 

Preliminary D^nitians and Principles, 

1 . 1 HE word Trigonometric signifies the measure of 
trianglies. But in an enlarged sense we comprehend 
under this name, the science by which we are enabled 
to determine the positions and dimensions of the different 
parts of space, by means of the previous knowledge of 
some of tnose parts. 

• 2. If we conceive any different points whatever, 
poisiteo^n spaca, to be joined one to another by right 
lines, theire will be presented to our con^deration three 
things: 1st. The lengths of those lihes. 2dly. The angles 
they respectively form. Sdly. The angles formed re- 
spectively, by pldniBs in which those lines are, or may 
be imagined to be, comprehended. On the comparison 
of these three objects depends the solution of the various 
questions which can be proposed, as to the measure of 
extension, and of its parts, 

3. The intersections of three or more lines in one and 
the same plane, constitute angles limited by right lines, 
and plane or rectilinear triangles, or polygons suscep- 
tible of being resolved uito triangles. And the inter- 
sections of three or more planes, form plane angles and 
triedral or polyedral surfaces, the determination of the 
magnitudes and relations of which is facilitated by re- 
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2 . definitions and Principles. 

ference to the surface of a sphere. Hence mathemati- 
cians have been led to attempt the solution of two general 
problems. 

I. Knowing three of the six things, whether angles or 
sides, which enter the constitution of a rectilinear tri- 
angle, to determine the other three ; when it is possible. 

II. Knowing three of the six things which compose a 
triangle formed on the surface of a sphere, by the inter- 
sections of three planes, which also meet in the centre 
of that sphere, to determine the other three, when pos- 
sible. 

The resolution of the first of these general problems 
appertains to plane or rectilinear trigonometry/: that of 
the second, to spherical trigonometry, 

4. Lines and angles, being magnitudes of different 
kinds, do not admit of comparison. It becomes neces- 
sary, therefore, to have recourse to quantities of an inter- 
mediate kind, akin to the one, yet having an obvious 
dependence upon the other, and serving as a common 
vinculum. Such are the lineo-angular quantities deno- 
minated 5z;3ef, tangents J &c. which we are about to de* 
fine. They are Itnes^ but lines which admit of being 
tneasured only by parts of an assigned line, thi radius 
of a certain circles and lines which at the same time 
(lepend altogether, for their value, upon arcs of that 
circle, which arcs are, themselves, adequate measures 
of the angles included between the radii which limit 
such arcs. 

5. By mean> of this hBppy invention of intermediate 
quantities, the business of trigonometry is great}y facili- 
tated. For, by imagining a perpendicular let fall from 
the vertical angle of an oblique angled plane triangle 
upon tlie base, or base prolonged, it will at once be 
manifest that the resolution of triangles generally, may 
be referred to that of right angled triangles. Thus, as* 
suuiing for a term of comparison, the hypothenuse of a 
right angled triangle, equal to unity, for example, com- 
puting the bases and perpendiculars of all possible right 
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Plane Trigonometry, $ 

Angled triangles having the assigned hypothenuse, and 
arranging them in different columns of a table, the mag- 
nitudes of the different parts of any proposed triangle, 
would become determinable upon the known principles 
of similar triangles. Such a table as this, would, as will 
soon be seen, be no other than a table of natural sines. 



PLANE TRIGONOMETRY. 

6. Plane trigonometrf/ is that branch of mathematics, 
by which we learn how to determine or compute three 
of the six parts of a plane, or rectilinear triangle, from 
the other three ; when that is possible. 

This limitation is necessary, although there is only 
one case in which it can occur, namely, that in which 
the three angles of a rectilinear triangle are given. For, 
it 18 plain from Euc. vi. 4, that while the three angles of 
a triangle remain the same, the sides, though retaining 
the same mutual relation, may be greater or less, in all 
conceivable proportions. 

7* Lemma I. Let acb be a rectilinear angle : if, 
about the point c as a centre, and with any distance, or 
radius, ca, a circle be described, intersecting ca, cb, 
the right lines that include the angle 
ACB, in a and b ; the angle acb will be 
to four right angles, as the arc ab to 
the whole circumference of the circle 

ADFS, 

Produce ac to meet the circle in 
w, and through the centre c draw dk, 
another diameter, to meet the circle 
in D, £• 

llieDy Euc vi. 33, ang. acb : right ang. acd :: arc ab 
: arc ad, 
and, Euc. v. 4, cor. quadrupling the consequents, 
we have, angle acb>: 4* right angles : : arc ab : 1 ad, that is, 
to the whole circumference. 
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4 Plane Trigonometry. 

8. Lemma II. Let acb be a rectilinear angle: if» 
about c as a centre with any two distances ca', ca, two 
circles be described, meeting ca, cb, in a', b', a, b; 
the arc ab will be to the whole circumference of which 
it is a part, as the arc a^b' to the whole circumference 
of which it is a part. 

By, lem. 1, arc ab : whole circum. 
:: angle acb : 4 right angles, 
and, arc a'b' : its whole circum. 
: ; angle a'cb' : 4 right angles. 
Therefore, arc ab : whole circum. 
xarcAV: whole circum. 
of lis respective circle. 

Definitions, 

9. Let ACB be a rectilinear angle, if about c as a 
centre, with any radius pA, a circle be described, inter- 
secting CA, cB, in A, B, the arc ab is called the measure 
of the angle acb. 

10. The circumference of a circle is supposed to be 
divided, or to be divisible, into 360 equal parts, called 
degrees; each degree into 60 equal parts, called mintftes; 
each of these into 60 equal parts, called seconds.; and 
so on, to the minutest possible subdivisions. Of these, 
the first is indicated by a small circle, the second by a 
single accent, the third by a double accent, kc. Thus, 
^V 18' 34" 4-5'", denotes 47 degrees, 18 minutes, 34. 
seconds, and 45 thirds. So many degrees, minutes, 
seconds, &c. as are contained in any arc, of so many 
degrees, minutes, seconds, &c. is the angle of which 
that arc is the measure said to be. Thus, since a qua* 
drant, or quarter of a circle, contains 90 degrees, and a 
quadrantal arc is the measure of a right angle, a right 
angle is said to be one of 90 degrees. 

11. The complement qf an arc is its difference from 
a quadrant ; and the complement of an angle is its differ- 
ence from a right angle. 
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12. The supplement of an arc is its difference from 
a semicircle ; and the supplement of an angle is its difter« 
ence from two right angles. 

13. The sine of an arc is a perpendicular let fall from 
one extremity upon a diameter passing through the 
other. 

14. The versed sine of an arc is that part of the dia- 
meter which is intercepted between the foot of the sine 
and the arc. 

15. The tangent of an arc is a right line which touches 
it in- one extremity^ and is limited by a right line drawn 
from the centre of the circle through the other extro* 
mity. 

16. The secant of an arc ui the sloping line which thus 
limits the tangent« 

17. These are also, by way of accommodation, said 
to be the sin^^ tangent, &c. of the angle measured by 
the aforesaid arc, to its determinate radius. 

18. The cosine of an arc or angle, is the sine of the 
Complement of that arc or angle : the cota)tgent of an 
arc or angle is the tangent of the complement of that 
arc or angle. The corversed sincy and co^secant are de^ 
fined similarly. 

To exemplify these definitions by the annexed dia* 
ffram: let ab l>e an asisumed arc 
of a circle described with the 
radius ac, and let ae be a qua- 
drantal arc; let bd be demitted 
perpendicularly from the extre- 
mity, b upon dbe diameter a a'; ^ 
parallel to it let at be drawn ly •%. 
and limited by ct : let gb and 
BM he drawn parallel to aa% 
the latter bein^ limited by ct or ct produced. Tlicti 
BE is the complement of ba, and angle bck the comjdr- 
merU o^ angle bca ; bea' is the supplemant of ha, uiirl 
angle bca' ^ke supplement of bca; bd is the sine, j>\ 
the versed tine^ at tfie tangentg ct the secanti on i\%B 
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cosine^ ge the coversed sincy sm the cotangent, and cm 
the cosecant, of the arc ab, or, by convention, of the 
angle acb; 

Note. These terms are indicated by.obyious con- 
tractions: 

Thus, for sine of the arc ab we use sin ab, 

tangent .... ditto tan ab, 

secant .... ditto sec ab, 

versed sine ditto versin ab, 

cosine ditto ••..•• cos ab, 

cotangent . . ditto cot ab, 

cosecant. . . . ditto cosec ab, 

coversed sine ditto coversin ab. 

Corollaries Jrom the DeJuiEionf. 

19. (a). Of any arc, less than a quadrant, the arc 
is less than its corresponding tangent; and of any arc 
whatever, the chord is less than the arc, and the sine 
less than the chord. 

For, in the preceding diagram^ the circular sector 
cab is less than the triangle cat, the former being con- 
tained within the latter. That is, by the rules for men* 
suration of surfaces, }cA x arc ab is less than |cA x 
tan AT ; whence, dividing by ^ca, there results arc ab 
less than tangent at. 

In a similar way it may be seen that chord ab, is less 
than arc ab, and sine bd, less than chord ab. The 
same is also evident from the consideration that a right 
line AB is less than any curve line terminated by the 
same points, and the perpendicular bd less than the 
hypotbenuse ab, of a right angled triangle adb. 

(b). The sine bd of an arc ab, is half the chord bf 
of the double arc baf. 

(c). An arc and its supplement have the same sine, 
tangent, and secant. (The two latter, however, are 
affected by different signs, + or — , according as they 
appertain to arcs less or greater than a quadrant : the 
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reasons of this will be explained in a subsequent 
chapter.) 

in). When the arc is evanescent, the sine, tangent, 
. versed sine, are evanescent also, and the secant be- 
comes equal to the radius, being its minimum limit. As 
the arc increases from this state, the sines, tangents, 
secants, and versed sines, increase ; thus they continue, 
. till the arc becomes equal to a quadrant ae, and then, 
the sine is in its maximum state, being equal to radius, 
thence called the sine total; the versed sine is also then 
equal to the radius ; and the secant and tangent becom* 
ing incapable of mutually limiting each other, are re* 
garded as infinite. 

(e). The versed sine of an arc, together with its co- 
sine are equal to the radius. Thus, ad + bg = ad 
-I- DC = AC (This is not restricted to arcs less than 
A quadrant, as will be seen in the chapter on analytical 
plane trigonometry.) 

(f). The radius, tangent, and secant, constitute a 
right angled triangle cat. The cosine, sine, and ra- 
dius, constitute another right angled triangle cdb, 6imi-> 
lar to the former. So again, the cotangent, radius, and 
cosecant, constitute a third right angled triangle mec, 
similar to both the preceding. Hence, when the sine 
and radius are known, the cosine is determined by £uc. 
1. 47. The same may be said of the determination of 
the secant, from the tangent and radius, &c. &c. &c. 
■ ( g) . Further, since cd : db : : ca : at, we see that the 
tangent is a fourth proportional to the cosine, sine, and 
radius. - 

Also, CD ;cB :: CA : CT ; that is, the secant is a third 
proportional to the cosine and radius. 

A^ain, co : gb : : ce : sm ; that is, the cotangent is a 
fourtn proportional to the sine, cosine, and radius. 

And, BB : Bc :: CE : cm ; that is, the cosecant is a third 
proportional to the sine and radius. 

(h). Thus^ employing the usual abbreviations, we 
ahould have 
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1. cos r= V(ra<l^ — sin^), 2. tan = VC^ec* t- rad*)* 
8. sec = V(rad^ + tan»). 4'. cosec = VCrad^-^ cot»). 

^ ^ rad X sin ^ rad x cos 

$. tan = 6. cot =s — : . 

cos sin ' 

w . radf ^ rad« 

7. sec = 8. cosec = — : — 

CVS sin 

These, when unity is regarded as the radium of tht 
circle, become 

1 . cos = A/ii — sin»). 2. tan =; v^(sec* — 1 ). 
r3. sec = v^(l 4" tan*}. 4. cpsec ac ^(i + cot*). 

r- ^ '^" /> ^ COS -_ 1 _ i 

5. tan ss 7— o. cot =; -r-^ 7. fee =» -^« 8. cos<c 53 -r- 

COS sin cos » sia 

20. FroR) tbesQ afid other properties aod theorems, 
tome of which will be demonstrated a& we proceed, ma* 
thematicians have computed the lengths of the sines^ 
tasgents, s ecaot s, and versed siuesA X9 aa assumed ra«^ 
dius, that correspond to arcs from 1 second of a degree^ 
through all the gradations of magnitude, up to a qua* 
drant, or 90^ The results of the computations are ar^ 
rangod in tables called Trigonometrical Tables for use. 
The arrangement is generally impropriated to two dis- 
tinct kinds of these artificial numbers, cl^issed in their, 
regular order upon pages that face each other. On the 
left hand pages are placed the sines, tangents, secants, 
&c. adapted at least to every degree, and minute, in the 
quadrant, computed to the radius 1 , and expressed de- 
cimally. On the right hand pages are placed in suc« 
cession the corresponding logarithms of the nvunbers 
that denote the several sines, tangents, &c. on. the res- 
pectiTe opposite pages; Only, tliat thi^ necessity of 
using negative indices in the logarithms may be pre* 
eluded, they are supposed to be the- logarithms of 
sines, tangents, secants, &c. computed to the radius 
10000000000. The numbers thus computed and placed 
on the successive right hand pages are called logarithmic 
sines, tangents, &c. The numbers of which these are 
the logarithms, and which are arranged on the hd baud 
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pages, are called natund sines, tangents, &c. In ^he 
fiinall pocket tables thes^ are usually omitted, and the- 
logarithmic alone retained, as the most useful and expe- 
ditious in operation. 

Of the various trigonometrical tables which have been 
published at different times, those which deserve the 
warmest reconunendation, as most accurate and best 
fitted for* general use are ** The Mathematical Tables^^ 
of Dr. Hutioihf^m one vol. royal 8vo.; and the stereo- 
typed " Tables Portatives de Logarithmes^ par Francois 
taUet^** printed also in royal 8vo. in 1795. Dr. Hut- 
ton's work contains a copious and valuable introduction, 
comprizing the history, nature, construction and use of 
logarithmic and trigonometrical tables,, The introduc- 
tion to Callet's tables, likewise exhibits directions for 
their use, and some of the best formulae employed in 
their construction.* Of small tables for the pocket the 
best with which I am acquainted are those of Mr. 
Whitings and the stereotyped tables of the Rev. F, A, 
Barker. 



CHAPTER n. 



General Properties^ and Mutual Relations of the Lines 
and Angles of Circles* and Plane Triangles, 

Prop. L 

1. J. HE chord of any arc is a mean proportional be- 
tween the versed sine of that arc and the diameter of 
the circle. 

* Theiisitnre and use of logarithms being fully explnineil in 
Dr. Hotton^s valaable work, and, indeed, in every collection of 
logarlUimic tables which a student ought to possess, 1 Ihiuk it 
entirely unnecessary to occupy any portion of this introductit 
by an elncidation <»f the properties of those useful numbers. 

b5 
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In the marginal figure, ab is the chord, and ad is the 
versed sine of the arc ab. bl being -^ 

joined the angle lb a in a semicircle is 
a right angle, and is therefore equal to 
angle bda, bd being perpendicular to 
LA. Hence, the triangles bda, lb a, ^ 
mrc similar, and we have ad : ab :: ab : al« 



\ 




CD 



Prop. II. 

2. As radius : cosine of any arc :: twice the sine of 
that arc : the sine of double the arc. 

In the preceding figure ch is the cosine of the arc 
BN, ab is twice the sine bh of that arc, and bd is the 
sine of ab the double arc. From the similar triangles 
ACH, ABD, we have ac : ch :: ab : bd. 

Prop. III. 

3. The secant of any arc is equal to the sum of its 
tangent, and the tangent of half its complement. 

In the annexed diagram, where ab is 
the proposed arc, let the tangent ta be 
produced downwards till ta + ar = ct 
the secants Then, since angle R is the 
complement of acr, and of ^atc, it fol- 
lows that acr = |atc, that is = J comp. 
act. But AR is tlie tangent of acr, or 
of the arc ag; whence the proposition is 
manifest. 

Prop. IV. 

4-. The sum of the tangent and secant of any arc, is 
equal to the tangent of an arc exceeding that by half its 
complement. 

Produce at, the tangent of the assumed arc, till the 
prolongation ts becomes equal to ct the secant, and 
join cs, intersecting the quadrantal arc ae in d. Then, 
because xs = xc, angle xcs = xsc = tce, by reasoD of 
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the parallels ts, ce. Hence bd = de = J comp. ab, 
and AS = tan AB + sec ab = tan ad ss tan (ab + ^ 
comp ab). 

Prop. V. 

5. The chord of 60** is equal to the radius oi' the cir- 
cle ; the versed sine, and cosine of 60° are each equal 
to half the radius ; and the secant of 60° is equal to 
double the radius. 

Let ab be an arc of 60°^ ab its chord, cd 
its cosine^ ad its versed sine^ ct its secant. 
Then, 

1, Since acb = 60°, and cb = ca, a = b 
= 1 (180° - 60°) = 60°. That is, the three 
angles of the triangle abc are equal, and 
therefore the triangle is equilateral. Conscq. 
ab s: radius. C 

2, CD = DA = JcA, because in an isosceles or equi- 
lateral triangle the perp. bisects the base. 

3, BAT a= compl 60® = bta; therefore bt = bjC; 
and TB -f bc = tc = Sue = 2 radius. 

Cor, If with the same radius an arc were described 
from centre b, then cd would become the sine of 30®| 
i??hich is consequently half the radius. 

Pkop. VI. 

6. The tangent of an arc of 4^5^ is equal to Ike radius. 
Suppose AB in tne last figure but one were an arc of 
45** ; tl)en would acb be half a right angle, and conse- 
quently its complement atc. The sides at, and ac, 
opposite to those angles, would then bc equal ; that is, 
tan 45® = radius. 

Cor. From this and prop. 5, it is evident that the sine 
of SO**, tangent of 45% and secant of 60°, are in tlie ratio 
of the numbers 1, 2, and 4; or that tan 45® is a mea 
proportional between sin SO® and see 60®. 
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Prop. VII. 

7 The square of the sine of half any arc or angle Lb 
equal to a rectangle under half the radius and the versed 
sine of the whole ; and the square of its cosine, equal 
to a rectangle under half the radius and the versed sine 
of the supplement of the whole arc or angle. 

This will be at once obvious from the definitions, and 
the diagram to prop. 1, of this chapter. For 4ah* 
= AB^ s: AL . AD == 2ac . AD. Whence AH* = J AC 

. AD. 

Also, 4cH* s= LB» = AL . LD = 2ac . ld. Whcncc 

CM* = JaC. LD. 

Prop. VIII. 

8. The rectangle under the radius and the sine of the 
sum or of the dif&rence of two arcs, is equal to the sum 
or the diflTerence of the rectangles under their alternate 
sines and cosines. 

Let AB and bd be two unequal arcs, of the circle 
whose radius is ac ; and let m>' = bd. 
Then is ad the sum, and ad^ the differ* 
ence, of the arcs ab and bd. Also, 
Bii = sine, GH = cosine, of arc ^b; df 
= sine, CF cz cosine, of arc * bd ; dk . . .. - . 
= sine, CK = cosine, of ad =s Afi*+ bd; ^ ^ GH K' 
dk' = sine, ck' = cosine, of ad' = ab — b1). 

The triangles cbh, cfg^ being similar, we have, cb 
:bh :: cf : fg = ek, whence cb . ek s=: bh • of. 

Again, the triangles cbh, dfx, are equiangular ; for 
each has a right angle, h and £, and angle cbh == bfe, 
the former being equal to cfg, which is the complement 
to EFC, and the lattep^ being also a gomplement to thei 
same angle. 
^ Hence, cb:ch :: df:d£, andconseq.CB.D£ssCB.DF« 

But, since as above, cb . ek = bh . cr, 

and CB . D£ s> ch . df. 
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we have, by additioDy cb . dk =3 bh • cr + cit • lur, 
which is the first part of the propotition. 

Again^ since the triangles dfe, d'f£% are equal as 
well as equiangular^ bj> =s b'jd : the preceding rectangles 
may, thefefore, be expressed thus, 

CB . e'k' = BH . CF, 
and CB . dV = ch . df, 
of which the difference is cb . d'k' = bh • cf — ch , df, 
which is the second part of the proposition. 

Cor. If the two arcs become equal,. then we have for 
die sum, rad x sin 2ab » sin ab x 2 cos ab, agreeing 
with prop. 2 of this chapter. 

Prop. IX. 

9. The rectangle under the radius and the cosine of 
the sum or the di£ference of two arcs, is equal to the 
difierence or the sum of the rectangles under their res- 
pective cosines and sines. 

Recurring to the same diagram, we have from the 
similar triangles cbh, cfg, 

CB :cii ::CF :c6; whence cb . cg = ch .cf: 

and the similar triangles cbh, and def, give 

CB : bh :« DF : ef or kg; whence cb . kg = bh . df. 

The difference of these rectangles is, 
CB . dk ss ch . cF •» BH . df; which is the first part of 
the proposition. 

The equivalent rectangles to the preceding, are 

CB . CG = CH . CF, 

and CB . K^G B= BH . DF ; 
the sum of which gives cb . ck^ = ch . cf + bh . df, 
which is the second part of the proposition. 

Cor. When ab and bc are equal, we have from this 
proposition rad x cos 2a b = cos ^ab — sin ^ab. 

Remark. The preceding figure is adapted to the case 
where not. only ab, tmd bd, but their sum ad is less 
than a quadrant. But the properties envinciated in these 
two propositions are equally true, let the magnitudes of 

2 
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the arcs, of their suxny and their difference, be what they 
may. This might be rendered evident by a suitable, 
modification of the diagram ; and will still farther ap- 
pear in the fourth chapter of this work. 

Prop. X 

10. As the difierencjB or sum of the square of the 
radius and the rectangle under the tangents of two arcSi^ 
is to the square of the radius; so is the sum or differ- 
ence of their tangents, to the tangent of the sum or dif- 
ference of the arcs. 

Let AB, AD, be the two arcs; at, ar, their tangents; 
also let Bs in the first figure 
be the tangent of the sum of 
those arcs, and bs in the 

second figure the tangent of y^ / m R A 

their dif^rence : ana from '^'^ - "« 

the point r let rh, in both ;i^ 
figures, be drawn parallel 
to BS, or perpendicular to 
the radius 6b. 

Then, because of the similar triangles tac, thr, we 
shall have, 

TC : CA :: tr : rh, whence tc . rh = CA . tr, 
TC : TA : : acR : th, whence tc . tft » ta • tr. 

Each of the last equal rectangles being taken from 
the ^square of to, there will remain, tc^ '- to . th, or 

TO . (tc — th), or TO , CH = TC^ — TA . TR. NoW, 

tc . CH (or TC* — TA . tr) : TC , RH (or CA . tr) :: CH 
: RH :: cb (or ca) : bs :: CA* : CA . bs; whence, alter- 
nando, tc* — ta . tr : ca* :: ca . tr : CA . bs :: tr : bs. 
Of this proportion, the first term tc* — ta . tr, be- 
cause TC* = cA* -f- AT*, may also be expressed by ca*' 

-f- AT* — TA . TR, or by CA* + AT* — TA (TA ± AR), 

or lastly, by cA* qz AT . Ac ; whence the proposition is 
manifest. 
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Prop. XI. 

11. Ab the sum of the sines of two unequal arcs, is 
'to their difference* so is the tansent of half the sum of 
those two arcs, to the tangent ot half their difference. 

Let AE and ab be two unequal „ 

arcs, of which ek and bg, are the 
gioes; and let zk be produced to 
cut the circle in d, and bi be 
drawn parallel to the diameter > 
aa'. Draw id, ie, from the cen- 
tre I with the radius ca of the a^ 
Eumed circle, describe an arc dbe, 
and through b draw lAm parallel 
to DE. Then, it is evident that ke = ke + BC, is the 
sum of the sines of ae and ab, and nd = ke — bo 
:= KD — KN, is their difference. Also, since bie (at the 
circumference) = Jbce (at the centre) ; and bid = ibcd 
(Euc.iii. ^)i ^M isequal to the tangent of ^(ab+ab), 
and 3j. = to the tangeot of ^ (ae — ab), that is, of i ( AD 
•- AB.) But, by reason of theparallels de, LM,we have 
EN : DN ;: 6m : Sl; which is evidently the theorem enun- 
ciated above. 

Cor. The sum of the cosines of two arcs, is to their 
difference, as thecotangentof half the sum of those two 
arcs, is to the cotangent of half their difference. 

For, the cosines being the sines of the complements, 
it follows from the proposition that the sum of the co- 
sines, is to their difference, as the tangent of hnlf the 
sum of the com pie men ts, is to the tangent of hall' their 
difference. But half the sum of the complemeots of 
two arcs is the complement of half the sum of those two 
arcs, and half the difference of the complements is the 
same as the complement of half the difference ; whence 
die truth of the corollary. 

Prop. XH. 
12., Of any three equidifferent arcs, it will be, as 
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radius, to the cosine of their common difference, so is 
tl^e sine of the mean arc, to half the sum of the sines 
of the extremes; and, as radius, to the sine of the com- 
mon difference, so is the cosine of the mean arc to half 
the difference of the sines of the two extremes. 

Let ad\ A3, AD, (in the figure to prop. 8, of this 
chapter), be the three equidifferent arcs. Then dv 
= df', is the sine of their common difference^ and cv 
its cosine. Also fg, being an arithmetical mean be* 
tween the sines dk, d'k% of the two extreme arcs, is 
equal to half their sum, and 9£ equal to half their dif- 
ference. By reason of the similar triangles cbh, cfg^ 

DFE, 

we have, cb 2 cf : : bh : fg, 
and CB : df :: CH : de ; 
which are the analogies in the proposition. 

Cor. 1. From the preceding proportions, we have 

. 1/ , , ,\ CF.BH - -. , -. DF.CR 

FG = J(DK + I>k) = ,andDB = j(DK-DK)=^ . 

CB CB 

Therefore dk + d'k' =s , and dk — d'k'= . 

CB ' CB 

Cor, 2. Hence, if the mean arc ab be one of 60% its 
cosine ch, will (prop. 5) be equal to J^cb, and dk — d'k' 
SB DF : consequently dk will in that case equal df 
-Y d'k'. From this conjointly with the preceding corolr 
lary result these two theorems: 

(a). If the sine of the mean of three equidifferent 
arcs (radius being unity^ be multiplied into twice the 
cosine of the common difference, and the sine, of either 
extreme be deducted from the product, the remainder 
will be the sine of the other extreme. 

(b). The sine of any arc above 60**, is equal to the 
sine of another arc as much below 60®, together with the 
sine of its excess dbove 60°. 

Remark. From this latter corollary, the sines below 
60« being known, those of arcs above 60° are determine 
able by addition only. 
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Thus, sin 60** 1' = sua 59^ 5^ + sin 1% 

sin 60*» 2^ =5 sin 59*^ 58' + sin 2', 

sin 60* 3' = sin 59* 57 + sin 3', 

sin 64*» (/ = sin 56*" 0'-|-sin4^ 

&c. &c, &c. 

Faop. XIII. 

13. In any right angled triangle, Ae hypothenuse is 
to one of the legs, as &e radios to the sine of the angle 
opposite to that leg ; and one of the legs is to the other, 
as the radius to the tangent of the angle opposite to tha 
latter. 

Let ABC he a triangle, right-angled at 
By and let ar on the leg ab, be the ra- 
dius of the tiMes. Wtm centre a and 
radios ar, describe an arc to cut the hy- 
pothenuse in -Dy and draw dk, tr, j^er- 
pen^Hddar to ab. Then dh is the sine, 
tr the tangent, and at the secant, of the 
arc DRy or angle a: and the similar tri- • 
angles abc, art, AHp,.giTe ^ 

AC : CR :: ad : DH : : rad : sin A ; 
and AB : BC :: AR : RT :: rad : tan a. 

Cor. To the hypothenuse as a radios, eadi leg is the 
sine of its opposite angle ; and to one of the I^ 
radius, the other leg is the tangent of its opposite > 
and the hypothenuse is the secant of the same ai 

Prop. XIV. ^ 

14^ In any plane triangle, as one o' 
another, so is the sine of the aogi 
formery to the sine of the angle opp 

Let ABC be a plane triangle, 
in which it is required to deter- 
mine the relation whicli subsists > 
between the sides ac and bc. ^ 
With the angular point a^ as «' c;^ 
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centre^ and the distance ac, equal to the iradius of the 
tables, describe the semicircle oecH, From c draw cb 
parallel to cb, and cd perpendicular to ab : draw also 
€A parallel to cb, and from the point of intersection e 
(of that line with, the circle) demit the perpendicular ef 
on BA produced. Then cd is the sine of the angle cab, 
to the radius ac, and ef is the sine of the angle caq ss 
angle cba, to the same radius. 

But AC : BC :: AC : ^Cy because of the parallels bc and be, 
iiAeibCf. because Ae ss ACf 
:: ef I cd, because of the similar triangles 
Aef bed. 

That is, AC : bc : : sin b : sin a. 

In a similar'manner it may be shewn that 
AC : AB :: sin B : sin c, and ab : bc :: sin c : sin A. 

And by drawing a figure for each case, it will be seen 
that the circumstance of any one of the angles being 
obtuse will make no difference in the demonstration. 

Oihertmse* 

. • . . ■ • - 

From c the vertical angle of the 
triangle let fall the perpendicular cd 
upon AB, or AB produced, according 
as the angles a and b are both acute, 
or one obtuse. 

Then (prop. 13 ) AC : cd : : rad : sin a ; 
also CD : CB :: sin b :Yad; 
ex aequo pertur. ac : cb :: sin b : sin a. 







• Prop. XV. 

', 15, In any plane triangle it will be, as the sum of the 
sides about the vertical angle, is to their difference, so 
is the tangent of half the sum of the angles at the base, 
to the tangent of half their difference. 

By the preceding prop, ac^ bc :: sin b : sin a, 
••• by comp. and div. ac + bc: AC — bc :: sin b + sin A 

; sin B — tin A. 
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But, (prop. 11) sin B + sin A :: sin b — sin a :: tan } 

(b + a) : tan 4 (b — a), 
.". AC + bc : AC — bc :: tan ^ (b + a) : tan ^ (b — a). 

Prop. XVI. 

16* In any plane triangle it will be, as the base, to 
the sum of the two other sides, so is the difference of 
those sides, to the difference of the segments of the base 
made by a perpendicular let fall from the vertical angle. 

From the centre c (namely, the 
vertical angle of the triangle abc) 
with the distance of the greater side 
AC describe the circumference of a 
circle^ meeting ab, cb, produced, in 
the points it, f, g. Then, it is obvi- 
ous that OB is equal to the sum of the 
jiides, AC, CB, and vb equal to their 
^difference. And because cd is per- 
pendicular to AE, AD is equal to de, 
( Euc. iii. 3 ) . Wherefore, of the two 
AB, BE, one is the sum of the seg- 
ments of the base da, db, and the 
other their difference. But, (Euc. 
iii. SS) the rectangle under gb, and 
BF, is equal to the rectangle under ab and be. Conse- 
quently (Euc. vi. 16) AB : GB :: BF : BE ; which agrcea 
with the proposition. 

Prop. XVII. 

17* In any plane triangle it will be, as twice the rect- 
angle under any two sides, is to the difference of the 
sum of the squares of those two sides and the square of 
the base, so is the radius to the cosine of the angle con- 
tained by the two sides. 

Let ABC be a plane triangle. From A, 
one extremity of the base ab, draw ad per- 
pendicular to the opposite side bc : then 
(Euc ii. 12, 13) the difference of the sum 
of the squares of ac, cb, and the square of ^ 
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the base ab, is equal to twice the rect- jy 
angle bc . cd. But twice the rectangle /\c 
BC . CA, is to twice the rectangle bc . cd, A<\^ 

that is, to the difference of the sum of the ^— —^ 

squares of ac, bc, and the square of ab, ^ 

as CA to cp ; that is, (prop. 13) as radius to the sine of 
CAD,^or, Bs radius to the cosine of acb. 

Cor, When unity m assumed as radius, we bars 

Ad" + BC» — AB» i 

COSC = 5 . 

SCB.CA 




Pro^. XVIII. 

18. As the sum of the tangents of any two unequal 
^g\tt, is tc their dilferGncG, so is the sine of the sum of 
those angles, to the sine of their difierence* 

Let BCA, ACD, be the two propose<l 
angles, ba and ad their tangents to 
the radius ca. Take ia =3 ad, join 
CI, and draw de, de^ ik, iky perpendi- 
cular to BC. Then, it is evident, since 
IA = AD, andcA perpendicular to bd, 
that ci =s CD, ICA = DCA, and there- 
fore Bci = BCA ^ ACD : also that ed is the sine of the 
sum of the given angles, and ik (he sine of their diff<^r- 
e ce,to the assumed radius ac 

Now, by reason of the similar triangles bde, bik, it 
will be, 

bd (= ba + ad) : bi (= ba — ad) :: de : ik. 
Also, because the triangles cde, cde^ are similar, as 
well as the triangles cik, cik ; we have 

CD : cd : : de : de^ 
and ci (s cd) : ct ( :=: cd) lUKiik; 
therefore j>iL:iK:\de:ik. 
And consequently, bd : bi :: cfe : ik ; 
that is, tan bca -f tan dca : tan bca — tan dca 
:: sin (bca + dca) : sin (bca — dca). 
Cor, Hence it follows, that the base of a plane tri- 
angle BCD, is to the difference of its two segn^nts ba, 
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ADy as thfs sine of the whole angle at the vertex, to the 
une of the difierence of the angles at the base. 

Prop, XIX. 

19. As the sine of the difierence of any two unequal 
angles, is to the difierence of their sines, so is the sum 
of those sines, to the sine of the sum of the angles. 

Let A and b be the two unequal an- c 
gles ; both being bounded on one side by 
the line ab, add on the other by lines, 
which, produced, meet at c, and form a 
rectilinear triangle acb. Demit cd per- 
pendicularly from ' c upon ab; make Da 
£= DA, and join ca. Then we shall have as = db — da, 
ca = CA, caD as CAD, CAB = supp. CAB; and conseq. 
(ch. i. 19 c) sin cab = sin caB. Also (by the same) 
sin c =s sin (a + r): and acB = Aac — b =c A — b. 
Hence, in A acb, sin c, or sin (a + b) : sin A : : ab : CB. 
Also, in A <3(CB, sin c, or sin (a — b) : sin a : : aB : CB. 
Therefore, cb : ab :: sin (a — b) ; sin (a -|- b). 
Again (prop. 14) cb : ca :: sin a : sin b. 
.*.comp. and div. cb — ca : cb -f ca : : sin a — sin b : sin a 

+ sin B. 

But, by the inversion of prop. 16, 

aB : CB — CA : : CB 4- CA : AB. 

Therefore, comparing the corresponding antecedents 
and consequents, in the 3d and 5th analogies, there re- 
sults, 
sin (a r- b) : sin A — sin b :: sin A -f sin b : sin ( a -f b). 

Cor. If A and b be to each other as n + 1 to n, then 
the%ist proportion will become 

sin A : sin (n + 1) A — sin nA : : sin (w -f 1) A + sin WA 

:sin(2n + 1) a. 

Scholium. 

20. Of the propositions in this chapter, some arc 
useful in ihe solutions of plane triangles, and will find 
their applications in the next chapter ; others arc useful 
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in the construction of tables of natural sbes^ tangents 
&c. To glance, for a moment, at this application, ii 
passing, suppose it were required to find the natura 
sines to each of the 10 first minutes of the quadrant. 

The radius of a circle being 1, the semi-circumferenc< 
is known to be 3-14.159265358979. This being dividec 
successively by 180 and 60, or at once by 10800, give 
•0002908882086657, for the arc of 1 minute. Of s< 
small an arc the sine, chord,- and arc, differ almost im 
perceptibly from the ratio of equality; so that the firs 
ten of the preceding figures, that is, -0002908882 ma^ 
be regardea as the sine of T; and in fact the sine givel 
in the tables which run to seven places of figures i 
•0002909. By chap. i. art. 19, we have, for any arc 
cos == V(l —sin*). This theorem gives, in the pre 
6ent case, cos 1' = 9999999577. Then, by prop. 12 
cor. 2, (a), of this chapter, we shall have 

2 cos r X sin r - sin 0' = sin 2^ = -0005817764? 
2 cos 1' X sin S' - sin r = sin 3' = -0008726646 
2 cos 1' X sin 3' - sin 2' = sin 4' = -001 1635526 
2 cos r X sin 4' — sin 3' == sin 5' = -0014544407 
2 cos 1' X sin 5' - sin 4' = sin 6' = -0017453284 

&c. &c. &c. 

Thus may the work be continued to any extent, th< 
whole difficulty consisting in the multiplication of eacl 
successive result by the quantity 2 cos 1'= 1-99999991 54 
Or, the sines of V and Of being determined, the worl 
might be continued by the last proposition, thus: 
sin r : sin 2' — sin V :: sin 2' + sin V : sin ^ 
sin 2' : sin 3' — sin 1' :: sin 3' + -sin V : sin 4' 
sin 3' : sin 4' — sin V :: sin 4' -f- sin 1' : sin 5' \ 
sin 4' : sin 5' — sin 1' :: sin 5' 4- sin 1' : sin 6' 
&c. &c. &c. 

In like manner, the computer might proceed for th< 
sines of degrees, &c. thus : 

sin 1° : sin 2® — sin 1® :: sin 2° + sin 1° : sin 3® 

sin 2® : sin S*' — sin 1° : : sin 3° -f sin !• : sin 4® 

sin 3® : sin 4** — sin 1° :: sin 4"* + sin 1^ : sin 5* 

&c. &c, &c. 
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To check and verify operations like these, the pro« 
portions should be changed at certain stages. Thus, 
siu 1° : sin 3° - sin S^'iisinS^ + sin 2^: sin 5° 
sin 1° : sin 4° - sin 3^ : : sin 4° + sin 3° : sin 7^ 
sin 4° : sin 7^ — sin 3^ :: sin 7'' + sin 3° : sin 10°. 
The coincidence of the results thus obtained, uith th6 
analogous results in the preceding operations, will ma- 
nifesdy establish the correctness of both. 

The sines and cosines of the degrees and minutes up 
to 30°, being determined by these or other processes 
(some of which will be indicated in the 4th chapter), 
they may be continued thus : 

sin 30° 1' = cos 1' — sin 29° 59' 
sin 30° 2^ = cos 2' - sin 29° 58' 
sin 30° 3' = cos 3' — sin 29° 57', 
And these being continued to 60°, the cosines also 
become known to 60°; because 

cos 30° 1' = sin 59° 59' 
cos30°2' = sin59°58'. 
The sines and cosines from 60° to 90^, are deduced 
from those between 0° and 30°. For 

sin 60° 1' = cos 29° 59^ 

sin 60° 2' = cos 29° 58' 

&c. &c. &c. 

21. The sines and cosines being found, the versed 

sines are determined by subtracting the cosines from 

radius in arcs less than 90°, and by adding the cosines 

to radius in arcs greater than 90°. 

22* The tangents may be found from the sines and 

• 

cosines. For since tan = — , (chap. i. 19), 

cos ^ * ' 

we have tan 1' = -^ = cot 89° 59' 

cos r 

tan 2' = ii!!4! - cot 89° 58' 

cos V 
Sec. &C. &C. 

Above 45^ the process may be considerably simplified 
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by tlie theorem for the tangents of the sumi and differ- 
ences of arcs. Fofy when the radius is unity » the tan* 
gent of 4<5^ is also unity^ and tau (a + b) will be de- 
noted thus: 

/At'Q , \ 1 + tan B 

tan (45^ + b) = 

And this, agatn, may be still further simplified ia 
practice. 

23. The secants may readily be found from the tan- 
gents by addition. For (prop. S) sec a = tan a + tan 
I comp A* Or, fbr the add minutes of the quadrant the 

secants may be found from the expression sec = 

Other methods for all the trigonometrical lines are 
deduced from the expressions for the sines^ tangents, 
Ac, of multiple arcs ; but this is not the place to explain 
them, even if it were requisite to introduce them at 
large into a cursory outline. 



CHAPTER III. 



Solutions of the several Cases of Plane Triangles. 

I. 1 HERE being in every plane triangle, six things, 
namely, three sides and three angles, of which some 
three are given to determine the other three; and the 
coitibinations tliat can be formed out of six quantities, 

6 5 4 

taken three and three being = ' ' or 20; it might at 

first sight be imagined that 20 distinct rules would be 
required in this branch of trigonometry. But though 
Uie varieties of data are in truth tlius nuitierous, it Will 
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fotm BppenTf that the number of cases which require 
distinct rules, are very few. Let a, b, c, denote the 
angles of a plane triangle, and a, 6, c, the sides respec- 
tively opposite; then the twenty varieties of data will 
be these, viz. 

(3) abc ... ll) abA •••(!) ^^b . 

I n acK . . . t2) acB . 
\2) dcA ... lij bcB . 

(4) ABC • • • ( 1 ) ^Ba . . • ( 1 ) ab3 . 

(ll Aca .. . f*^ Acb . 

(*) BCfl ... (1) BC^ . 

Here the varieties which are marked by the figure I, 
have this in common, that a side and its opposite angle 
are two of the given parts; and, if it be considered that 
when two angles of a plane triangle are known, the third 
is, in fact, given, because it is the supplement of their 
sum, it will appear that those varieties which are marked 
with an asterisk fall under this first case : so that the 
varieties comprehended in this case Sircji/leen, Of the 
' remaining five, three, indicated by the number 2, have 
this in common, that two sides and an included angle are 
given ; they, therefore, constitute a second case. The 
example marked S, has three sides given, but no angle ; 
this makes a third ease: and the remaining variety in 
which the three angles are given, but no side, would 
make a fourth case, were it not (see chap. i. 6) that for 
want of a side among the data, the problem thus ex« 
pressed is unlimited. Our twenty varieties, therefore, 
only furnish three distinct cases, to the solution of 
which we shall now proceed. 

Case L 

2. When a side and its opposite angle are among the 
given parts. 

Here the solution may be obtained by means of chap. 
ii. prqp* 14, where it is demonstrated that the sides of 
plane triangles are respectively proportional to the sines 
•f their opposite angles. 
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'. loiptactice if Q tide be^required, begin the proportion 
widi ft9kie> ft\id «a7> 

^4ke Me of the given angie. 

To kg 4>pp06ite 6ide ; 
So is the sine of either of the other anglei, 
Toiifcs opposite ftide. 
If an tittgie be requited, begin the ^proportion with a 
side, and ^y. 

As one of the given sides, 

Is to the sine of its opposite angle ; 
So is the other jgiven sidei 
To ^ sine of its opposite angle. 
Tl)e third angle becomes known, by taking the turn 
of the two former from 180°. 

Note 1. Sin<;e sines are lincSf there can be no impro- 
priety in comparing them With the sides of lri»ngles; 
and the rule is better remembered by young nathema- 
ticfems, than wh^ the sines ^iAd sides are compared 
each to each. 

Note 2. It is nsually, tliovrgh not always, best to work 
the proportions m trigonolnetry by taeam of the loga- 
rithms, taking the logarithm of the jffir^ term from the 
snm of the iogarithias of the ^second to^A thirds tooblaia 
the logarithm of fM^Jhurtk term. • Or, ctdding tho ^riih* 
fnetical complemefii of the logarithm of the fimt term to 
the logQtiiAMtos'^^he other two, to dbtain ^t<^ the 
fourth. 

Note S. It is an exceHent 'plan to aeout^em the pnpil 
to draw (previotisly to Ms eommencing the computa- 
tions in plane trigonometry)' not a rough, but a- neat and 
accurate, sketch of the triangle proposed, firom the 
given data, by means of scale, protractor, andcompasses^ 
Such construction will €nii(ble him at isnce to trace the 
peculiarities of the problem, and to deteot Its ambi- 
guities, if there be any. It will also, if accumtely per- 
formed, upon a scale of moderate sic;e, give the sides 
to within their 2001^ part, and the angles true to withki 
h^f a degree. 



f 
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Niifle 4. The truuigle beug carefully constructed, and 
marked by miitable ^ters of reference^ as a and a finr 
example, at the extremities of the baw, c at the vertex » 
then, according to the nature of the problem^ write 
down the requisite proportion in four distinct lines, 
mth the letters of reference to eaeh tomi, and I lie 
given numbers to the three lirst : agninst these numbers 
]rfece -their respective lograrithms; find the k^gorithui to 
the fourth terra by tlic directions in note % and asoer* 
tain its ang«dar or lineal value, by means of tlie tables. 

^^ The last three notes are not restricted to tiie 
present case, but extend in their application to tha 
usual practice of plane trigonometry. 

Example I.' 

t). Isi a:pfauie triangle are given two angles equal to* 
W^T> and S2P d7% respective y» and the -side between 
them 40B yards. Required d^e remaining angle and 




C&meiruciwm* - On an indefinite right q 
Ikiey'set ifff, fbom a convenient diagonal 
■eale,tbedistanee Aas=:408. From the 
^K>int A ttraw a right line ac, to make ^ 
with AS an angle •of 58^7'; and from ^ 
tiie'paint«aniothei*Une, turned towards the former, and 
ao make with ba an aagle of 22° 37'. The intcrgecticin 
Cy'Of these two lines determioes tiie triangle ; ami tlio 
aides AC, ac, measured upon the scale of equal parts 
firomi which a« was laid down, are found to be 159 and 
351 respectively. 

Compdation, Two of the angles being known, their 
sum 80° 44?' taken from 1S0°, the sum of the anjrios in 
a plane triangle, leaves 99° 16' H^r the third anj^It! c. 
fHiis, being mi ^tuse angle, its sine is to be i\mud in 
the table lay taking that of its supplement 80^ 4-4', wliich 
Ki, 19) in the some* Hence, 

c2 
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As Bin c 99^ 16' 9-9942950 
To AB. . .408. . . 2-6106602 
6aiswnA58° 7' 9-9289718 



Lf»g«. I Logs. 



To BC . . 351 02 2-5458370 



As sin c 99® 16' 9-9942950 
To AB. . .408. . . 2-6106602 
So is sin b 22*^37' 9-5849685 



To AC . . 158-98 2-2013337 



AC and BCy therefore, are 351*02 yards, and 158*98 
yards, respectively. 

4. In the preceding operation, instead of adding to- 
gether the logs, of the second and third terms, and sub- 
tracting that of the first from their sum, the work has 
been performed thus: — The right hand figure of the 
upper line was taken from 10, and each of the other 
figures from 9, and their several remainders added to 
the numbers below them in the respective columns. 
This is easily efiected in practice by making those re- 
mainders emphatical in adding downwards. Thus, in 
the operation for bc, we begin at the right hand, and 
adding downwards say, ten and 2 are 12, and 8 are 20; 
set down 0^: carry 2, and Jour are 6, and 1 make 7: 
nothing added to 6 and 7, gives 13 ; set down 3 : carry 
1 , and seven are 8, and 6 are 14, and 9 are 23 ; set down 
3 : carry 2, and Jive are 7f and 8 are 15: and so on, to 
the left hand column, which added in the same way 
amounts to 12; of which the 2 are put down, and the 10 
rejected, to compensate for what has been borrowed in 
the process by the arithmetical complement. This me- 
thod is very easy in practice, and is found less liable to 
produce elror than that in which the arith. oomp. is put 
down at once from the tables. 

Example 11. 

'5. In a plane triangle abc are given ac = 216 ; cb 
5= 117 ; the angle a = 22° 37'; to find the rest 
Construction, Draw an indefinite right line abb'. 



Solaaion ofiU Tkrce Ci.^4\ tt 

from an aaBmned point ▲ in which q 

diaw a line to nuike the au^le a ^^/K 

ss»*sr. Make AC = 216, and ^y^/\\ 
from c as a centre with a radius ^^^ \L^^ \ ^ 
= 117 deacribe an arc bb', it will ^ ^^ "^^ 

cot the line ab in two poiDts, from each of which draw* 
ing lines bc, b'c, there will be formed two triangles abc^ 
ab'c, each of which answer ;the conditions of the ques* 
tion* The required lines and angles being measured* 
give 

AB=:117 ACBrs 22^° AUG = 134^ 

ab'= 282 . . • . acb' =112^ AB'c = 454°. 

Comptitationm To find the angle b. 

As BC 117 2-0681859 

To sin A . . 22^ 37' 9-5849685 

So is AC .. 216 2*3344538 



TbsiDB 45''lVorl34<'46'.. 9*8512364 

AddtoeachZA22°37'.. 22^37' 



Take the sums 67° 51' . , 157° 23' 
From 180° O'.. 180° O' 



Remain .. . 112° 9'or 22° 37'» being acb' and acb. 
Here since acb = bac, we have ab cs bc =* 117. 
But to find ABy reverse the first two terms of the 
former proportion, and say» 

AssinA 22° 37' ..•• 9-5849685 

ToBC... 117 2-0681859 

So is sin acb'.. 112° 9' .... 9*9667048 



To ab' 281-79 2-4499222 



6. Remark, The ambiguity in this and similar ex- 
amples, does not, as has been often affirmed, depend 
upon the circumstance that an angle and its ^upplcmuni 
have the same sine, but solely upon tliis, that in con 



structiDg triangle^ from dnekgous data^ when* the vide 
CB has its length between' ceitain limitB, that w,^- bc^ 
tween the length of the Bide A€, and thiic of the per* 
pendidoiar cd trom c oil the thit^ side A3, it imisr ne^ 
eessaritu Citt the indefinko ri^t Ime a*b' io t^o paitit»* 
Beyond tho«re iimitfthere U no ambigaity; for when cb 
ur proposed to be less than cd^ the pf dblem is imjpos*' 
sibie; attd when cb exceeds^ oa, the angle a being ali 
along supposed giretiy. the line abb' can only be cut in 
one point. Hence the practical maxim may be thus ex- 
pressed >-*when CB is proposed less than ac sin a,, the 
data- Are erroneous; when it is given greater than ac 
there* can be only one triangle ; between those limits 
the problem is ambiguous. 

Ex. 3. Given two angles of a plane triangle 22*^ 37" 
and 13^ 46', and the side between them 351 . To find 
the remaining angle and sides. 

Am. A»^ 9eP 37' ; sides 351 and G48. 

Ex. 4fw Given two sidies of a plane triangle 50^ a»d 40 
respectively, and- the angle opposite to the If^er eqind 
to 32^ ; to determine the triangle. 

Ans. If the angle opposite to the side 50 be aeate; 
then is it = 41"^ 28% the third attgle 106'' 32", and tha 
remaining side 72*36. I# the angle opposite to side 50 
be obtuse,; it is » 138^ 52', mid the dther anglis and 
side 9^ 2a' and 12^415 respectively. 

Case II. 

7. When* tf^o sides and the included angle are given. 
The solotion is effectediby me^ns of chap. ii. prop. 15. 
Take the. given angle from 180^, the remainder will 
be the mxm of t)h$ other two angles. 

Then say ,-^ As the sum of the given sides. 

Is to their difference ; 
So is the tangent of half the sunn of 
the remaining angles, 
To the twdgeat of half their diference. 
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Half tlic diffemnce added to half the sum of those 
Mnf^iedy^ giTits the greatec of them ; and taken from half 
die suo^. lesres tl» lesa*. 

AU the angles beconiiiig known by this procos^j tlie 
thiriiside is found by the rule in case 1. 

Example I. 

8* Let there be given in a plane triangle abc, ac 
ss 460, BC = 540, and the included angle c :£= BO^; to 
find the remaining angles and side. 

Leaving the: construction to be effected by the pupil, 
X ahaD pcoeeed fip the computation. 

Bc'+ AC = 990, BC - AC = 90, 180^ — c « 100^. 

A« BC 4* Ao 990 . . 2-9956^52 

To BO -AC 90.. 1-9542+25 

So it tan i (A + b) 5(f. . 10 0761895 

Totan J(A-B)..6^ir 9-08479S8 

l^nde50P+6°ir.=i.5(5°ir=rA;5O°-6^ir=4S^4i9'=8. 
Then, to find the third side ab» say. 

As sin b . ... 43^ 49' .. 9-8403276 

To AC 450 2-6582125 

So is sine ..80° O' .. 9-993^51 5 



To AB 640-08 . . 2"8062384 



^m^t 



Example II. 

9. The two sides of a triangle are 40 and 32, and the 
included angle 90°, required the other angles and side. 

In this example the operation may be considerably 
shortened by working toithout, instead of with, the loga*- 

♦ Let a + b = 8f and a — 6 => <f : then, by addition 2a = s + d, 
OT a^is + ^di and, by subtraction Sd » « — cf, or ft «= is — id» 
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rithms. For, since the given angle is 90% the half sum 
of the remaining angles is 45% whose natural tangent is 
unity ; and the sum and the difterence of the given sides 
are 72 and 8 respectively. Hence 

A8 72;8::l:^ = i ss-1111111 = nat. tan. 6° SO". 

Therefore 45^ -f 6^20' = 51° 2(y, and 45° - 6°2(r 
= 38° 4fO', are the remaining angles. . 

An d the third side (Euc. i. 47) = V^ 40* + 32* 

= 1/2624 = 8 ^4-1 = 51-225. 

*^* Other methods, still shorter, of solving right an« 
gled triangles, will be given befi>re we terminate the 
present chapter. 

Ex. 3. Given two sides of a plane triangle I6869 and 
960, and their included angle 128° 4' ; to find thii rest. 

Ans. Angles 3S° 35', 18^21', side 2400. 

Cass III, 

10. When the three sidet of a plane triangle tifk 
given, to find the angles. 

1st Method. Assume the longest of the three sides af 
base, then say, conformably witn chap. ii. prop, 16« 
As the base, 

To the sum of the two other sides; 
So is the difference of those sides, \ 

To the difference of the segments of the base. 
Half the base added to the said difference, gives the 
greater segment, and made less by it gives the less ; 
and thus, by means of the perpendicular from the ver- 
tical angle, divides the original triangle into two, each 
of which falls under the first case. 

2d Method. Find any one of the angles by means of 
prop. 17, of the preceding chapter $ and the remaining 
angles eitlier by a repetition of the same rule, or by the 
relation of i>ides to the sines of their opposite angles* 
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SxoTHple 1. 

11. The three sides of a triangle are 40, 34, and 25* 
Required the angles. 

By Rule I. 
As AB : AC + BC :: ac — bc : ao — bd; 

that is, 40 : 59 :: 9 : ^^ = 13-275. 

Then 12±^:?!! = 26-6375 = ad : 

and ^^"]^^^ -, 133625 = db. 




I> U 



AsAc 34.... 1*5314789 

To8inD....90O .. lO'OOOOOOO 
So is AD . . 26*6375 1 42549S5 



To siD ACD . . 510 35/ 9-8940146 



AscB 25.... 1*3979400 

To sin D . . . 90® . . lOOOOOOOO 
So is BB . . 13*3695 1*1258878 



To sin BCD.. 320 18' 97279478 
I 



Hence 90° - 51° 35' = 38° 25' = a; 90° - 32° 18' 

= 57^42^ = 8; 
and 51° 35' + 32° 18' = 83° 53' = acb. 

By Rule II. 

Ac^ = 1 156, BC» = 625, ab» = 1600, cb . ca = 850. 
From log ac* + bc* - AB* = log 181 =^ 2 2576786 
Take log 2cb . ca = log 1700 = 3-2304489 

Rem. + 10(inthe index) =:log cos c=83°53'=90272297 

Tlie other two angles may be found by case 1. 

Ex, 2. When the sides of a plane triangle arc 4O89 
351, and 159, what are the angles? 

Ans. 99° 16', 58° 7', and 22° 37'. 

Ex, 3. When the sides are 4, 5, and 6, what are the 
angles ? 

Ans. 41° %V 35", 55° 46' 16', and 82° 49' 9". 

c5 
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RIGHT ANGLED PLANE TRIANGLES. 

12. 1. Right singled triangles may, as well as others, 
be solved by means of the rule to the respective caa9 
under which any specified example falls : and it will 
then be found, since a right angle is always one of the 
data, that the rule usually becomes simplined in its ap- 
plication ; as appeared in the sottition of the secotid 6x- 
andple to case 2. . 

^ When two of thefsides are given, the third may be 
foQtid by means of the property demonstrated in £uc. L 
47. Thus, 

Hypoth. = V ( base ^ + perp. \) 

Base = t/(hyP' - P<!^P-^J = V ^hyp' + perp.) . (hyp. - perp .) 
Perp. « l/(byp.« - base*) « \/(hy« + ba»e) . (hyp. - base)- 

3. There is another method for right angled triangles, 
krto^n by the phrase making any side radius; which it 
fTris. 

*' To find a tide. Call any one of the sides radius, 
and write upon it the word radim$ observe whether the 
other sides become sines, tangents^ or secants, and write 
those words upon them accordingly* Call the word 
written upon each side the name oteach side: then say, 
" As the name of the given side, 

** Is to the given side ; 
'* So ts the nam9 of the required side, 
" To the required side.'^ 
•' To find an angle. Call either of the given sides 
radius, and write upon it the word radius; observe whe- 
tkn the other iides become shoes, tangents, or secants, 
•ad write those words on them accordingly. Call the 
word written dpon each side the name of that side. 
Tbeosay, 

*' As the side made radius, 

** Is to radius ; 
^ So i^ the other given side, 
•* To the name of that side : 
which detetmines the opposite an^Ie." « 
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13. When the numbers which measure the sides of 
the triangle, are either under 12, or resolvable into 
factors which are each less than 12, the sqlution may 
be obtained, conformably with this rule, easier witliout 
logmthms than with them. For, 

Xet ABC be a right angled triangle, in 
which AB the base is assumed to be radius; 
BC is the tangent of a, and ac its secant, 
to that radius ; or, dividing each of these 
by the base, we shall have the tangent and A 
secant of a, respectively, to radius 1. Tracing in like 
manner, the conseauences of assuming bc, and ac, each 
for radius^ we shall readily obtain these expressions. 

1. H?IEi — . tan angle at base, 
base ° 

_ base ^ 1 ^ . 

2. = tan angle at vertex. 




S. --^ 3= sec angle at base, 
base ° 

4. = sec angle at vertex, 

5. -t: — '- =» sin angle at base. 

6. -r — = sin angle at vertex. 



Examjijleh 



14. In a right angled triangle are given, the hypo- 
tihentise and the base, 25 and 21? respectively; tornnd 
the rest. 

Perp. = v^(hyp.*-base») = / (25 f 24) . {25 - 24) =7, 

^ s ^= ~ = -2916666 =« tan 16^ 15' 37", angle 

at the base; whence 90P - 16° 15' 37'' « 73^ 44' 23", 
angle at vertex. 
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Or,-^ rs ^=34285714= tan 78**44'23",ang.at vert. 
Or, thu8| by the secants. 

h-vp. 25 6*25 

•^ = 24 =-e-= 1-0^16666 = sec 16° 15-37", : 
—- = ^ = 3-5714285 = sec 73^ 44' 23". 

perp. 7 

Or, thus, by the sines. 

for. 2. In a right angled triangle, given a leg and its 
opposite angle 384, and 53° 8' respectively; to find the 
other leg and the hypothenuse. 

Ans. Leg 280, hypothenuse 480. 

Ex. 3. In a right angled triangle are given the base 
195, its adjacent angle 47** 55'; to find the rest. 

Ans, Perp. 216, hyp. 291, vert. ang. 42° 5\ 



CHAPTER IV. 



Pkme Trigonometry considered AnalyticaUy. 

1. IN the preceding xhapters the investigation of tri- 
gonometrical properties has been conducted geometrt" 
isaliy^ the vanous relations of the sines, cosines, tan- 
gents, &c. of arcs and angles, whether depending upon 
triangles or not, being deduced immediately from the 
%ures to which the several enquiries were referred. 
I^s method carries conviction at every step ; and by 
keeping the objects of enquiry constantly before thie 
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eje of the studeDt, serves admirably to guard him 
against the admission of error ; .-and is, therefore, well 
fitted for adoption at the commencement of this branch 
of science. But of late years, another method, first in- 
troduced by Euler, has been generally employed by the 
continental mathematicians, and very frequently by thotse 
of England. It is ana(y/ica/. The nature and mutual 
relation of the lineo-ongular quantities, sines, tangents, 
&c. being defined by a few obvious and simple equa- 
tions, every other theorem and formula that is likely to 
be of use, is deduced with great facility by the mere re- 
duction and transformation of the original equation?. 
This method serves greatly to shorten almost all trigo- 
nometrical investigations, except a few which lie at the 
foundation of the science : and admitting of an exten* 
sion to which the geometrical method cannot lay claim, 
at the same time that it proceeds to some of its mof<t 
important results with great rapidity ; no treatise on tri- 
gonometry can be complete that does not assign to this 
manner of handling the subject a considerable place. 

2. Previously to the student's entrance upon this do* 
partment of enquiry, it will be expedient for him to 
trace the mutations which the principal intermediary or 
iineo-angular quantities undergo, when they relate to 
arcs found in different quadrants of the same circle. 

To this end let him draw afresh and lay before hitn, 
the diagram given at chap. i. art. 18, and first trace the 
mutations of the sines and the cosines ; keeping in mind 
this general principle, that every wiriahle algebraic quarts 
iUy changes its sign after it becomes 0. 

S. Let the arc be supposed to commence at a, and to 
increase in the direction abea'b. As the arc augments 
through the first quadrant ae, the sine augments till it 
becomes equal to ce, the radius ; passing from 00^ to 
180^ through the quadrant ea', the sine diminishes, but 
is to be regarded as positive till the arc becomes aea' 
•r 180^. Id that state of the arc the value of the sine 
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is obfiously 0* Passing on to the third quadrant, as 
when the arc is axa'b', the sine d'b' is directed contra* 
rily to what it was in the first two quadrants, and is then 
to be regarded as negative. In this state it continues to 
increase through the third quadrant, at the end b' of 
which it is again equal to radius. From thence the ne- 
gative value of the sine diminishes, till at the end a of 
the fourth arc, it again passes through zero^ and the 
sine becomes positive in the Jifth quadrant ; as it obvi- 
ously ought to do, since the fi^h quadrant is coincident 
with the first. 

in the Ist and 2d quadrants, then, the sines are +, 

In the 3d and 4th, they are — . 

If the arc were taken negatively, its sine would, for 
like reasons, be negative in the first half, positive in the 
second half, of the circle. 

4. The cosine of an arc is equal to radius at the point 
A, where the arc is evanescent. From thence it dimi- 
nishes while the arc increases through the first quadrant; 
at £ the cosine is 0. Then it changes its sien and con- 
tinues negative through the arc eaV, that is, from 90° 
to 270°. At E^ the cosine is again-O ; and, of course^ 
from e' to A, through the fourth quadrant, it is again 
positive. 

The rule is the same for a negative arc. 

.5. With regard to the signs of the tangents^ it is evi- 
dent, since tan = — (chap. i. 19), that when the signs 

of the sine and cosine are both aiike^ whether positive or 
negative, the sign of the tangent is positive; and when 
those signs are unlike^ the sign of tne tangent is nega^ 
five. The tansent, therefore, is positive in the ^rst 
quadrant, the sine and cosine being then both positive : 
it is negative in the second quadrant, the cosine being 
then negative though the sine remains positive ; it be- 
comes positive again in the third quadrant, the sine and 
cosine being then both negative : finally, it is negative 
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in the Jburth quadrant, since the sine is then neprative 
and the cosine positive. The tangent^ therefore, changes 
its sign at the end of every quadrant, where it passes 
alternately- through nothing and infinity ; these being, 
indeed, the algebraic indications of the changes of 
sign. 

If the arc is regarded as negative, the rule for the 
langenta becomes inverted ; the tangent being then ne^ 
gattne in the Jirtt and thirds positive in the second and 
fourth arcs. 

6. For the cotangents the rule of the signs is the 
same as for the 'tangents: this is evident, because 

tan 3* -T, and cot =: --• 

eoC tan 

*J. So again, the rale for the secants is the same as for 
the cosines; because sec =: — • 

co=» 

8« The rule for the cosecants is, also, the same as for 
the rii^es ; because cosec == -r- 

SlU 

9. Proceeding in this way, a second, a third, &c. 
time iffet the tircumference of the circle, like muta* 
lions would occur. The results of the whole may be 
thus tabulated :-« 

• sin cos tan cot sec cosec 

1st.. 5th.. 9th., 13th) 2 + -|. 4. + + + ^ 

2d . . 6th. . 10th. . 14.th f g + +(/aN 

Sd.. 7th.. lltb.. 15th r-g 4- + l^ ' 

4tb. . 8th. . 12th. . 16th lg,-+-.--f-— J 

10. Let it be remembered that when the tangent 
passes through infinity, the secant does, and for the 
same reason, viz. because they in that case could only 
limit each other at an infinite distance. The principal 
changes, then, in point of magnitude, may be easily 
traced, and tabulated as beldw; where the sign 00 de- 
notes infinit^^ 



(B.) 
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(/» .... 90° .... 1 80° ... . 270° .... 360° 1 

tan ....0 ....oo •••• ....-^co*... 

S6C ....R .... 00 ....^"R .... """OO • • • a R 
COS ....11 •■•• \j «••• ""* Ra... Vf ..•• R 

cot .... 00 .... .... —00 .... .... 00 
cosec . . 00 • . . . R .... —00 .... R . . .*. 00 ; 

11. These particulars premised, the propeities and 
relations of the sines, tangents, &c, of combined and 
multiple arcs, as well as rules for the solutions of tri- 
angles, may be investigated analytically. 

Let ABC, in the annexed figure, oe 
any plane triangle, c the vertical angle^ 
CD a perpendicular let fall from it upon 
the base or base produced, and let a, 6, 
and c, denote the sides respectively oppo- 
site to the angles *A9 b, and c. 

Then, since ac = by ad is the cosine of a to that 
radius ; consequently, when radius is unity we have 
AD = 6 cos A. In like manner bd = a cos b. There- 
fore, AD -f BD = AB = (? = a cos B -f ^ COS A. If ooe 
of the angles, as a, were obtuse, the result would, not- 
withstanding, be the same ; because, while on the one 
band cos a would be negative, ad, lying on the contraiy 
side of A to what it does in the figure, must be deducted 
from BD to leave ab, and a negative quantity subtracted, 
is equivalent to a positive quantity added. By letting 
faU perpendiculars from the angles a and b, upon the 
opposite sides, or their continuations, precisely analo* 
gous results will be obtained. They may be placed to- 
gether, thus :— 

a = d cos c -I* c cos bI 
^ = fl cos G -f c cos A > (1 .) 
c = a cos b + ^ cos Aj 

12. If BC, or a, be regarded as radius, cd will be the 
cine of the angle b to that radius ; therefore, to the ra- 
flius unity, cd will be = a sin b. So again^ for a like 
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reason, cd =s ^ sin a. Consequently, a sin b 2 ^ sin a , 

or r- == -' — < ^^ A similar manner, we may obtain 
^ sin tt ^ J 

a sin A J A sinB ^ , . ^. j 

- *= -: — m and - = -: — . Or, chanirmff the denomina* 

C BID C C SIO C 00 

tors, the relations of all the six quantities may be thui 
expressed, 

sin A sinB sinr 
a b c ^ '' 

These equations are, manifestly, of similar import 
with chap. u. prop. 14. 

13. From the last equations we have, 

8inA f aina 

a S3 C -r — • . . . 6 sa C -: — • 
sin c BIO c 

Substituting these values of a and d for them in the 
equation m a cot b -h ^ cos a, and multiplying the 

equation lo traDaformed, by — S, it will become 

•in c ss sin A cos b + sin b cos a* 
Now, since in every plane triangle, tl^ sum of the 
three angles is equal to two right angles, a + b = sup* 
plement of c ; and, since an angle and its supplement 
nave the same sine, it follows that sin (a -|- b) = sin c; 
whence 

sin (a + 3) = sin a cos b + sin b cos a. 

14. If in this equation b be regarded as sub tractive, 
then will sin b obviously be subtractive also ; but cos b 
will not change its sign, because it will still continue to 
be estimated in the same direction on the same radius 
The equation will, therefore, become 

sin (a — b) 3= sin a cos b — sin b cos a. 

15. Conceive b' to be the complement of b, and J Q 
to be the quarter of the circumference, or the measure 
of a right angle: then will b' = ^ Q -" b, sin b' = cos b, 
and cos b' = sin b. But, l>y the preceding article, siii 
(a — > b') = sin A cos b' — sin b' cos a. Substituting for 
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sin b', C06 B'y their T&lue8> tli€re will result sin (a — b^ 
= sin A sin B — cos a cos b. Hence, because b' =s 
J O "- »> we have sin (a — b') = sin (a + b — ^ O ) 
= sin [(a + b) - J O] = - «n [J Q - (a + b) = - 
— cos (A 4- b)]. This value of sin (a — b') being sab- 
stituted for it in the equation above, it becomes 
cos (a -f- b) = cos a cos b — sin a sin b. 
16. If b in this latter equation be made subtractivej 
sin B will become — sin b, while cos b will not change , 
(art, 3, 4). The equation will consequently be trans* 
formed into this : viz« 

cos (a — b) = cos A cos B> -f- St" A Sin B, 

If A and B be regarded as arcs instead of the angles 
which they measure, the results will be equally conclu* 
sive and correct. They may be expressed generally for 
the sines and cosines of tho sums or difieroncts of Aoy 
two arcs or angles, by these two equations, viz. 
sin (a ± B) = sm a cos b ± sm b cos aI . v 
cos(A±B)aBeo8ACosB qp dn A sia bJ ^ ' 
. 17. The actual value of the sine,, cosine, &c. depends, 
obviously, not only upon the magnitude of the arc, but 
also upon that of the assumed radius. In the preceding 
investigation wc have supposed it to be unity. If we 
Wish to make liie above or any other formuls^ appl^ 
cable to eases where the radius has another value R, we 

have only to substitute in the expression, for sin a, 

cos A ^ f an A « ^ J ^^. 

for cos A, for tan a, and so on. Or, gene* 

rally, we must so distribute the several powers of r, as 
to make all the terms homogeneous,^ as to the number of" 
lines nuiltiplied: thk is eitected by multiplying each 
term by such a power of r as shall make it of the same 
dimension, as that term in the equation which has the 
highest dimension. Thus the expression, 

sin 3a = 3 sin A — 4? sin 3a (rad = 1 ) 
when radius is assumed = r, becomes 



I 
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. . 5r^ sin a ~ 4 sin 'a 

or Sin 3a = ■ * 

18. Supposing th^ in formulae (c) a = b, and taking 
the superior sign, we shall have 

«in2A = 2«ia A cos a = 2 sin a ^(l — sin^A)") ^ ^ 
cos2a = cos *a •— sin *a = 2 cos -a — 1 J '^' 
by substituting 1 — cos ^a for sin ^a, and 1 — siu *a for 
cos ^A. 

So, againy by supposing b to be successively equal to 
2a, 3Ay 4Ay &c. we shall find 

sin Sa = sin a cos 2a + cos a sin 2a 1 
sin 4a =^ sin a cos 3a + cos a sin 3a > (e.) 
sin 5a = sin a cos 4a + cos a sin 4a j 
Or^ for the successive cosines, 

cos 3a = cos A cos 2a — sin a sin 2a 1 
COB 4a = cos A cos 3a — sin a sin 3a > (f.) 
cos 5a =s cos A cos 4a — sin a sin 4a j 

19. If in the above expressions for the several mul- 
tiples of the sines, we introduce for the cosines their 
values in terms of the sines, and in those for the mul* 
tipies of the cosines the values of the sines in terms of 
the cosines, the following expressions will be obtained. 
In which each quantity is expressed in terms of its own 
kind. 
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sin 3 a 
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— 20s3 


+ 16S5 




sin 6a 


= (6s 


— 32s3 


+ 32s5) V(l - s^ 




&c. 
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20. Other useful expressions for the sines and coslnei 
of multiple arcs, may oe found thus : 

Take the sum of the expanded expressions for sin 
(b -|- a) and sin (b - a) ; that is^ 

add sin (B + a) = sin B cos A -f cos b sin a 

to sin (b — a) = sin B cos a — cos B sin a 

there results, sin(B + A) + sin(B — a)=::2 cos a sin B, 

So again, the sum of the expressions for cos (b -f a] 
and cos (b — a), is 

cos Tb + A^ -H cos (b «- a) S3 2 cos A COlBi 
Whence, cos (b + a) = 2 cod a cos b — cos (b — a). 

Substituting in these expressions for the sine and co^ 
sine of B + A, the successive values of a^ 2A9 Sa^ Ac 
instead of b, we shall havci 
sin 2a = 2 cos A sin A 

sin 3a = 2 cos A sin 2a — sin A \, fi\ 

fein 4a « 2 cos A lift Sa - lin ^A i ^'v 

linnA ssSco8Aiin(n — 1) A — iin(n -S) A 

COB 2a as 2 cos A cos A — COS 0(55 1} 

cos 3 a = 2 cos a cos 2a — cos a v ^ * 

cos4a = 2cosacosSa — cos2a r'**] 

cos 7ZA = 2 cos A cos (n — 1) A •^ COS (fl -* 2) A 

21. If the cosine of A be represented by a particulai 
binomial, the formula (k) will be transformed into .1 
class of very elegant ana curioud theorems : thus 

make 2 cos a = ;5f + - ; 

z 

then 2 cos 2a s= 2 (2 cos »a - 1) = 2 [J (« + -V— 11 

= .^ + ^. 

A like substitution in the forms for 2 cos Sa^ 2 cos 4Aj 
&c, will give 



ss 
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2 COS IBA = C* + 

ff' 

22. B J an inverted process, the sine ani.^ cosine of a 
lingle arc may be inferred from those of a dojble arc; 
or, which comes to the same, those of a half arc from 
those of a whcrie arc. 

Let * - z = V(l ^ cos 2a), or x» — 2rr + js* = I 
— cos 2a, and assume x' + z' = 1 ; then '2xz = cos 2\; 

and, extenmnating r, x* + - = 1. 

Hence x* — x* + i=J(l- cos* 2a) = ^ sin* 'Ja, 

.*.x*«=: ^ ± |8in2A, and x = } ^(l ± sin 2a) 
andz* = I q: I sin 2a, and r = | ^{l q: sin 2a ;• 
Hence^sin A = i V(l + sin2A^ — ^ ^/H — sin2A^ 
C08A = I ^(1 + sin 2a) + J ^\i —sin 2a}. 
Or, for die half arc, 

tin J A = 4 -•(! + sin a) - J ^(l - sin a)! . v 
cos j A = I v'Cl + sin A) + J v(l - «n a) J ^^^'^ 

* This remarkable class of formulae may be of u«c In tho sum- 
mation of series. Thus, cos a + cos 2a + cos 3a + cos 4a -f Aec. 
.•COS MA, is equal to the sum of the two scries ((9 -f s' -t- :> t- 

&C... c»),andi f- + -i + - + &c. . . - ) : this is equal 

t . T ' ^ ) I which, after due reduction, cornea 

\ «— 1 »"(» — I)/ 

n ft + 1 

St hut to (sin r-Acos — - — 4) -^ sin JA. This theorem cm. 

ployed to determine the sum of all the natural cosines of rvrry 
mionte in the quadrant, gives sin 45 ' x cos 45 ' U' 30"' ~ sin SiT' 
» 3487-8470374. 
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23. Otherwise, in order to obtain expressions for tl 
sine and cosine of a half arc, take 
1 = cos *A -+■ sin *A 
cos 2a = cos ^A — sin *a (see formulae d), 
the sum and diftierence of these respectively, give 
2 cos *A = 1 4- cos 2a, and 2 sin *a = 1 — cos 2a. 
Changing a and 2a into Ja xmd A, we shall have 
2 cos* J A = 1 + C06 A, and 2 sin* J a = 1 — cos a, 

- /1+*08A . - /l — C©SA 1 

.-. cos J a s= a/ ^ ;sm.jA= a/ g / 

or cos Ja = J v'(2 + ^ cos a) l^ 

sin J A = J ^{2 — 2 cos A) 3 

Suppose, for example, a = 60°, then cos a = sinS 

and cos 30° = i V(2 + 1 ) = J v'S = -8660254, 

sin 30° = I ^/(^ — 1 ) = I, as it ought to be : 

cos 15° = iV(2 + V3) = J( V6 -f ^2) == -965925 

sin i5° = iv(2-A''3) =4 (V6 - v^) ='256819 

and so on, by contioml bisections, as low as we.ples 

24*. If theformuks:(t3} be divided ene by fche/OtiM 
there will result, 

sin(A±B) sin AcosB^eosBein A. 

cos {A ±'B) cos A COSB 7 sio A siOfB 

Here dividing the two terms of the second memi] 
of the equation by cos a cos b, and recollecting tl 

tanA=: , we shall obtain, 

. _. ^ tan A ^ (an , ^ 

tan (a ±.b) = , ■ ■ ■ ■ — :-... (o.) 

^ ^ It tan A tans ^ ' 

If A in this formula be = 45°» we shall have tan ▲ ss 
mad CAaaoqiiently, 

.^ tan (45° ± b) = — .... (p.) 

If A = B, the formula (o) will give for the double ai 

^ ^ 2 tan A . . 

*«" 2a = ^-^^;^ . . . . (Q.) 

1 
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i 'Wbiie, on the otber hand, dividing the-fiMt vahies of 
nn |a, cos \a (formula n) odc by -the olher, ditre will 
result, 

J /I — cos A 1 — cos A . . 

A =3 A / r = r—— .... (R.) 

Thus tan 30° = i^=^^Sl^ = -^ = J -/S ; 

J. ,ro 1-COS30O 1-iV'S ^ 

.and tan 15° = — . ^^ =5 — f — = 2 - ^3; 

and SO on, to any proposed extent. 

25. Pursuing an analogous process to that by which 

we obtained tan ( a ± b), the Allowing may be deduced 

from formulae (c): viz. 

^ , _, X cot A cot B T 1 . / V 

cot (a ±b) = - — --- — ; — .... (o.) 

^ . ' cot B± cot A ^ ^ 

sin (a + B*) cot B + cot A tan a + tan b s 

sin (A — b) cot B — cot A tan jk — tan b 

kio (a ± B) cot B ± cot A tan A ± ian B 



C08(a t b) ±1 +.cot A cot B \ ± tao A tan b 

COB (a -f- b) __ cot B — tao A ^^ 1 — tan a tan b 



>(s-) 



COS (a — b) cot B + tan a 1 + tan a tan b. 

26. Taking again the etjuatitms (c) for the «ine of 
tlie sum and the difference, there results, 
by^idd. mn (a 4- B ) + sin (a — b) = 2fiin A cos b 
by sub. sin (a -f b) *- sin (a — b) = 2sin b cos a. 
The first of these formulae dtrided by the second 
gives 

sin (a -f- b) + sin (a — b) sin a ens b tan a 

8tn(A + B) — lio^A ^ b) cos a sin b ^ tauB* 

if, therefore, we suppose, a 4- b s= a', a — b = b', 
whence a = J (a' -f b'), b = J <a' — b), we shaU hate 

sin a' + sin b' tan ^ (a^ 4- b^) ^ 

«inA'-»iBB' "^ tan ^ (a' - «') * ' ' * ^^'^ 

Jtot, it kas been seen (formula ^) that 
-J-—- s= r-, wheace it follows that -r — 7- — —-7 « 
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The preceding equation^ therefore, establishes the truth 
of the folio wingy viz. 

fl + 6 _ tan i (V + bQ 
a-6"" tapi(A -B')""^ ^^ 
27. Similar computations with the equations (c), com- 
bined 2 and 2, would produce a great variety oi other 
formulae. From these, however, since the ingenious 
student may investigate them nearly as rapidly as he 
can write them down, we shall only select the following , 
for insertion here. 

sin A + sin b = 2 sin } (a + b) cos J (a — b) "J 
sin a — sin b = 2 sin I (A — b) cos | (a + b) C /^ \ 
cos A 4- cos b = 2 cos I (A + b) cos I (A — bH ■ '* 
cos B — COS A = 2 sin I (A + b) sin | ( a — b) 3 

Making a = 90** in the first two, and b = 0, in the 
Others, there result, 
1 -j- sin b = 2 sin (45° + Jb) cos (45^ - Jb) s 2 sin* 

(45° + ^b) 
1 — sin b = 2sin» (45° — Jb) = 2 cos^- (45° + Jb) 
1 + cos A = 2 cos* jAl X , V 
1 -C08A = 2sin»|Aj vU.; 

sin A + sin B ^ , , , . sin a — sin b . ^ ^ . 

= tan J (A + b) ; = cot J( A + b)' 

cos A + cos B *^ ' COS B — COS A S V* T^ **/ 

Bin A + sin B _ . . sin a — sin b _^ 

-= cot *(a — b); 7 ==tan|(A— b) 

COS B — cos A ** ^ ' COS A -f COS B 2 \ / 

cos A + COB B 



=s — cot J (a 4- b) cot I ( A — b) 



jTOS A '- COS B 

1 + sin B . ^ ^ «ft , . 1 + COS A 

•z — -r- 9s tan» (45° + }b) ; -. = cot* ^a 

1 •— Bin B ^ » » " 1 ^ COB A * 

I "h sin B ^ stn»(45°-f Jb) 1 - sin b ^ sina(460 — Jb) 

..l-fCOBA "~ COS'jA* ' i— COiB*^ 8111^ |b "' 

28. Some useful theorems in the computation of sines, 
cosines, &c. result from the introduction of the imagi-^ 
nary quantities that arise from the solution of the equa- 
tions A* 4- 1 =3 0, and b* 4- 1 = 0: so that, though 
t^ese roots, a = ± v'— 1> and b ss ± V — 1> are ia^ 

5 
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dications of ah absurd supposition, they still serve as 
con?enient instruments of investigation. Their utility 
DQost, therefore, be briefly shewn. 

The expression sin *a •{• cos ^a = r or 1, is resolv- 
able into tne imaginary factors, 

(cos A-f-sinA^— l).(cosA— sinAV— 1) = 1- 
' In like manner, introducing another arc b, and em- 
ploying imaginary &ctors, we shall have (cos a + sin a 
V— . 1) • (-COS B-|-sinB>v/— 1) = cos A cos B — sin A 
sin B + \/ — 1 (cos A sin B + sin a cos b) = cos (a + b) 
+ sin (a 4- b) V — 1> [by formula c]; also (cos a — 
sin A >v^ — 1 ) . (cos B -i sin B ./ — 1) = cos (a + b) 
— sin (a + b) ^— 1, By a like calculation it will be 
seen that (cos a. ± sin a v^ — 1 ) . (cos b ± sin b V — 1 ) 
. (cos c ± sin e v' — 1) = cos (a -f b + c) ± sin 
(a+b, + c)>v/— 1. It appears, therefore, that the 
multiplication of this class of quantities is eflected by 
simply adding the arcs, a property analogous to the 
characteristic property of logaiithms. 

29. If the arcs a and b be supposed equal and two 
imaginary factors be taken, we shall have (cos a db sin a 
v^ — 1)^ = cos 2a ± sin 2a V — 1 ; if three factory be 

^ taken, the result will be (cos A±slnA>v/— 1)^ = cos 
3a ±sin3A a/-- I. 
. Whence, in general, 
(cos A ± sin A V — 1 )" = cos 7? A ± sin nA v' — 1 . 

30. From the last equation we obtain 

sin nA V — 1 = (cos a -f- sin a v' — 1)* — cos wa, 
and sinnA V— 1 = — (cos a — sin A ^v/—!)" + cos?? a, 
dividing the sum of these by 2 v' ^ 1> there results the 
following expression for the sine of any multiple arc ; 
viz. 

(cos A + sin A i/ — 1)" — (cos A— sin A i/ — IV 

sm »A = 21/-1 • 

An analogous process will give 

(cos A + sin A 'Z — 1 )" + (cos a — sin .k \^ - \ ;" 
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3JL V:iffi^. qpaotities. i^ay, rpsMj be expao^ed into 
series, by^n^eani^.qf ti\e l^ippmii|l th^drem; in whiclht cas^ 
allf the terms affected with- iipifk^ipari^ will be anpihi- 
Is^fi^L B^^ }h&:e,.wj\i be. pjptainedUie two following, ge- 
neral series, one for the sin^i}h& Qt^i^r fyr tl](e[ cosines. <^ 
roifltiple atcsi. 

sinwA=s»co8' "a sin A — . i \ — 4coa^ -^a 
sm»A + 1 Q ft A fe "^^ Aam^A-^ofc* 

«;.• %• A« 4(* O. 

n.(» — 1), n — 2s*-.. 
^? IIA, =5 COI^ "A r ^ g COJB ' " A Sm *A + 

-1.2.3(.4 ^°- ASin A- 

n(n-l)(n^2>(n-3)(n-4;)(«~5) , - 6^ • . . . . 

« • • • ^x.^ 

^2. If the arc a be supposed iode^nit^ly^small, fbeo 
will sin A = A« cos A = 1, and that the arc nA may be- 
come an assi^able quantity, n itself must be regaf]4€d 
as indefinitely great; hi that case^inity will (practicallT) 
vanish in the terms n — 1> n — % &c. so that n{ifk'--V^ 
will become = n*, w (» — 1) (w — 2) = n?, &c. Heace^ 
if w£ put nA = Cy we shall have (since sin a = a, and 

A = -), sin *A =s -r, sin 3a =. -rr, &p. wJvle.coi^A. cos* 

A, COS 3A, w;iH eajch =? 1. The two last formula ^fill^ 
therefpre^ b^. reduced, to the foUow^'qg; by meaps.of 
wh^h it will be ea^y to express the sine; and cowif;^ ^ 
any arc, in parts of that arc, or in decimds of the radiu^ 
that is, to calculate the nai^t^ra/siQf.arid cosine of such 
arc. 

€080 = 1-. y;5 + j:g:gj- T5xoj+^-> 
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These seiieB will conTerge rapidly when the are is 
smalL* 

S3. From expressioDS, such as the preceding, for the 
sines, tangents, &c. of the sums, differences, and pro- 
ducts of two arcs, or angles, it would be easy to pass to 
tbo4e for three, four, or more arcs. But as the pro* 
perties which might thus be developed, however curious 
and elegant, are comparatively of little utility; we shall 
not present them here, but confine our investigation, 
either to the angles of a plane triangle^ or to those 
which have an obvious relation to them. 

A, By and c, being the three angles of a plane triangle, 
unce c = 180^ - (a + b), 

(. tan A + tan b 
A + b) = — -; : — — — -, 
^ ' 1 — tan A tail a' 

whence, taking away the denominator, 

tall c — tan a tan b tan c = — tan a -«• tan b, 
and, by transposition, 
tan a + tan B -f tan c = tan A tan B tan c. . . . (4*.) 
Dividing this equation by the whole of the first mem- 
ber, and substituting for the products of the tangents 
divided by their sum, their corresponding values in co- 
tangents (from equa. s), there will result, 

1 =S cot a cot B + cot B cot C -f COt A COt C. . . . (5.) 

If the sum of a, b, and c, instead of being 180^, were 
360*^, the same formulae would result, as is evident from 
the consideration, that in that case also we should have 
tanc = — tan (a + B).f It may, farther, be readily 
seen that the same expression is applicable, so long as 
A + B + c=«. 180^ or 2«. 90°. 

« This branch of (he subject is punned, with great elegance, 
to a coDsiderable extent, by Euler, in his valuable work, jina* 

t iW propert3- restricted to the cose when a + b -f c ^ 360^, 
n^as announced apd demon^ratcd by Dr. Maskcl^ne in the FhU 
losophical Transactions for 1808: in the cose %i the triangle ft 
had been previously demonstrated by Cagnoli. 

d2 
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34?. Suppose A + B + c = 90°, then tan c = eot 

1 ' 

(A + B) -. ^^ ^^ + B)» 

1 -- tan A (an b ^ . 

or tan c = ;: (by equa. o.) 

tan A + tan b ^ "^ ^ ' 

Of, tan A tan c + tan b tan c = 1 ~ tan a tan b (by mul.) 
or, 1 = tan a tan B + tan a tan c + tan b tan c (by trans*) 
and cot a cot b cot c = cot a 4- cot b + cot c, . . . (6.) 
And this formula will obtain, in like manner, so long as 

A + B + c = (2» + 1)90^ •; 

sin 

35. Substituting for tan, its value — , in equa. (4) 
preceding, it becomes 

• sin A sin B sin c sin a sin b sin c 

-j- -j =5 , 

cos A C08B cose COS A COS B COS C' 

whence, taking away the denominators, there results, 
sin A cos B cos c + sin b cos a cos c") .^ v 

4- sin c cos a cos b = sin a sin b sin c J * ' * ' ^ ' 

36. By adding 3 sin A sin b sin c to both sides of equa. 
(7) we have ' 

4* sin A sin b sin c = sin acos b cos c + sin a sin b sin c 

4- sin b cos a cos c + sin b sin A sin c 
+ sin c cos A cos b + sin c sin a sfn b 
= sin Acos (c — b) + sin b cos (c — a) -f sin ccos (b — a) 
= isin(A + c— B) + Jsin(A— c + b) + |sin(B-|-c— a) 
-f Jsin(B— c + A) + |sin(c + B — a) + |sin(c — b + a) 
= sin (A-f c— b) 4- sin(A4-B — c) 4- sin(B4-c— a) 
= sin 2b 4- sin 2c 4- sin 2a .... (8. ) 

Let a' =i A 4- 90^ b' = B 4- 90°, c' = c 4- 90% then 
we shall have 
4 cos a' cos b' cos c' = cos 2a 4- cos 2b 4- cos 2c . . (9.) 

The formulae 7, 8, 9, are due to M. Mello : the last 
applies to the case where a' 4- b' 4- c' = (2w 4- 1) 90p. 

37. We may now add all that is requisite in the solu* 
tion of rectilineal triangles : and shall first take the case 
where, instead of having two sides a, b^ and their in- 
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eluded angle c given, the logarithms of those sides are 
given; as frequently happens in geodesic operations, 
and in astronomical tables for the distances of the 
planets from the sun. Here if a and b are regarded »s 
the sides of a right angled triangle, in which u de- 
notes the angle opposite to the side a, we shall have 

tan «( =±: T-* But, since a is supposed greater than b, 

this angle will be greater than half a right angle, or will 
be measured by an arc greater than 4'5°. 

Hence, because tan (u — 45°) = i — "^-^^^ — rrrrt 

and because tan 4-5° = r =: 1 , we have 

: Consequently, from equa. (3) 

#1-6 tan4(A-B) taii4fA-B) , 4 

rTTT =* *»»i/^ . ' v = " — ^-71 ! whence 

« -h tan 4 (A -f B) cot Jc 

tan J (A — b) = cot jctan(^— 45°) (10.) 

^ . Hence results the following practical rule : — 

Subtract the less from the greater of the given logs, 
tfie remainder will be the log. tangent of an angle: takei 
45** from that angle, and to the log. tangent of the re- 
Diainder add the log. cotangent of half the given angle, 
the sum will be tlie log. tangent of half the difference 
of the other two angles of the plane triangle. 

S8. Let us next return to the equation (4 ) in art. 1 1 
of this chapter ; namely, 

' a = b cos c -{• c cos b 
b ^ a cos c -f c cos a 
c = fl cos B 4- 6 cos A 
The first of these equations being multiplied by a^ 
the second by ^, the third by c, and each of the equa« 
tioos thus obtained, being taken from the sum of tho 
other two, there will arise 



] 
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6* + c*—fl* = 2dcco8 Ay whence cos a =s — sf^l 

«* + c*— i*=2accosB, cosib = "^ ^ * >(11.^ 

4i2 + i^-c»=x2aficoic, cos c = '^'^^*1"'^ 

Tnese equations are, obviously, equivalent to prop« 
17) chap. ii. They may be expressed in a form rather 
better suited to coniputation, thus : 

COS A = j^^ -^ - 1 . ... (12.) 

Where, since the expressions are perfecthr symttietrifialy 
those for cos b, cos c, need not be put down. 

39. Substituting in equa. (12), for cos A its equiv** 
lent 2 cos* J a — 1, we have 



cos 



iA-^/ ^ fc (^^•> 

If, in eaue. (11) we substitute 1 -> 2 sin* jA for 
cos A, we shall have 

28in*jA = l + — ^jp-=:i ^^ \ Therefbre 

' V bi ' — •• vl**) 

If, again, equa. (14) be ^divided by equa. (13)^ th^re 
will result, 

*o« 1 ii — AiKfl M- ft + c) -ft] . M(<i H> ^ + c) - c] 
tan iA- Y/ £4(fl^.* + c)-«].[4(« + * + c)l -^^^-^ 

40. Of the rules for the determination of the an^est 
of a plane triangle when the three sides are given, com- 
prehended in the formulae, marked 11, 12, 13, 14, 15» 
the last three are the best in practice, except the sides 
are integers and lie wfthio the oomptss €ft*-h ^tabie of 
squares. When the angle sought is small, it is vamaUfy ^ 
better to empW the method of equa. (14) than that of* 
equa. (13). The method of e«pia. (15) is toiertfb^ 
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cbteniocBbu9)%nd Very correct, excfept when a is either 
venr small or nfedr 180**. 

In some cases where great accuracy may be required, 
the student may wish to obviate the uncertainties that 
woul^^ise from the use of some of these rules. Pof 
this puroose Dr. M^Sskelyne hks given, in the introduc- 
tion to Taylor's Logarithhis, 'the foWowiilg rules in rt- 
ference to the sines khd'tah^ntis of V(£i^ small ards. 

1. Tojind the sine. To the logarfftitn brthe Urc de- 
duced into seconds, with -the decimal afKtie^^d, add the 
constant quantity 4<'6855749, knd from the sum'subtrttet 
one third of -th^ Hf ilhmetical complement of the log. 
Cosine, the remainder will be the log. sine of the given 

2. To Jlnd the tdn^ent. To the log. arc ai)d above 
constant quantity, add tWo-tHirds of the arithmetical 
complement of the log. cosine, the sum is the log. tah« 
gent of the^iven arc. 

3. Tojind the arc from the sine. To the given log. 
sine <jf a -flnnldl arc add 5'3i44^5-l> and ^ 6f thearith. 
comp. of log. cosifie : substract 10 from the index of the 
sum, the i^maindi^r will b'e the logarithm of the number 
o£ seconds and deehhats 2n the given drc. 

4. Tojind the are from the thi^ent. To the log. 
tangent add 5 '3 144251, and frote the sum subtract \ of 
the arith. comp. c^f log. cosine ; tM^e 10 from the index,. 
and there Vfll f erhaih the ICFgaiithm o^ the riiiinber of 
seconds and decimals in the given arc. 

41. Hating ift the end of tire 2d chapter jidVerted 
briefly to the method of constructing a tab]e of natural 
^es and ^n^ehts, the subject neld not be rej^uAned 
here. *We shall mei-ely subjoin tbe values of a feifr oif^ 
^e sines, cosines, &c in surd expressions, hifd a fe^' 
fehnradie of VcfrrficBtion, giich £& may readily be redudefd 
to id^nHdd equations. 

N0W9 to rmifuiB 1, M^e have 
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sin 18° = Qos 72^ = | ( - 1 + a/5 ) 

• sin 22^° = cos 67 J° = -i V^2 - ^2 
sin 30° =cos60'' =| 

sinSG'' = cos 54° =j/l0-2v'5 • 

sin 45° = cos 45° = 1 a/2 

sin 54° = cos 36° = | (1 + V^) 

sin 60° = cos 30° = ^ a/3^ ^ 

gin 67i° = cos 22 J^ = J l/ 2 4- V2 

sin 72° = cos 18° = J V^ 10 4-2a/ 5 

sin 75*^ = cos 15° = J v^2 + a/3 = J ( a/6 + a/5^>. 

From these, by means of the formulse (g), (i), (n), 

&c. the sines of any other arcs proposed may be com^ 

piited : from these, also, may be deduced the tangent! 

and secants. 

fat tt 

For* since tan = -— > we have, for example, 

sin 750 _ V6-J- V2 

cos 75° "^ ve-va 

The secants may be computed from either the tan- 
gents or from the sines. Thus, from the tangents, since 
sec = V{tan^ + rad^), we have 

sec 15° = V^ (2--a/3)^+1^ = 1/ 8— 4a/3 = a/6 - a/2, 

sec 75° =v/' (2+a/3)^+P = V' 8-h4A/3 = a/6+ a/2> 

8cc22^°= / (a/2- 1)^ + 1^ =: / 4-2a/2 . 

sec67J°=V^(A/2 + l)Hl'=V^4+2v'2. 



tan75^ = —7^ = TTS— 73" =2+^3. 
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Or, since sec =s — 9 (chap. i. 19 li), we have 



cos 



sec30°'-. ^^^^^ - j^ - 3 V3 
sec 60° = — ^ = r = 2 

cos 60° J 



*<• 



These may obviously be extended to other arcs, by 
means of formulae (p), (q), (r), of this chapter, and 
prop. 3 of chap. ii. 

42. Operations of this kind ought not to be carried 
far without being subjected to checks and proofs. For 
this purpose, after the sines and cosines are found, the 
tangents, secants, &c. are easily verified by their mutual 
relations. The sines and cosines themselves, are exa- 
mined by means of some of the following " formula? of 
verification.'* 

18° + -a) +sin(18°- a) =2sinl8°cosA - 
54P + a) + sin (54.° — a) = 2 sin 54° cos a 
'54° + a) + sin (54° ~ a) - (18° + a) — sin 
(18° -A) =sin (90°— a) 
sin a + sin (36° -a) + sin (V2° + a) =c sin (36° + a) 
. + sin(t2° — a). 
Here a may have any assigned value less than the 
least specified arc. Thus, if a were 9°, we should have 

sin 9° + sin 27° + sin 81° = sin 45° + sin 63°, 
and if from any table the sines thus taken make equal 
sums, it is highly probable they are all correct. Taking 
these firom Dr. Hutton's tables, we have 
. sin 9°= -1564345 
sin 27°= -4539905 sin 45° = -7071068 

sin 81°= -9876883 sin 63° = -8910065 




1-5081133 equal sums .... 1-5981133 

ft 

43. Of the formulae investigated in this chapter, those 
which have lettem of reference (a), (b), (c), &c. relate 
to the sumSy dijGTerences, multiples, &c. of sines, ta 

t>5 
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fentMi &c while those which' hwrejlgures of reference, 
1 ), (2J, (3), &c. will be etnploifvd in the solutions of 
plane triangles. Other kinds will find their application 
m subsequent parts of this introduction ; and the student 
will do welly idler he has gone through their investiga- 
tion, to arrange them in BejMirate titles for use^ We 
shall teilninfite the present chapter by subjoining three 
txamples. 

^ Example L 

Given the three sides of a pUuie triangle iO» S4ff wbA 
25, r^ectively, to find the largest an^e, by formtdfi 



Here 4 (a + ^ + cj — c 
I (« + i — (?) - ^ 



- c =a 15-5 . . log tt 1-1903317 
; 24-5.. ki;=tt 1-3891661 

Iheir prod, shown by the sum of the Ic^s . • 2*5794<9?8 

Also, J (a + ^ -c) - « =3 9-5.. log = o-977733« 
j^la + d-^c) =49-5.. log =»: 1-6946052 

Their pi'od. shown by the sum of the logs • ^ 2*6723288 

The latter sum taken from the former 



1 19-9071690. 



borrowing 20 for radius squared, gives 

The latter log. -«- by 2 for the V» gives 9-953584S. 

This, by the tables, is nearly tan 41° 56i\ and by the 
formula it is tan Ja ; therefore |a s 41° 56^^ and the 
required angle =» 83° 53' nearly. 

Note, In chap. iii. case 3, the same result is obtained 
by a different process. 

Example II. 

What are the angles of that plane triangle whose na» 
tural tangents are integers f 

It is evident from equa. (4) that the sum of the three 
tangents must be equal f o their continual product. Now, 



li 2, ahtt S ; which &e, thferefore, thfe Mtottttts fequfred;. 
Thb atk^ 6f Whifch th^y ire the tan|ehti, ate 43^ 
b»<» 1fBrW% infl 71° 33' 5f."; whore sdm iriaktt 150°, as 

It SttSm w ud. 

Example III. 

There is a plane triangle whose sides are three con- 
secutive terms in th^ n^atutal ^ried of integer numbers^ 
and whose largest angle is jiist double the smallest. Re- 
tMFed ftir sfdbs i^h'd ^gVes. 

fb&l ihte mietii My cMj^ki^ th^ tWo ihetii6d&, Vkr^ 
iShali ^V^fiTeht both ^ geom^ltticU ahd ail iUgefrrafc&l ^olti- 
tion to this problem. 

lit. XSeomktridally, 

AnalysU* Suppose the triangle abc ¥o Ife that whose 
sides CB» ^Ay Ag, are respectively as three 
consecutive terins in the increasing series 
of intent nuihbers^ and the greater an^le 
ABC equal to twice the leiss angle bac. 
From c upon ab let fall the perpendicular 
CD, make ph *= db, and join bc. Then, J[ \d)^ 

because the angle cds ( = abc^ \s equal 
to 2cAi, the points a and c are m the dieumiference of 
8 circle whose radius is ^a, or 5c, and centre b. But 
AB : AC + cB (=s 2ab) :: Ac — cb (= 2) : ad — db 

= aJ (= = 4) = cb ; hence cb is givea; and be- 

cause AB = CB + 1 = AC — 1 (by hypothesis),, the 
Ihrefe siddsafe giv^n, td idonstl'oct the triangle.. 

Construction. Let the right line ab be made equal to 
5, on any scale of equal parts ; from centres a and k 
with radii 6 and 4 respectively, describe arcs to intersect 
each other in c ; draw ac, bc, and Abc is £e required 
triangle. 

Demonstration^ The sides cB, Bif, ac, are three con- 
secutive terms in the secies of natural numbers (by 
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<;onst.) From c- upon ab demit the perp. cd/ set. off 
j>b = DBy and dxawAc. Then, ab (== 5) : ac -f cb 
(=6 4- 4?) :: AC — cb (= 6 — 4?) :ad — db = a5 = 4. 
Therefore a^ = bc = ^ : and hence the points a and 
c are in the circumfere%;;e of the circle whose centre is 
6 and radius ^a, or be; and consequently (EucUL 20} 
angle c^b = cba = 2 angle cab. 

2dly. AlgebrakaUy, 

' Denote bc by a; — 1, ba by 'a:, and AC by d: + 1; 
then, (be being perpendicular to Ac the longest side) 
we have ac : ab + bc :: ab ^ bc : ae — ec, that is, 

.T + 1 : 2^ - 1 :: 1 : ?^^. Half this added to half 

. ^ . Zx — I X + I *• + 4j? -a ^ 

AC, that is, -; -<4- — ;r~ = = AE. But AB : 

3"^ •I- 4jr ^ *t* 4 

rad :: AE : cos a, or, ^ : 1 :: s s • z; — r^ = cos A. 

' ' 2* + 2 2jr + 2 

Whence sm a = V(l — cos ^a) = — ^ — - — • 
Aeam, bc : sm a : : ac : sm b = r . — — ; 

^' X — 1 2a: + 2'* 

and (by the quest.) this angle = 2a. But, equa. (1), 
liin 2a =s 2 cos A sm A = . — rr— = sm p. 

X + I /6X + 2 

By equating these two values of sin b, we have 

X + I X + 4 _ ^ , ^ 

r = — -T ; whence a;* + 2x +- 1 ac x= -{- So: — 4, 

and a; = 5. The sides, therefore, of the triangle are 4, 

s 

4 



'5, and 6. The cosines of the angles are, cos a = -x» 



cos c = j^y cos B = -• The, sines are, Isin A = j V7, 

5 3 

«in c = -jg V7, sin b =: g- ^7. 
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And the angles are, a = 4.^ 24' S4" Sr' 

c = SS" 46' 16" 18"' 



CHAPTER V. 

' Application of Plane Trigonometry to the determination 

of Heights and Distances* 

1. v/NE of the most familiar, and at the same time, 
useful, applications of plane trigonometry, is to the de- 
termination of the altitudes and distances of remote ob- 
jects^ the former usually designated by the term alti" 
metry^ the latter by that of longimetry. It is not in- 
tended to treat them separately here, nor to treat them 
jointly much in detail ; but simply to present and solve 
a selection of such problems as are most likely to occur 
in practice, and as are best calculated to suggest the 
modes of procedure in other cases. 

2. The instruments employed to measure angles are 
quadrants, sextants, and other circular instruments. 
For military men, perhaps, the best instrument is a 
pocket sextant, which, ii* accurately constructed by a 
skilful artist, will enable a careful observer (o take an* 
gles to within a minute of the truth. But for general 
purposes the most proper instrument for the measuring 
of horizontal and vertical angles, is a theodolite fur- 
nished with a compass and level, one or two telescopes, 
«ndia vertical arc. Such an instrument, when each 
circle is 6 or 7 inches diameter, and has a nonius 
adapted to it^ will enable the observer to ascertain an- 
gles to half a minute. 
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S. The flpi&ce #ouid b^ inSttrt^periy oidcupied 
particular deftcrlptidhs bf tne^ instruments^ and the 
manner of Adjusting Iheth fdt t!^se. These matters will 
be much better learnt from an examination of the in- 
struments, and a few explanatory remarks from a judi- 
cious tutor. Nor shall we here embarrass the compu-^. 
tation and diagrams, by showing how to allow for the 
height of the instrument, for that is a matter which re- 
quires only a single hint from the person who teaches 
the use of the instriAneiil ete^lbydd. So again, in re- 
ference to chains, tapes, and other contrivances for 
measuring lines, descriptions are suppressed. It ou^hty 
hOWevetf to be observed, thdt whenever ^ base, or dis- 
tance between two stations, is measured on sloping 
ground, it must be reduced to the corresponding hori- 
s^ntal lit^e, before it is eihployed in the gtoeral cbnlii- 
f utatioti^ if horizontal angles are takeh at il^ extrMMtte 
with a theodolite. This iii in ^l casiBS ^sily eiS^cted : 
fbi'^ if the sloping or hypothenusal line ht reg^rdfeS is^ 
fjEkdidS, the Corresponding hbrizotital lii)6 trill be the <^« 
nine of the inclination of the plane on which the ^lopfiojo^ 
iine was measured. It is, therefore, siihply reduisire tJo. 
IhtilUply the natural cosine of the angle Of incliMtibily 
by the length Of the line ineasufed, td bbtain the tiliie 
horizontal line. 

Suppose that oh a plane mclitied to the horizon m an 
angle of 4| degrees, a distance of ^610 yatds were iti^*^ 
isured, what would be the corresponding hbrizOhM dils- 
tance i 

Multiply hat. cds 4*** =» '9de9l'73 
By...:. 40tt 

Prbduct gives hor. dist. = 398-^669200 

Here the difference is nht 1^ yard, dr not a S^Dfih 
part of the measured line. As this is not a greater de- 
viation from accuracy than will occur in the usual pro- 
cesses for measuring distances with a chaih. or a tape^ 
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4be reducthm ffcKn the idoping to the horivnitd lioe^ 
ttqr, ki conttnm oases, he ^is^'egarded^ exeept the an^ 
1^ 6f inditiatlon exceed ^l"" or 6"*. 

4. There aresevet-al Bimpie methods of iqpproxfcBatfhg 
to the heights of both accessible and iodc^eisible ob- 
jMtB, by iBoeams of shadows, mirrors, vtieqiiai renical 
tluft, &c. But Its these dc^[)end iolely upon the ptvuP" 
ciple of similar triangle^ and do not require the theo- 
t&bA and formulae of trigond'mfetry, ptopi^rly 60 dftlli&d^ 
iikej are not described here. The studetot roAy, withv 
oat being detained by farther ohsefvatiOBS, proceed to 
Ae Motion of the foUowing pr<Mems. 



Example L 

In order to ascertain my distianc^ f^om a tower, which 

WAb' inacdissible by teasob of &n intervening river, I 

measured on a horizontal plane a base line of 6tX) yards, 

and at each end took the langle included between the 

^er end and the tower, finding them to be 57^ 35' and 

64f® 51' respectively. Required the 

distance of the tower from each end 

of the measured base. 

la the annexed figure ar^ given 

ab=b600 

CAB = 57° 35' A. 

CB A = 64° 5 1' 
ecmBeq. c=«180° - (a + b) d= 57° 34'. ^ 

Hence, sin c .... 57° 34' ... . 9-9263507 

ToAB... 600 ....2-7781513 

So is sin a 57° 35' ... . 9-9«64.3iO 

To BC . . . 600-1 1 . . . . 2-7782316 

and. So is sin b 64° 51' ... . 9-9567437 

To AG • . . 643-49 2-8085443. 

Remark. These distances might have been deter- 
mined without thevaid of an instrument to measure 
SDgles* Thus, suppose in the co&tinuations of the res- 
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pective lines ca, cb, two distances, ad^ be were n 
Bured, each =s 120 ; and suppose, on measuring the 
tances bd, ae, the former is found to be 660, the la 
672 3rards; from these measures the required an| 
may be determined. 

For, in the triangle abe thus formed, we have (£ 
ii. 12) ae* rs ab* Hi- be* *!- 2eb . bp. Whence, by tri 

position knd division, bp = . But bi 

the cosine of the angle abc, to the radius ab ; so tl 
•dividing the preceding expression by ab, we shall h 
the cosine of that angle to radius 1. A like pro< 
will give thej;osine of cab. r 

^, Av? - ab'' - BE« 67£« - 600^ - W 

Thus, cos ABC = -r—T. '- = -^ „.^ ^^^ — 

/ Seb.bAv 240.600 

= -425 = COS 6i° 51' 
■^ , bd9- ab«- AD« 660« - 600* - V, 
and, COS BAC = ^^^..^ = 240.600 

= -556 = cos 57° 35'. 
Hence, the angles abc, and bac, being determir 
the distances are found as before. 

Example II. 

In order to find the distance between two trees a ; 
B, which could not be directly measured because c 
pool which occupied much of the intermediate spac< 
measured the distance of each of them from a third 
ject c, viz AC = 588, bc = 672, and then at the p( 
c took the angle acb between the two trees = S&^ • 
llequired their distance. 

;;> This is an example to case 2 of planie triangles, 
which two sides and the included angle are given. 1 
work, therefore, is left to exercise the student : the 
swer is 593*8 

Example III. 

Wanting to know the distance between two inacc 
sible objects, which lay in a direct line from the bott 
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es 



of a tower on whose top I stood, I took the angles of 
depression of the two objects, viz. of the most remote 
^i®, of the nearest 57**. What is the distance between 
thern^ the height of the tower being 
120 feet? 

The figure being constructed, as 
in the margin, ab = li?0 feet, the 
altitude of the tower, and ah the 
horizontal line drawn through its 
top ; there are given, 
HAD = 25^ SCy, hence bab = bah — had = 6V^ 3(f 
HAc = 57® (/, hence bag = bah — hac = SS*' (/. 

Hence the following calculation. 




In right angled A abc. 

Asrad 10-0000000 

T0AB..I2O.. 2-0701812 
SolstanBAcSS^ 9'8125174 



To ac. 77*929 1-8916986 



In right angled A abd. 

Asrad 100000000 

Toab ..120.. 2-0791812 
Sols tans AD64']i^lO-321 5039 

ToBD..25r585 2-4006851 



CpMcq. BD — BC = 173*656 feet, the distance required. 

Such is the way in which this problem is usually 
lolved : it may, however, be done more easily and con- 
cisely, by means of the natural tangents. For, if ab be 
regarded as radius, bp and bc will be the tangents of 
the respective angles bad, bag, and cd the ditference 
of those tangents. It is, therefore, equal to the product 
of the difference of .the natural tangents of those angles 
into the height ab. 

Thus, nat. tan 64^° = 2-0965iS6 • 
nat. tanSS*" = 6-64-94076 



difference ....,.•..; 1-4471360 
multiplied by height • 120 

gives distance ct) . , . . 173-6563200 
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ExAM>L^ TV. 

From the top of a hilj I observed two inileHStones on 
a horizontal road, which ran straight fVo«n its bottorti^ 
and took their respective angles of depression below the 
horizontal plane ipassing through the |)lace i^niy we ; 
that of the nearer mile-stone was 14*° 3^, thatpf tne far- 
ther was 3^ '56\ Required the height of thie hiU. 

The figure being drawn, it will bM^fbund anmlpgoa^-IO 
^at in exam. 3, to which, therefore, we shaU refer. 
There are given cd = 1760 yards, the distance between 
the two mileTStones; adb = had = S° 56'; xcb =^ac 
as 14'' S\ this admits of three 4ist2iK^ inodes of'de* 
termination, as below. 

1st Method. 

The angle acb is equal to the sum of tbe angles CAX> 
and CD A (Euc. i. 32): therefore cad = acb — abb 
= 10° T. Then, in the -triangle acd, it will be, as sin 
CAD : CD :: sin cda : cA. And, in triangle acb, it will 
be, as rad. or sin b : ac : : sin c : a« = 1^*85^ and so, -if 
it be required, is sin cab : cb =s 666*75. 

According to this method the logarithmic; probed %ill 
require eight lines. 

2d Method. 
Since cad is the difterenceof acb and adc, wehave^ 

Sin (C — D) : dD :: feftil> : At i= -^/^ ' Als5, Vad : Ad 

V ^ 8in (c— tt) 

(CD sit! ^ ^ .. ... feDsrncsKiD •** ^ # i 
sin (c — d) ' ftli {c -^^ ^ 

19 h) cosec (c — d) = -r-? r* Hence ab = cd 

' V 'sin (c— ©) 

sin c sin b cosec (c — d). 

Or, making tlie terms homogeneous (ch. iv. 17)» 

At • rai3 = 6t) sin c sin !b cosec (c — d) . 
The logarithmic formula is, therefore, this : 
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tog AB SB Iog€D -f- log sin c + lo^nD]> + logcoscc (c — d) 

— 80 [in the index of the log]. 

ThoB^IagCD 1760.... S-2455127 

logiinc W 8'.. 9-8851924. 

log sin D 3° 56' . . 8-8362969 

log cosec (c— D) 10® r . . 10-7553442 

Themm — 30, is log ab 166*857 feet 2-2223462 

This netihod is, obviously, applicable to all similar 



3d Method. 

If AB were radios, cd would evidently be the difier- 
once of the tangents of bad and bag, or, of the cotan- 

Mnta of BDA and bca. Hence ab = — : ^ 

^- , cot D — col C 

Thus, nat cot D = 14-543833 
iiatcotc= 3-995922 



10-54791 1 ) 1760-000( 166-857fttobef. 
1054791 



,i*^ 



705209 

632875 

■I ■ i*» 

72334 
63287 

9047 
^38 



609 
S27 

1* 
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From the comparison of these three methods, it 

appear that the second ought to have the prefer 

. to the first: and that, considering the time employ* 

looking out the logarithms^ the third method is pr 

able to the second. 

Example V. 

Wanting to know the height of a church steep] 
the bottom of which I could not measure on accou 
a high wall between me and the church, I fixed i 
two stations at the distance of 93 feet from each o 
on a horizontal line from the bottom of the steeple 
at each of them took the angle of elevation of the t 
the steeple, that is*, at the nearest station 55^ 54', a 
other 33° 2(y. Required the height of the steeple. 

This is similar to exam. 4, and being worked b^ 

2d method, the height of the atceple is found t 
110*S7feet. 

EXAMPLS VI, 

. AVishinff to know the height of an obelisk standi: 
the top ofa regularly sloping hill, I first measured 
Its bottom a distance of 36 feet, and there fOunc 
angle formed by the inclined plane and a line fron 
centre of the instrument to the top of the obelisk 
but after measuring on downward in the same sic 
direction 54 feet, farther, I found the angle forme 
like manner to be only 23° 45'. What was the Mi 
of the obelisk, and whpt the angle made by the sic 
ground with the horizon ? 

The figure being constructed, as in 
the margin, there are given in the tri- 
angle ACB, all the angles and the side y 
AB, to find BC. It will be obtained by _ y// 
this proportion, as sin c (= 17 15' = ^^y^-^-A-^ 
B- A):AB(=54)::sinA( = 23°45') y^^^ 
: BC = 73*3392. Then, in the triangle ^^ 

BC are known sa as above, bd =: 36| 
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CBD = 41 ; to find the other angles, and the side cd. 
Thus, first, as cb + bd : cb — bd :: tan ^ (d + c)r= 
i (ISgP) : tan J (d - c) = 42^ 24}'. Hence 6d^ 30' 
+ 42^ 24^' = 1 12° 54 J= = CDB, and 69- 30' - 42=^ 24}' 
= 26° 5^' = BCD. liien, sin bcd ; bd :: sin cbd : cd 
= 51-86, height of the obelisk. 

The angle of inclination dae = iida = cdb * 90^ 
= 22° 54|'. 

Remark. If the line bd cannot be measured, then the 
angle dae of the sloping ground must be taken, as well 
as the angles cab, and cbd. In that case dae + 90^ 
will be equal to cdb : so that after cb is found from the 
triangle acb, CD.may be found in the triangle cbd, by 
xne^s of the relation between sides and the sines of 
their opposite angles. 

Example VIL 

Being on a horizontal plane, and wanting to ascertain 
the height of a tower standing on tlie top of an inacces- 
sible hill, I took the angle of elevation of the top of the 
hill 40°, and of the top of the tower 51°, then mea- 
suring in a direct line 180 feet fartlier from the hill, I 
took in the same vertical plane the angle of elevation of 
the top of the tower 33° 45'. Required from hebce 
the height of the tower. 

The figure being constructed, 
as in the margin, there are given, 
AB = 180, CAB = 33° 45' 

ACB = CBE — CAE = 17° 15' 
CBD = IP, BDC = 180° - (90° 

— dbe) = 130°. And cd may 
be found by two proportions, viz. ABE 
Ist- As sin A6B : ab :: sin cab : cb, and Sdly, as sin d 
:cB::sincBD:cD. This process would require eight 
lines. But the operation may be shortened ; for, by 
the principles of method 2, exam. 4, we shall have 
CD rad^ = AB sin a sin cbd cosec acb sec p"" 
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la loaarltbms tbus : log Ab, 180 . . •.. ^;2SBSJ9S!» 

* flinn ...... u° (/.. 9^«awwa 

CQsec AC» . . W^ 151 . . 10T6.879i4i^ 



' . I 'S ' 



The i^um -^ iD^ is.logCD. . . 8!3..998d^^f€^t< . . Ir^ASTOT 

At the top pf a castle which stopcl.Qn a h31:neiur tbct 
sea-shore, tne angle of 46pi'e8sion of a ship at anchoA, 
was observed to be 4^ 52^; at the bottom of the castUl 
the angle of depression was 4^ 2'. Required, the bori-v 
zontal distance of the vessel, and the height of- the hill 
on which the castle stands above the level of the sea, 
the castle itself being 60 feet high.- 

In the annexed diagram, where „ ip 

HT, OB, are parallel, and at per- ";^^<T?I 

pendicular to the horizontal line 'QL:...,yti^^^:^^ 

AS, are given bt = 60 feet, hts ^.y^:^^^^ jKm^ 

= 4?*^ 5^, consequently ats =s i^^^^ ^i^B^ 

«5° 8', and obs = 4° 2', whence 

ABs z? 85^ 58'; to find as and ab.. Here method. S^ 

exam. 4, is obviously applicable : so that we have 

as . rad^ = bt sin ats sin abs cosec Tabs — axsV 
AB .rad3 = BT sin ats cosabs cosec (abs — ats). 

The logarithmic operation will stand thus : 

illogTB.....60 1 •778151ft 
sin ATS 85° 8' 9-9984315 
COSABS 85° 58' 8-8471827 
cosec (B- t)50' 11-8373193 



logTB 60 1-7781513 

sin ATS 85° 8' 9-9984315 
sin ABS 85° 58' 9-9989230 
cosec (B - t)50' 1 1-8371392 



log AS 4100-4 ft. 3-6128250 



^^mm 



•w" 



log AB 289-12 ft. 2-4G1084t 



■I i .i « ii 
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Example IX. 

to know the difttance of ao object at d from 
two.other& A ands in the same horiatontal plane, as well 
as the distance between a and b, a pole was set up at c 
in a right line with ab, and the angle 
AiDJ> w^- found to be 57°. The dis- 
tfuice CD being measured was found to 
tjct £^9*36 yards ; and at d the angles 
qpA and Ai^p. were taken ; the first = 
14% the latter == il° SCT. Required 
the above specified distances. 

Here, the sum of the angles c and cda taken from 
180^9 leay£&the angle cad, and the sum of the angles o 
ap^ CDB taken from 180°, leaves the angle cifo. Then, 
it will be as sin cbd : cd :: sin c : db. As sin cad : cd 
:: sin c : da. And sin abd : ad :: sin adb : ab. These 
operations will give db = 498'6Sy da = 487*279 ab = 
349*52 yards. 

Example X. 

WEUdting to know the horizontal distance between 
two inaccessible objects a and b, and not finding any 
station from which I could sec them ^ q 

both, I chose two points c and d dis- 
tant 900 yards, from the former of 
which a could be seen, from the latter 
B, and at each of the points c and d a 
43g-8taiF was set up. I then mea- 
suMd FC = 200, DE = 200, and, hav- p 
ing set up fkig-staves at f and £, took 
the following angles, viz. apc = 83^ acf = 54 
AQD = 53° 30', bdc = 156° 25', bde = 54° SO 
BEp c= 88^ SO". Required ab. 

Here, in the triangle afc, all the •"q^es are 
and the side fc, to find ac. Then e ^"i^^ 

are given ac, cd, and the containf '9 n' 

other angles, and the side ad. T ti 




\ 
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BDE are given de and all the angles to findDB. Lastly^ 
id the triangle adb are known ad, db, the included 
angle BDA = bdc — adc, to find ab = 345*5 yards. 

Example XI. 

.In order to determine the distance between two inac- 
cessible objects E and w, on a horizontal plane, lye mea- 
sufed a convenient base ab of 536 yards, and at the ex- 
tremities A and b took the following angles, viz. baw 
= 4<f 16', wae = 57^ 40', abe = 42^22', ebw = 71° 7'. 
Required the distance ew. 

* First, in the triangle abe are given e W 

all the angles, . and the side ab, to find 
BE. So asain, in the triangle abw, are 

fiven all the angles and ab to find b w, 
rastly, in the triangle bew are given the 
two sides eb, bw, and the included angle 
EBW, to find ew = 989*52 yards. ^ ^ 

Remark. In like manner the distances taken two and 
two, between any number of remote objects posited 
around a convenient station line, may be ascertained. 

Example XII. 

Suppose that in carrying on an extensive survey, the 
distance between two spires a and B has been found 
equal to 6594 yards, and that c and d are two eminences 
conveniently situated for extending the 
triangles, !)ut not admitting of the de- 
termination of their distance by actual 
admeasurement : to ascertain it, there- 
fore, we took at c and d the following 
angles, viz. 

Cacb = 85^46' JADC = 31^48' 
tBCD= 23^56' lADB = 68° 2' 
Required cd from these data. 

In, order to solve this problem, construct a similar 
■jfluadrilateral Acdby assuming cd equal to 1, 10, or any 

I 
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other convenient number : compute a^ from the given 
angles, according to the method of the preceding ex- 
ample. Then, smce the quadrilaterals Acdby acdb, are 
ttmilar, it will be, os AbicdiiABi cd; and cd is found 
B 4691 yards. 

Example XIII. 

If the height of the mountain called the Pike of Te- 
nerifie be 3 miles, and the angle formed at its top be- 
tween the vertical or plumb line and a right line con- 
ceived to touch the earth in the horizon, or at t!ic far- 
thest visible point, be 87° 46' 33"; it is required from 
hence to determine the diameter of the earth, supposing 
it to be a perfect sphere. 

Let c, in the marginal diagram, be the centre of the 
fearth, the circle btg a vertical sec- ^ 

tion passing through the centre, ab 
the height of the Pike of Teneriife, 
and AT the tangential line drawn to 
the visible horizon : let, also, be, a 
tangent to the earth's surface at b, 
meet the other tangent at in e. 
Then, in the triangle abe, right an- 
gled at b, and having the angle bae 
= 87^ 46' 33'', it is, as rad : ab :: tan a : be, and ;: sec 
A : AE. But it is evident, from Euc. iii. 37, that be = 
BT; therefore, ae + eb = ae -f et = at. In the 
triangle atc right angled at t, wc have, as rad : at :: 
tan A : tc, the radius of the earth. 

The operation performed as above described occupies 
but small compass ; it may, however, be shortened i)y 
means of ch. ii. prop. 4. For, since tan a -f sec a :^ 
tan (a -f ^comp. a), wc shall, by incorporating tlie 

groportions from which ae, be, and ct are deduccJ, 
ave 

CT • rad^ ss AB tan ^ a + ^ comp. a ) tan a. 
Or^ log CT = log AB -f log tan (a -4- J comp. a ) 
-f log tan A — 20, in the index. 
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Thu«, log AB 3 • (HbTTlSlS 

log tan (A + ^conp. a) 88P SSTlSi'' 1 1*71 19309 
logtanA 87*4e'S^" ..Il-4ia7d8i 

logcT ..3979-15.... 8-5997998 

The double of this, or 7958*3 mileSy is the diameter of 
the earth. 

If AT be required^ we have only to take radius (10) 
irom the sum of the first two lines, the remainder 
2' 1890522, is the log of 1545*54 the distance sought. 

Note 1. The Iqg tangents are found in thn example 
hy the method taught at p. 153 of the Introduction to 
Dr. Hutton's Logarithm Tables. 

Note 2. This method of determining the earth's ra« 
^iusy though elegant in theory, is rendered useless in 
practice, by the extreme irregularity of the horizontal 
'refractions. 

^Example XIV. 

Given the angles of elevation of an3r distant ofajecl» 
taken at three places in a horizontal right line^ wnidi 
does not pass through the point directly below the ob- 
ject ; and the respective distances between the stations; 
to find the heignt of the object, and its distance from 
either station. 

Let AEC be the horizontd plane, ' ^*-— ^?51^ 

¥£ the perpendicular height of the 
object aoove that plane, a, b, c, the 
three places of observation, fae, 
FBE, FCE, the angles of elevation, 
and AB, Bc, the given distances. 
Then, since the triangles aef, bef, cef, are all right 
angled at e, the distances ae, be, ce, will manifestly be 
.as the cotangents of the angles of elevation at a, b, and c. 

Put AB = D, BC = df EF = x, and then express alge- 
braically the following theorem, demonstratea at p. 128, 
JSimpson^s Select Exercises: viz. 
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A£* -BC + CE* • AB s BE* . A€ -f Ad . AB . BC, 

the line eb being drawn fVom the vertex e of the tri- 
angle ACE, to any point b in the base. The equation 
thence resulting is, 

dx* cot *A + Da?^ cot «c = (d + d)x^ cot ^b + (d + d) Dd. 
Hence, transposing all the unknown terms to one 
side of the equation, dividing by the sum«of the coeffi- 
clentS) and extracting the square root» we shall liave 

(d + d) Dd 



* = \/; 



d cot *A + D cot *c — (d + d) cot 'b 

Thus EF becoming known, the distances ae, be, ce, 
are found, by multiplying the cotangents of a, b, and c, 
rei^ectively, by ef. 

Cor* When d = rf, or d + c? = 2d = 2^ the expres- 
sion becomes 

dP = (f-^ V^CJcOt'A + JC0t*C — COt^B), 

which is pretty well suited for logarithmic computation. 
The rule may, in that case, be thus expressed.-— 

Double the log. cotangents of the angles of elevation 
of the extreme stations, find the natural numbers an- 
swering thereto, and take half their sum; from which 
subtract the natural number answering to twice the log. 
cotangent of the middle angle of elevation : then half 
the log. of this remainder subtracted from the log. of 
the measured distance between the 1st and 2d, or the 
2d and Sd stations, will be the log. of the height of the 
object.* 

To illustrate these general methods, two particular 
examples are subjomed. 

Example XV. 
Let the three angles of elevation be 36° SO', 21® 24?', 

* For geometrical constructions of this g;eneral problem the 
fftndent may consult Hutton*8 Course^ vol. iii. p. 128, LtybourrCs 
l,udike JHmkt^ vol. i, p. 897, or the LadUe Dimy for 1748« 

e2 
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and 14% and the two equal measured distances 84 feet. 
Required the height of the object. 
Ans. 53-964 feet. 

Example XVI. 

Let the distances be ab = 100 yards, bc = 400 
yards, and the angles, at a = 5° 24', at b = 6° 27 J', at 
c = 8*=^ 36'. What is the height of the object ? ' 

Ans. 44*46 yards. 

Example XVIL 

From a convenient station p, where could be steti 
three objects a, b, and c, whose distances fronfi each 
other were known (viz. ab = 800, ac = 600, bc = 400 
yards), 1 took the horizontal angles apc — 33** 45', bpc 
= 22° 30'. It is hence required to determine the re- 
spective distances of my station from each object. 

^ere it will be necessary, as preparatory to the com- 
putation, to describe the manner of 

Construction, Draw the given triangle abc from any 
convenient scale. From the point a 
draw a line ad to make with ab an 
angle equal to 22° 30' and from b a 
line BD to make an angle db a = 33° 45'. 
liCt a circle be described to pass 
through their intersection d, and 
through the points a and b. Through 
c and D draw a right line to meet the 
circle again in p: so shall p be the 
point required. For, drawing pa, pb, the angle apd is 
evidently = abd, since it stands on the same arc ad : 
and for a like reason bpd = bad. So that p is the 
point where the angles have the assigned value. 

Manner of computation. In the triangle abc where 
the sides are known, find the angles. In^ the triangle 
ABD, where all the angles are known, and the side ab» 
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find one of the other sides ad. Take bad from bag, 
the remainder, dac is the angle included between two 
known sides ad, ac ; from which the angles adc and 
ACD may be found, by chap. iii. case 2. The angle 

CAP = 180^ — (APC + ACD). Also, BCP = BCA — ACD; 

and PBC = ABC + pba = abc + sup. adc Hence, 
the three required distances are found by these propor- 
tions. As sin APC :.AC : : sin pac : pc, and : : sin pca : pa; - 
and lastly, as sin bpc : bc : : sin bcp : bp. The results 
of the copaputation are, pa = 709*33, pc = 104?2*66, 
PB = 934 yards. 

*^* The computation of problems of this kind, how- 
ever, may be a little shortened by means of the fol- 
lowing 

General Investigation, 
. Put AC = a, BC = 6f APC = P, BPC = p', acb = c, 

and let there be taken for unknown quantities pac =3 x^ 
FBC=y. The triangles PAC and PBC give 

sin APC : sin CAP :: AC : cp 
and sin bpc : sin cbp :: bc : cp ; 

that IS, sm Fisinxiia: --. — = cp 

and sm p : sm V :: ^ s -: — 7 = cf. 

•^ sin p' 

Hence -T — = -: — 7; which reduces to 

8inp binp' 

a sin p' sin X — 6 sin p sin y = 0« 
. In the quadrilateral acbp, we have 

CBP =a 360° — APC — BPC — ACB — CAP 

ory = 360° — p — p' — c — a:. 
Make 860^ — p — p' — c = r, then we shall have 
^ s: R — ^, and consequently* 
a sin f' sin o? — 6 sin p (sin r cos j? — cos r sin x) = 0. 
Dividing by sin x there results, 

COS JB 

« Sin p' — bgm p (sin r -t— — cos r) ss 0. 
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Whence we have 

C08X ' ^ atinp' + (BiiivcQSR 

■ . =s cot X = ■* 

SID jr isinpsina 

This expression being separated into two parts^ we haT« 

asIdp' cosr 



QOt^ = 



b sin p sin R sin r 
cos R / a sin p' 



COSR / asinp* ,\ 

or, cot X = ^. (r-: h 1 I ; 

' 61U R \b ilD PCM R / 

(n. ftSn p' \ 

T"' hi); 
6 sin p COSR / . 

Hence, x b^ing thus determined, we get y from the 
equation ^ = r — «, and cp from either of the expres-* 
sions above given. 

Note. It will be a useful exercise for the student, to 
work out the computation bv both these methods. The 
comparison of the results will serve to give him confi- 
dence in the deductions from the analytical inveBti* 
gations. 

EXAWLB XVIII. 

It is required to find the distances from Edystone 
light-house to Plymouth, Start Point, and the Lizard^ 
respectively, from the following data : 

r Plymouth to Lizard. ... 601 
The distance from < Lizard to Start Point . ^ 70 > miles. 

(. Start Point to Plymouth 20 J 
Plymouth .... 1 f North. 

Lizard V bears from Edystone rock < w.s.w. 

Start Point ... J (.b. by k. 

Ans, From Edystone to Lizard 53*04? miles 

to Plymouth . . 14-383 ditto 
to Start Point. . 17"36 ditto. 
Remarh The general problem of which the last two 
examples are pai^ticular cases, was originally proposed 
by Richard Totvnleyf Esq. and solved by Mr. John 
CoUinSf in the Philosophical Transactions, N® 69, A. D. 
1671. See New Abrtdgementf vol. i. p. 563. 
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Tbe six cases there considered are, 1. When the sta- 
tion 18 out of the triangle made by the objects, but in 
one of its sides produced. 2. When the station is in one 
of the sides of the triangle. 3. When the three objects 
lie in a right line. 4. When the station is not within the 
triangle formed by the objects. 5. When the station is 
within that triangle. 6. When, by reason of the rela- 
tion of the sides and angles, the points c and d (see the 
preceding diagram) fall so near together as to make the 
continuation to p of doubtful accuracy. To these, later 
writers on trigonometry have added another case, viz,. 
7. When the point c falls between the line ab and the 
station p. 

It will be advantageous to the student, to modify th» 
construction and computation to suit all these cases^ 
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CHAPTER VI. 



Spherical Trigonometry, 

Section I. 

Fundamental Principles^ General Properties^ ancC 

FormulcB, 



1. XHREE planes, aoc, aob, boc, 
through the centre o of a spher.e, in- 
tersect the surface of that sphere in 
portions of great circles which form a 
spherical triangle abc. Thus also is 
constituted the spherical pyramid or 
tetraedron which has for its base the 
triangle abg, and for its vertex the 
centre o of the sphere. The angle a. 



all of which pass 

c 
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of the triangle, is the same as the diedral angle, be- 
tween the two planes bao, cao ; it is, also, the angle 
formed by the tangents to the two arcs ao, ab. The 
like may be said of the other angles. The sides are ma- 
nifestly the measures of dependent plane angles, viz. a 
the measure of the angle cob, b the measure of coa, c 
the measure of aob. 

2. A right angled spherical triangle has one right 
angle ; the sides about the right angle are called legs; 
the side opposite to the right angle is called the h^^po^ 
ihennse, 

S. A guadrantal spherical triangle has .one side equal 
to 90°, or is a quarter of a great circle. 

4. An isoseetes^ or an equilateral spherical triangle, 
has respectively txw sides or three sides equaL 

5. When the sides of a triangle are each 90^, it is not 
only an equilateral^ but a quadrantal^ and a right angled 
triangle. All its angles as well as its sides are equal ; 
and these sides may any of them be regarded as an ^y- 
pothenuse, any of them as legs. Such is the case with 
the triangle that would be formed on a celestial or 
terrestrial globe, by the horizon, the brazen meridiao, 
and a quadrant of altitude, fixed at the zenith, and pass- 
ing through the east or west point. 

6. Two arcs or angles, when compared together, are 
said to be alike^ or of the same affection^ when both are 
less, or both greater than 90°. They are said to be 
unlike J ox of different affections j when one is greater and 
the other less than 90°. 

7. Every spherical triangle has three sides and three 
angles; of which, if any three be given, the remaining' 
three may be found. 

•8. In plane trigonometry, the knowledge of the three 
angles is not sufRcient for ascertaining the sides (chap, 
i. 6): but, in spherical trigonometry, the sides may 
always be determined when the angles are known. .Jgo^ 
plane triangles, again, two angles always determine the 
^ird ; in spherical triangles they never do. So, farther. 
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the surface of a plane triangle cannot be determined 
firom its angles merely; that of a spherical triangle 
always can. 

9. A line perpendicular to the plane of a great circle, 
passing through the centre of the sphere, and temii- 
natedby two points diametrically opposite, at its surface, 
is called the cuds of such circle ; and the extremities of 
the axis, or the points where it meets the surface, are 
the poles of that circle. 

It we conceive any number of less circles, each pa- 
rallel to the said great circle, this axis will be^perpendi- 
cular to them likewise ; and the poles of the great circle 
•will be their poles. 

10. Hence, each pole of a great circle is 90^ distant 
from every point in its circumference ; and all the arcs 
drawn from either pole of a little circle to its circum* 
ference, are equal to each other. 

1 1. . It likewise follows that all the arcs of great circles, 
4lrawn through the poles of another great circle, are 
perpendicular to it ; for, since they are great circles by 
the supposition, they all pass through the centre of the 
sphere, and consequently tlirough the axis of the said 
circle. The same thing may be affirmed in reference 
to small circles. 

12. Hence, in order to find the poles of any circle, it 
is merely necessary to describe, upon the surface of the 
sphere, two great circles perpendicular to the plane of 
the former, the points where these circles intersect each 
other will be the poles required. 

13. All great circles bisect each other. For, as they 
have a common centre, their common section will be a 
diameter ; and that manifestly bisects them. 

14*. The small circles of the sphere do not fall under 
consideration in spherical trigonometry; but such only ^ 
as have the same centre with the sphere itself. Hence 
appears the reason why spherical trigonometry is oH 
such great use in practicd astronomy, rent ~ 

heavens being regarded as in the %h»f Stri 

e5 
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sphere havine its centre either at the centre of the 
earth, or at the eye of the observer. 

Paoblem. 

15. To investigate properties and equadont frosi 
which the solution of the several oases of spherical tri- 
gonometry may be deduced. 

In order to this let us recur to the spherical tetrae- 
dron DABCy where the angles A, b, c^ of the spherical 
triangle are the diedral angles between each Xmo of the 
three planes aoc, aob, &c. and the sides a, b^'t^ are the 
measures of the plane angles cob, coa, &c. Here k is 
Isty evident that the three sides of a spherical triangle 
are together less than a circle, or, a -f- 6 4- c < S6J0®. 
For the solid angle at o is contained by three plane 
angles, which (Euc. xi. 21) are together less than four 
rignt angles ; therefore, the sides a, by c, which raeaaure 
those plane angles are together less than a circle. 

16. Let the tetraedron oabc be cut by planes per- 
pendicular to the three 
edges; they will form an- 
other tetraedron o'a'b'c'^ 
their faces will be respec- 
tively perpendicular, two 

-•and two. But, in the 
quadrilateral aoba' since 
the angles a and b are right angles, the plane angle o 
is the supplement of aa'b which measures the diedral 
angle aaVb. The same may be shown with respect to 
the other plane angles that meet at o; as well as of the 
plane angles at o', in reference to the diedral angles of 
the tetraedron oabc. Therefore, either of these tetrae- 
drons, has eax:h of its plane angles supplement to a diedral 
angle in the other : it is hence called the supplementary 
tetraedron. And if they become spherical tetraedrons 
referred to equal spheres, or to different parts of the 
same sphere, their bases will be spherical triangles re- 
spectively supplemental to each other. 
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17. It is obvious from this that the problems in sphe- 
rical trigonometry become susceptible of reduction to * 
half their number; since, if there are given, for exam-^ 
pie, the three angles a, b, c, and the three sides a, ^, c, 
are required ; let the triangle which has for its sides a\ 
h\ c'j the supplements, of the measures of a, b, and c, 
have its angles a% b', c\ determined ; their measures 
will be the supplements of the required sides a, h^^ 
and c. 

18. On the surface of the sphere, the supplemental 
triangle is formed by the intersections of three great 
circles described from the angles of the primitive tri- 
angle as poles. Besides the supplemental triangle, 
three others are formed in each hemispherej^y the mu- 
tual intersections of these three great circles ; but it is 
the central triangle (of each hemisphere) that is sup- 
plementary. 

19. Every angle between two planes being less than 
two right angles, it follows, that the sum of the angles of 
4i spherical triangle is less than 3 times 2, or than 6 right 
angles. At the same time, it is greater than 2 right 
singles: for the sum a' + ^' -f c' ofthe sides of the sup- 
plemental triangle is less than 360^ (art. 15 above): 
taking the supplements, we have 

'8 X 180<^- (fl' + ^' + c) > 180% or A + b +c > 180^ 

20. To deduce the fundamental theorems, we may 
proceed thus» From any point a of the edge ao of the 
tetraedron, let fall on the plane or face bog the perpen- 
dicular AD : draw, also, in that plane, the lines dh, dc, . 
perpendicular to ob, go, respectively;, and^ join ah, ac; 
then will ah be perpendicular to ob, and ag to oc. It 
is evident, therefore, that the angles acd, ahd, measure 
the angles between the planes Aoc, cob,. and aob,.cob, 
that is, the aiagles c and b of the spherical triangle abc. 
It is also eviaent that the plane angles in o, are a^r^ 
s= c, Aoc = d, BOG ^ a. This being premised, tl 
angles ago, acd, the former riglit angled in c, the 

in Dy.give 
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AC = AO sin Aoc = AO sin b 
AD = AC sin ACD 2= AO sln h sin c. 
In like manner, the triangles aoh, adh, right ftngled 

in H and d, give 

AH = AO sin AOB == AG sin c 
AD = AH sin AHD = AO sin c sin b. 
Making these two values of 

AD equal, we have 

AO sin B sin c = Ao sin c sin b. 

And therefore, by division, 

siDB sine 
sill 6 sin c 

In a similar manner it may 
be shown tbat 

sinA sins ., ^ 

-: — = -7— 7 : therefore, 

SID a Sin o 
sinA^^sioB sine > ^ 

gin a SID h sm c ^ ' 

Hence, the sines of the angles of a spherical triangle 
ure proportional to the sines of the opposite sides. 

21. Draw ce and df^ respectively perpendicular and 
parallel to ob; then will the angle dcf = eoc = a. 
But the right angled triangles aoc, acd, fcd, give 

AC = ao sin A, DC ?4 AC cos c = Ao sin b cos c 
and FD =^ DC sin a = AO sin a sin b cos c. 

Now OH = OE 4" EH = OE 4- FD, 

or AO cos c fc= oc COS a + fd = ao cos a cos b + V9 
= Ao COS a cos ^ 4- AO sin a sin b cos c. 
Therefore, dividing by Ao, we have 

cos c =■ cos a cos b + sina sin b cos c. 
Similar relations are deducible for the other sides a 
and 6: hence, generally 

ces a = cos b cos c + sin b sin c cos A 

cos b = cos a cos c + sin a sin c cos b ^ (2.) 

cos c ^ cos a cos b -\- sma sin b cos c 

22. These equations apply equally to the supple- 
*^ental triangle. Thus, putting for the sides a, b, Cj 
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180" . A% 1B0» — B% 18^ - c', &c. and fbr the angles 
Ay B, c, 180^ — a\ 180« — 6', &c. we thall have 
— cos a' = cos b' cos c' — sin b' sin c' cos a'. 
Here again we have three symmetrical equations ap« 
plying to ani/ spherical triangle, viz. 

cos A = cos a sin b sin c — cos b cos c 
cos B = cos b sin a sin c — cos a cos c ^ (3.) 
cos c = cos c sin a sin b — cos a cos b 
23. Another important relation may be readily de* 
duced. For, substituting for cos b in the third of the 
equations marked (2) its value in the second ; substi- 
tuting also for cos^a its value 1 — sin^ a (chap. i. 19)» 
and striking out the common factor sin a, we shall have 
cc^ c sin a = sin c cos a cos b + sinb cos c. 

But, equa.- ( 1 ) gives sm b = — : • 

Hence, by substitution, 

sinBCoscsioc 

cos c sm a =: sm c cos a cos b H ■ ■ 

sine 



Dividing by sin c we have, 

cos c . sin B cos c 

-: — sm a = cos a cos b + — : » 

sm c ' sin 

.—^ cos • • . V 

But -T- = tan (chap. i. 19). 

Therefore cot c sin a = cos a cos b -f sin b cot c. 
Thus, again, we get three asymmetrical equations, 
cot asinb =z cos b cos c -f sin c cot a 1 
cot bsinc =^ cos c cos a + sin a cot b > (4f.) 
cot c sin a = cos a cos b + sin b cot c J 
24. The classes of equations marked J, 2, 3, 4, com- 
prehend the whole of spherical trigonometry : or, in 
truth, the equations (2), from which the others may be 
made to flow, may be regarded as comprehending th^ 
whole. They require, however, some modifications i 
fit them for logarithmic computations, and become sii 
plified in their application to some kinds of triangh 
We shall, therefore, now show the pupD ' ^y h 



emMtmnifbrnied when they are applied to the prin- 
cipal cases which occur in practice. 

SXCTXOK in 

* Reiolution of Right angled Spherical Triangles. 

25. Suppose, in the first diagram in this chaptar, the 
angle a to be righti or the facep oaBi oao, to be per- 
pendicular to each other. Then, sipoe sin ii = l,i ttie 
equations marked (1) becQBve 
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sin 3 = sin B tin a ... sin c = sin c sin a 
Also, since cos a is then = o, we have from equ4.;(2) 

cos a = cos b cos c . . • . (6.) 
For the same reason, the first of ecpia. (3) gites 
cos a sin b sin c = cos b cos c ; 

- COS B COS C ^ ^ ^fc. X . 

whence cos a 5= -: t — = cot b cot c • . • . (7.) 

sin B svn c ^ ' 

Upon the same hypothesis, cot A becomes ^s o, so 
that the first of equa. (4) becomes 

cot a sin 6 = cos 3 cos c. Or, dividing by sin i, 

COS* 

cot a = -^^ cos c =s cot ^ cos c . . . . (8.) 

The two last of equa. <3) give also, upon the ^ame 
hypothesis, 

cos b s= sin c cos 61 .^ v 

cos c = sin B cos cj * ' * * ^"' 
And, lastly, from equa. ([4) we have 

cot B = cot 6 sin cl l^(\\ 

cot c = cot c sin 6 J * ' * ' ^^^'^ 
From these equations by a few obvious transforma- 
tions, the six usual cases of right angled spherical tri- 
angles may be solved, as below. 

6 
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96. Gif«i Ae hypolhoivae a 
tnd an angle b ; to find the rest ; 

sin ^ss sin a sins; 
or, sin aidevpq. 9= sin opp. angle 
Xsinh]^th. tanc;=:tanacQSB; 

or, tan aide roq* ^ tan hypoth. x cos included angle, 

cot e = cos a tan b ; 
or, cot angle req. = cos hypoth. x tan piren anrie. 

In this case there can be nothing ambiguous ; for, in 
applying the first form, it is known that the angle and 
the opposite side are always of the same afiection ; and 
in the two latter the rules for the changes of sines in 
the different quadrants (chap. iv. 9), will determine to 
which the result belongs. 

Case IL 

27^ Given the hypothenuse a, and one of the sides 3; 
to find the rest. 

sin ft . , sin i^iven side 

sm B = -: — ; or, sm anne req. 5= — :— r — nr"* 

SID a ^ smh^polh. 

cosfl .J coshypotb. 

COS c = — : ; or, cos side req. = : rp* 

co8^' ^^9^^*' 1 cosgivenside 

cos c = tan b cot a; • 
or, cos angle req. = tan given side x cot hypoth. 

Caie III. 

28. Given the two sides including the right angle, 
namely, b and c; to find the rest. 

cos a ss cos b cos c; 
or, cos hypoth. = rectangle cosines of the sides. 

tan ft , tanc 

tan B = -: — ... tan c = — -: ; 

tin c tano 

, tao opp. side 

or, tan angle req. = ^ ^^. ,^j - 



8S Spherical Tr^pmomeiry* 

Case IV. 

* 

29. Given a side by and its opposite angle b ; to find 
the rest. " - ' » 

sin* . 1 .•• sin giTcn aide 

Sin a = -: — ; or, sm hypotn. = -: r-« 

sin B ' •'^ Bin opp, angle 

sin (? == tan b cot b ; 
* or, sin side req. = tan given side x cot opp. angle. 
cosB . , COS fiven angle 

Sin c = — z : or,: sm req. angle =s '■: — r*5-» 

cos b ^ ^ ^^° cos gvven side 

CaseY. 

50. Given a side c, and its adjacent angle b ; to find 
the rest. 

tan b = tan B sine; 
or, tan side req. = tan opp. angle x sin given side, 
tanc .• -. tan eiTcn side 

tana = ; or, tcfn hypotn. = ^-^ r-*^ 

COSB ''^ cosgiven angle. . 

or, cot a = cos b cot c ; 
that \&y cot hypoth. = cos given angle x tan given side- 
cos c =s cos c sin B ; 
or, cos angle req. = cos opp. side x sin given angle. 

Case VI. 

51. Given the two oblique angles b and c; to find 
the rest. ' • 

cos c = cot B cot c ; 
or, cos hypoth. = rectangle cot*s given angles* 

, cosB'^ 

cos o = -: — / T 

sin c I • 1 cos opp. ansrie 

> cos req. side = -. — -. — -V* 

cose i ^ sin adj. abgie 

cos C = -T — \ 
sinB J 

Note 1. Here the rule of the signs (chap. iy. 9) serves 
all along to determine the kind or afiection of the un- 
known parts. 
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. Note 2* In working by the logarithms, the student 
must obserre, that when the resulting log. is the lo^. of 
a quotient, 10 must be added to the index : when it is 
the log. of a product, 10 must be subtracted from the 
index. This is done in conformity with the rule (chap, 
iv. n)i to make the terms homogeneous by multiplying 
or dividing by the powers of radius. 

Section III. 

Resoluiion of Oblique angled Spherical Triangles, 

32. This may be effected by means of four general 
eases ; each comprehending two or more problems. 

Case I. 

Given three of these four things, viz. two sides 3, c, 
and their opposite angles b, c ; to find the fourth. 

This case comprehends two problems, in one of which 
the unknown quantity is an angle, in the other a side. 
They are both solved by means of equa. (1) of this 
chapt^^from which we have 

siucsinB . sincsioi^ 

sm c = — r-T— . . . sm c = ■ . , * 

Bill b 81B B 

V 

Case II. 

S3. Of these four things, viz. the three sides a, fi, (?» 
and an angle, any three being given, to find the fourth. 

This case comprises three problems. 

1. When the three sides are given, to find an angle. 
Here fr6m equa. (2) we have 

cos a — COS h cos c '^ 

COS A = r— 7-: • 

smosinc 

cos h — cos a cos c 

COS B = : — 7—. • 

gw a sm c 

€08 c — cos a cos & 

COS C =3 . , * 

tin a BUI 6 
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But these are not fitted for logaritlmiic computation. 
BecurriDg, tlierefi>re, to (chap. it. eqoa. u'), we havte 
1 + COB A s S cos* Ja, aiid 1 — cos a 3= 2 ain^ |a. 
Hencoy ^ 

a 1 «« fia Grille cos a^*- cob 5 cot _^ 
2C08 J^- rinjsine + nubsittt 

cos a — COS (b + c) 
sin 6 sine 
<■« 1 ^ • • T «08 ( J — c) — cos a 

Hence also, 2 sin» Ia = — • . . . • 

The latter of these divided by the former, girea^ 

♦««11a — COi(ft-c)- C0gg 

tan^ JA = — -• 

* COS a — cos (ft + c) 

Whence, from the 4?th of equa. (u) chap. ir. 

sin j (g + 6 — c) sin |(a + c -^ >) 
sin ^(a + ft + c) sin ^ (ft +0 — 0) 

Henoe we have, for the taogents of the half «ii(^ei, 
these 4hree symmettvical equations : / 

in J (a + ft — c) si« 4 (tf + c — ft)*^ 



tan^iA 33 



tan 



n i (a + ft + c) sin i (ft + c — «) 
njCa + ft--c)Bin4(ft-f c~a) I . ^ 
ni(a + ft + c)sini(« + c-ft)(^ * 
n J (a + c — ft) sin i (ft + c — a) 



tan JA =6= H^: 

tan |q ps Y/^Sj^ilTft + c) sia j(a + a - c). 

The expressions for the sines of the half angles might 
be deduced with equal facility. As they are symme- 
trical we shall put down but one, viz. 

. » /"« * (a + ft — c) sin 4 (a + « — ft) 

»^ i^ = Y/ ssrars 

Expressions for the cosmes and cotangents of tlie 
half aoglesy may be readily found from the above, b/ 
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the fprms cos ss 7—, cot 
~ tan' 
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Con When two of the sidefy as b and C| become equal, 

tlH. fflv«aMim f<w -b JA, beoom* »n }A » S^ 
Cor. 2. If a =s b = e i= 90Pt then tin !▲ sb ^r^ 

I 

= } ^2 = sin 45°; and a = B = c = 9(f. 

Leaving other corollaries to be deduced by the stu- 
dent, let us proceed to the next problem in this case. 

2. To find the side c opposite to the given angle « ; 
tiiat 18, given two sides and the ineladed angle, to find 
the third side. 

Find from the data' a dependent angle ^, such that 

tan^ = cos c tan i^ . . . « (12.) 
Substitute for cos c in the third of equa. (2) its value 
in this, it will become ' 

cos e = cos a cos ( + sin a cos b tan ^ 

=s coso I I; 

\ cos <}> / * 

co8gcoi(a.>t) /,nx 

or. cote ac " i • . • • 1 15. J 

' COS«f> ^ ' 

NcU* The equa. (i2) obviously reduces ta 
-—•cose =s . or cot ^ cos c =s cot i; which is 

tan ^ tanb 

analogous to equa« (8). So that b is the hypothenuse 
and ^ one leg of a right angled triangle. The above 
transformation, therefore, is eqoivaleift to the division 
of the proposed triangle into two, bv an arc from the 
vertical angle a falling perpendicularly upon the oppo- 
site side a, 

3. To find the side a^ not opposite to the given angle; 
&, c, and c, being giyen. 

Here find ^, as before, by equa. (12) : then from 
equ8« (13) we hsYO 

cos («—?)=: ^l^l* .... (14-) 

Hence a is known by adding ^. 
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Case III< 

S4. Of these four things^ viz. two sides a, and c, and 
two angles b and c, one opposite, the other adjacent ; 
three being given, to find the fourth. 

This case presents four problems* 

1. Given a, c, b; to find c. 
Determine an arc ^^ by this condition, 

cot c 

cot c = cot 4>' cos B, or r = cot ^ , . . . (15.) 

Substitute this value of cot c for it in the third of 
equa« (4) ; it will become 

sin a cot (p' cos b = cos a cos b + sin b cote ; 

. (cot (t>' sin a — cos a) cos & 

whence cot c = -^^ : 

sinB 

= (cot ^'sin a — cos a) cotB; ^ 

cot B sin (a — <J)0 ^, ^ v 

or, cot C = : ; . . . . (16.) 

» 8in.|>' ^ ' 

Note, The equa. (15) is akin to equa. (8)^ showing 
that the operation here performed is equivalent to let- 
ting fall a perpendicular arc from the angle a to the 
base a ; the subsidiary arc ^ being the segment adja- 
cent to the angle b. 

2. Given b, c, c; to find a. 

Here ^ must be found by equa. (15)> and tl^en from 
equa. (16) we have 

• / ^'v cote sin 4>' 

«^»(^-^)= ' cotB --070 
Whence a becomes known. 
d« Given b, c, a ; to find c. 
Find a dependent angle ^' by making 

cot c 

cot c = cosfl tan ^\ or =c tan ^' . . . . (18.) 

' COSiC ^ . 

Substitute this value of cot c for it in the third p£ 
equa. (4), and it will reduce to 

cot acos (b — ^") ,, ^ X 
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4. Given OyCyC; to finds. 
Determine ^' ftom equa. (18); then 



9S 



COS (b — ^') = 



cot c cos 4" 



cot a 

From which b becomcft known. 



-....(20.) 



Case IV. 

35. Of these four things, viz. the three angles and 
a side, suppose c, any three being given, to find the 
fourth. 

This comprises three problems. 

1. Given the three angles; to find a side. 

Suppose the first of equa. (11) to be applied to the 
solution of the supplemental triangle, by changing a, h^ 
c, and c, into a', b\ <fy and c'. Then, to bring it back 
to the triangle proposed, let there be substituted for a\ 
b\ (fy and c\ the corresponding values 180° — a, 180° 
— B, 180° — c, 180° — c. Those equations will then 
be transformed into the following, applicable to the pre* 
sent problem. 

/ cos J (a + B — C) cos 4 (a — B + C) ") 



cot 



cot 



5*=V- 



cos i (B + C + A) cos 4 (b + C — a) 

COS i (b + — a) cos 4 (a + b ^ c) 



(21.) 



-C084(A + C + B)C0S J(A + C — B) 
/ C08 4(A-t- C— b)cOs4(b 4- C — A) 
cot JC = Y/ -COS J(A + B + C)COSi(A + B - C). 

The following are the expressions for the siiies of the 
half angles, viz. 

/cos4 (a + b + c) cos^ (b + — a) ' 
sin Jfl = Y/ . sin B sine 



sm 



cosjCa + b + c)cos4(a -f b-c) 



— sin A sins 



J 
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Note. In these expresiioiHff although the denomi- 
nators are negativei^the whole fractbns under the radi- 
cal are always po9itive« 

The es^essioDS fer die tangents and eosines are 
omitted, to save room, 

2. Given a, b, c; to find c. 

Here, by applying in like manner, the equations (12), 
(IS), to the supplemental triangle, we shall have 

cot ^ ss cose tan b . . •« (23.) 
from which the subsicyary angle f may be detenoined; 
and thence 

C08B8ill(A — t) -^ . 

SIO ^ ^ ' 

S. Given b, c, c: to find a* 

Find f from equa. (2S) ; then from equa* (24) there 

results, 

• ^ ^v cot c sin ♦ - -^ . 

8m(A-«)=-jj^,.,.(25.) 
from which a is known. 

Section IV. 

On the Analogies of Napier* 

S6. These are four simple and elegant formulae dis- 
covered by the celebrated inventor of logarithms, of 
which two serve to determine any two apgles of a sphe- 
rical triangle, by means of the two opposite sides and 
their included angle ; while the other two serve to de- 
termine any two sides, by means of the opposite angles 
and their contained side. Thus, therefore, they toge- 
ther with equa. (1), will serve for the solution of off the 
cases of oblique spherical triangles. The investigation 
of these analogies may be given, as below. 

If from the first of equa. (2), cos c be exterminated* 
there will result, after a little reduction, 

cos A sin c = cos a sini — cos c sin a cos bt 



«nd.by a iwnple permutatioii of tettersy 

cos B sin c se COS 6 sin a — cos c sin ft ctg^a: 
jiddisg tbase equations together, and redttcing, we have 

sin c (cos A + cos b) = (1 — cos c) sin (a + ft)» 

New w» hayefrom equa. (1) 

sin a tin h sftt e 

siBA sIab ftiftc • 

Freeing these equations from then: denom i ttatortt, and 
respectively adding and subtracting them^ there results, 
sine (sin A + sin b) =s sin c fsin a + sin h\ 
and sin c (sin a — sin b) = sin c (sin a — sin ^}. 
Dividing each of these t^o equations by the preced** 
ingy there will be obtained, 

sin ▲ + sin B sin c sin a + tin 5 

cosA + COS B 1 — cose sin (a + fr) 
sin A — sin B ^__ sin c sin a ~ sin 5 

COSA + cos B "^ 1 — cos C * SIB (a + b) 

Comparing these with the equations in arts. 24, 25, 
S6, chap. iv. we shall have 

tan i (a + b) = cot he 

"■""■■ (26.) 

^B H B^ ^^B ■ mm ^^^B mm m ■ 

tan I (A — b) =« cot Jc 

The above equations expressed as analogies, are 
cos \{a + h)x cos^ (a — b) :: cot |e : tan J (a + b) 
ain \la + h) : sin | (a — i) :: cot |c : tan | (a «- b). 
These analogies being applied to the supplemental 
triangle, by putting 180^ — a, 180? — b^ &c. for a, 3, 
&c. we have 
GOB |(a + b) : cos ) (a — b) :: tan jc : tan i (a + ^) 
mn I (a 4- b) : sin ^ (a — b^ :: tan |c : tan | (a — &) 
87« From a due consideration of the four analogief 
results, 

1st. That J (a - b) < 90*, or that t^-" «r€ 

two. angles of a spherical triangle is leiT 
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2dly. That \{a + b) and } (a + b) are alu^ays of the 
game, dfiection. 

Sdiy. That the difierence of two sides is always less 
than 180°.. 

4thly. That (a — b) and (a — b^ have always the 
same sign ; whence it foUows, that tne greatest angle is 
opposite to the greateist side, and reciprocally* 

To these it may be added, 

5thly. That the least angle is opposite to the least 
fiide, and the mean angle, to the mean side. 

One or other of these observations will serve to re- 
move the ambiguity in the doubtful cases^ wliere either 
c, b^ and b, or a, b, and by are given. 

38. We may now collect the most commodious theo- 
rems, and present in one place all that will be usually 
required in the solution of oblique angled spherical tri- 
angles. 

. siiiA sinB sine 



SIB a hitib ' siQ c 

2. tan |a = 4/' 

3. tan " 



4. tan 






8>n i (g -f fr — c) sin ^ (fl + jc — h) 
n i (* + c — a) SID 4 (a + * + c) 
n i(6 + c — a) sin J (fl + ft — c) 



n § (a + c — ft) sin J (a + ft + c) 
n J (« + c — ft) sin i (ft + c — a) 



I 



in ^ (a + ft — c) sin ^ (a + ft + c) 
/— cos ^ (b + c — a) cos j^ (a -f B + c) 

9. tan la — y/ cosi(A + b - c) cos4(a + c - b) 

/— COs4(A + C— B)ca8j(A + R + C) 
e. tan ^6 as ^ ^^^^^^ ^ C -A)COS*(A + B - c) 

/— cost (a + B — c) cfts^ (a + b — c) 

7. tan JC — Y/ C8SJ(A + C-B)C0SJ(B + C-A) 

ft- a . - sin 4 (b- a) 

8. tan = tan he -. — r-; -: 

** 2 * sin J (b + a) 

n * ft + fl_.^^ T^ cosi(B-A) 

9. tan -g~ = tan ^c ^^jj^;^^:^ 
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-10. tf^-ri-- ^*^ sinac + B) 
-11. «?n-^=tanja^^j(^^,j 

-18. tjm -5- =s teniJ .-,„ ^f^^^y 

18. tan -5- = tan J6 ,^^^^^,) 

M. tpn -^ = cotjc ^nrHTTT) 

B + A , , COS J (6 — O) 

15. tan -^ - cotic -^^ijjf^) ' 

c - B ^ , tin 4 (c — ») 

16. tan -^ = cotjA ^iirnTTT) 

C + B • COS 4 (C — 6) 

17. tan -^ fis cotiA — 1, ^ .^ 

A — c - sin i (« — c) 

18. tan-^ = COtiBj;;j-y^;^^ 

A + c ^ COS i (a — c) 
19- tan' = cot Jb — rr \ 

cos 4 (b + a) 

21. tan Jc == tan K* + «) J^Tj^S-IT) 

, , .X sin i (c + b) 

22. tanJa=:tanKc-^)«i„4(c-B) 

, , ,. cos 4 (c + b> 

23 . tan J a = ton J (c + i) eos 4 (c - ») 

- , . sin 4 (a + c) 

24. tan ib = tan J(a - c) ^.„ ^^^^^^ 

V CO* 4 (^ + *^) 

25. tan J* = tan J(a + c) ,^,^^^^c) 
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26. cot ic = tan J(b - a) '''°*^'*^ 

a^ ^1 X 1 / . X COS 4 (ft + a) 

27. cot Jc = tan J(b + a) — fTr { 

u, x\ > ^ COS i (ft — a) 

^A ^1 >. T / X sin A (c + ft) 

. -• av ^ sin 4 (c ->- ft) 

29. cotjA = tan J(c + b) ''°'*^^"^*^ 

-,^ 1 It . sin i (a + c) 

SO. cot Jb = tan J(a - c) -r-rr \ 

as as \ ' sin J (« — c) 

^, - 1 . 1 ^ \ cos 4 (tf + c) 

31. cot Jb = tan J(a + c) — 7-7 -' 

-* *^ ' ' cos J (a — c) 

Section V. 
Mnemonics of Spherical Trigonometry, 

39. As It is, obviously, difficult to retain in recollec- 
tion the necessary rules and formulae in spherical tr^o- 
nometry, attempts have been made by different mat£e- 
maticiansy to assist the student by contrivances akin to 
those which occur in repositories of artificial memory. 

Napier, to whom this department of science is so 
much indebted, at the end of his Mirifici Canonis Con" 
structioy obscurely suggested a simple and comprehen- 
sive method, characterised by the name of Napier's 
Rules for the Circular Parts; which apply 9 1st, to right 
angled spherical triandes ; 2dly, by means of Uie polar 
triangle, to quadranial triangles ; and, Sdly, by means 
of a perpendicular from the vertical angle, to oblique 
angled spherical triangles. These rules were developed 
much more perspicuously by Gellibrand; and have, 
since his time, been explained by almost every writer 
on spherical trigonometry. 

40. In a spherical triangle abc, right angled at a, we 
have, as was shown in arts. 25 — 31, of this chapter. 




Napier^s Circular Parts. SS 

tin 6 = sin a sm c = tan h cot b 
•in ^ =s sin a sin b =s tan g cot c 
cos a = cos c cos b = cot b cot c 
cos b = cos 5 sin c = tan c cot a 
cos c = cos c sin B = cot a tan b 

These equations include ovXyJi'oe of the six parts of 
the triangle, the sixth part^ viz. the angle a being con- 
stant. Now, Napier's circular parts are, the comple- 
ments of the angles b and c, the complement of the 
hypothenuse a, and the other two sides b and c : that is, 
90^ — a, 90° — B, 90° — c, b^ and c, are the five circular 
parts. Any one of these five may be called a middle 
part; then the two parts next adjacent, one on the 
right, the other on tne lefl, [not including the right 
angle] are called adjacent parts; and the next two, 
each separated from the middle part by an adjacent 
part, are called opposite parts. This premised, th^ 
rules are, 

1. The rectangle of the radius and the sine of the 
middle part = rectangle of the tangents of the adjacent 
parti. 

2. The rectangle of the radius and the sine of the 
middle part = rectangle of the cosines of the opposite 
parts. 

These rules may be comprehended in one expression, 
extremely easy to remember, simply remarking that the 
vowels in the contractions sin^ tatiy cos^ are respectively 
the same as those in the first syllable of m/t^dle, ar/jar 
cent, opposite : for then, regarding unity as radius, we 
shall have 

sin mid = rect tan adja s: rect cos op. 
A rule which, by taking a, b, c, &c. successively for the 
middle part, will be found to comprise the five expres- 
sions given above. 

41 . By the circular parts of an oblique spherical tri- 
angle are meant its three sides, and the supplements of 
its three angles. Any of these six being assumed iis 
a middle part, the opposite parts are those two that are 

f2 
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of the same denomination with it ; that is, if the middle 
part is one of the eides, the opposite parts are the other 
two ; and if the middle part is the supplement of one of 
the angles/the opposite parts are the supplements of the 
other two. 

42. Mr. Walter Fisher has also given, in the Traps* 
actions of the Royal Society of Edinburgh, rules of easy 
recollection which will serve for the solution of all the 
cases of plane and spherical triangles. They are in- ' 
eluded in four theorems, which may be applied to plane 
triangles b^ taking, instead of the sine or tangent of a 
aide, the side itself. 

Theor, 1. Given two parts, and an opposite one. 
s . A :s. o :: s.a : s . 0. 

Theor. 2. An included part given, or sought. 



A — a A + a o — o ;h 



. 



Theor. 3. t . —5— : t . — ^ :: t . -— g— : t . — 5— • * 

Theor, 4?. Given the three sides or angles of an ob- 
lique angled triangle. 

(a + a) + I (a + a) — / , M 
S . A X s . fl : R* :: s . ^ ^ x s . ^ ' * * 2* 

Here m denotes the middle part of the triangle, and 
must always be assumed beitoeen two given parts. It is 
either a side or the supplement of an angle ; and is 
sometimes given, sometimes not. 

A and a are the two parts adjacent to the middle^ and 
of a different denomination from it. 

and o denote the two parts opposite to the adjacent 
parts, and of the same denomination with the middle 
part. 

1 is the lastf or most distant part, and of a difierent 
denomination from the middle part. 

That these four theorems may be called to mind with 
^he greater facility, the following four words formed by 



/ 
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abbreviating the terms of the respective analogies should 
be committed to memory, viz, 

ScLOf satonif tao% sarsalm. 

Section VI. 

On tie Areas of Spherical Triangles and Polygongyond 
the Measures of Smd Angles. 

Theorem I. ^ 

43. In every spherical triangle, the following propor- 
tion obtains, viz. as four right angles, (or 360°), to the 
surface of a hemisphere; or, as two right angles (or 
180°}y to a great circle of the sphere ; so is the excess 
of the three angles of the triangle, above two right 
angles, to the area of the triangle. 

Let ABC be the spherical triangle. Complete one of 
its sides, as bc, into the circle bcef, 
which may be supposedto bound the u >'^^'*"*"^? 
upper hemisphere. Prolong also, at /(f> ^^^^^'''^v 
both ends, the two sides ab, ao, un- / 
til they ^xtm semicircles estimated U 
from each angle, that is, until bae I 
St ABD = CAF =a ACD = 180^ Then \ 
Will CBF = 180^ = bfe; and conse- 
qiiently the .triangle aef, on the an- "" 
terior hemisphere, will be equal to the triangle bcd on 
the opposite hemisphere. Putting w, m\ to represent 
the surface of these triangles, p for^hat of the triangle 
BAF, a for that of cae, and a for that of the proposed 
triangle abc. Then a and m' together (or their equal 
a andm together) make up the surface of a spheric lune 
comprehended between the two semicircles acd, abd, 
inclined in the angle a : a and p together make up the 
laneincluded between the semicircles CAF, cbf, makin< 
the angle c : a and q together make up the spheric liic 
induded between the semicircles bce, bae, making tii 
angle b. And the surface of each of these lunes. is t 
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that of the hemisphere, as the angle made by the com- 
prehending semicircles, to two right angles.' Therefore, 
putting \s for the surface of the hemisphere, we hav« 

180°: A :: |s:a + m. 

180° :b ::ls:a + ^. 

180P:c ::|s \a ^ p. 
Whence, 180°:A-fB + c::Js:3aH-»i4.j3 4-5' = 2a + i8| 
and consequently, by division of proportion, 
as 180°;a + b + c — 180°:;Js:2a + Js — |s = 2«; 

* A -I- B-t-C— 180* 

or, l«0°tA + B^c-180°::Js: fl=|s. ^^ « 

a. X.D.* 

Cor. 1. Hence tlie excess of the three angles of any 
spherical triangle above two right angles, termed tech- 
nically the spherical cMcess^ furnishes a correct measure 
of the surface of that triangle. 

Cor. 2. If IT = 3141593, and d the diameter of the 

sphere, then is ^d^ . ;r^^ = the area of the 

spherical triangle. 

Cor, S. Since the length of the radius, in any circle^ 
is equal to the length of 57*2957795 degrees, measured 
on the circumference of that circle ; if the spherical ex* 
cess be multiplied by 57*2957795, the product wiU ex- 
press the surface of the triangle in square degrees. 

Cor. 4. When a = 0, then a + b + c =: ISO®: and 
when a = Js, then a + b + c == 540°. Consequently 
the sum of the thr^ angles of a spherical triangle, is 
always between 2 ahd 6 right angles : which is another 
confirmation of art. 19, p. 83. 



* This determination of the area of a spherical triangle is dve 
to Albert Girard (who died about 1633). Bat the demonstratioB 
now commonly {^iven of the rule was first published by Dr. Wallis. 
It wai coojidered as a mere speculative truth, until General Roy, 
in 1787, employed it very judiciously in the great Trigooooie- 
trical Survey, to correct the errors of spherical angles. See 
Pkil^ Trans, vol. 80. and chap. xii. of this volume. 
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. Cor, 5« When two of the angles of a spherical tri« 
angle are right angles, the surface of the triangle varies 
with its third angle. And when a spherical triangle 
has three right angles its surface is one-eighth of the 
surface of the sphere. 

Remark, The mode of finding the spherical excess, 
and thence the area when the three angles of a spherical 
triangle are given, is obvious enough ; but it is oflen 
requisite to ascertain it by tneaas of other data, as, when 
two aides and the included angle are given, or when all 
the three sides are given. In the former case, let a and 
h be the two sides, c the included angle, and s the sphe- 

. 1 ^i_ • ^ T cot Afl . cot Aft + COS c ___, 

ncal excess: then is cot ^e = — - — r-= • When 

^ sine 

the three sides a, ^, c, are given, the spherical excess 
may be found by the following very elegant theorem, 
discovered by Simon Lhuillier: 

*^^ , ^ ,.. a + b+ c ^ a+ b -^e ^ a — ft + r 

tan Is = V(tan — j . tan — j . tan — 7- — 

• tan J )• 

The investigation of these theorems would occupy more 
space than can be allotted to them in the present 
TOlame. 

Theorem II. 

44b In every spherical polygon, or surface included 
by any number of intersecting great circles, the sub* 
joined proportion obtains, viz. as four right angles, or 
S60^, to the surface of a hemisphere ; or, as two right 
angles, or 180°, to a great circle of the sphere ; so is the 
excess of the sum of the angles above the product of 
180^ and two less than the number of angles of the 
spherical polygon, to its area. 

For, if the polygon be supposed to be divided into as 
iqany- triangles as it has sides, by great circles drawn 
from all the angles through any point within it, forming 
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at that point the vertical angles of all the triangtei* 
Then, by theor. 1, it will be as 360^ : Js t: a + b + €' 
— 180^ : its area. Therefore, putting p fdr the sum of 
all the angles of the polygon, n for their number, and v 
for the sum of all the verticd angles of its constituent 
triangles, it will be, by consposition, 
as 3^ : Js :: p 4- V — 18(f . n : surfiice of the polyMO; 
But V is manifestly equal to 360° or 180° x 2. Therefoife, 

as 360°: J» :: p - (n-2) 180° ijs. ^""^"g^'^ ithe 

area of the pblygon. q. e. d. 

Cor. 1. If flr and d represent the sAhie quantitieit as m 
theor. \, cor. 2, then the surface of the polygon will be 

expressed by nd"- . ^^55 • 

Cor. % If R** = 57-2957795, then will the sur&Ce of 
the polygon in square degrees be =: r° . [p — (n — 2)' 
180^]. 

Cor. 3. When the surface of the polygon is 0, then 
p =: (n — 2) 180° ; and when it is a maximum, that is^ 
when it is.equal to the sur&ce of the hemisphere, then 
p = (n — 2) 180° + 360° = n . 180°: consequently p, 
the sum of all the angles of any spheric polygon, is 
always less than In right angles, but greater than 
(2n — 4) right angles, n denoting the number of angles 
of the polygon. 

Nature and Measure of Solid Angles. 

45. A solid angle is defined by Euclid, that which 2s 
niade by the meeting of more than two plane angles, 
which are net in the same plane, in one point. 

Others define it the angular space comprised between ^ 
several planes meeting in one point. 

It may be defined still riiore generally, the angular 
space included between several plane surfaces or one or 
more curved surfaces, meeting in the point which forms 
the summit of the angle. 
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According to this definition, solid angles bear just the 
«ame relation to the surfaces which comprise them, as 
plane angles do to the lines by which they are included: 
so that, as in the latter, it is not the magnitude of the 
lines, but their mutual inclination, which detem^ines 
fihe angle; just so, in the former, it is not the magnitude 
of the planes, but their mutual inclinations, which de- 
termine the angles. And hence all those geometers, 
from the time of Euclid down to the present period, 
who hare confined tlieir attention principally to the 
magnitade of the plane angles, instead of their relative 
X positions, have never been able to develope the pro- 
perties of this class of geometrical quantities ; but nave 
aflinned that no solid angle can be said to be the half or 
the double of another, and have spoken of the bisection 
and trisection of solid angles, even in the simplest cases, 
as impossible problems. 

But all this supposed difficulty vanishos, and the doc- 
trine of solid angles becomes simple, satisfactory, and 
universal in its application, by assuming spherical stir- 
Jdces for their measure ; just as circular arcs are as- 
sumed for the measures of plane angles.* Imagine, 
that from the summit of a solid angle (formed by the 
meeting of three planes) as a centre, any sphere be de- 

* This disquiBition on solid angles was first publislied in the 
Sd volume of Dr. Hatton*s Course of Mathematics, in the year 
1811. At that time I thought the notion of measuring this class 
of geometrical magnitudes by means of spherical triangles and 
polygons was, though extr(»mely obvious and natural, perfectly 
new. I haire since found, by consulting Montucla's History of 
Ifatbematics, vol. ii. p. 8, that Albert Girard, in his Invention 
nouvelU en Algibre^ advanced ao analogous theory. 

While I am adverting to the third volume of Dr. Ilutton's 
Course, I beg to mention, in order to account for any instances 
of close correspondence which may be found between parts of 
this volum* and of that (though they, I believe, will occur quite 
«8 seldom as can well be expected when the same person ib trea 
ing of the same subjects), that the 2d, Sd, 4th, 5th, 6th, 7tb, 8 
OtS, and 11th chapters of that volume were composed by me ; I 
remainder by my excellent friend the author of that Cuursc. 

F 5 
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scribed, and that those planes are produced till they cut 
the surface of the sphere ; then will the surface of the 
spherical triangle, included between those planes, be a 
proper measure of the solid angle made by the planes 
at their common point of meeting : for no change can 
be conceived in the relative position of those planes, 
that is, in the magnitude of the solid angle, without a 
corresponding and proportional mutation in the surface 
of the spherical triangle. If, in like manner, the three 
or more surfaces, which by their meeting constitute 
another solid angle, be produced till they cut the sur- 
&ce of the same or an equal sphere, whose centre coin- 
cides with the summit of the angle ; the surface of the 
spheric triangle or polygon, included between the planes 
which determine the angle, will be a correct measure of 
that angle. And the ratio which subsists between the 
areas of the spheric triangles, polygons, or other sur- 
faces thus formed, will be accurately the ratio which 
subsists between the solid angles, constituted by the 
meeting of the several planes or surfaces, at the centre 
of the sphere. 

Henc^, the comparison of solid angles becomes a 
matter of great ease and simplicity : for, since the areas 
of spherical triangles are measured by the excess of the 
sums of their angles each above two right angles (theor. 
1); and the areas of spherical polygons of n sides, by 
the excess of the sum of their angles above 2n — 4 right 
fugles (theor. 9) ; it follows, that the magnitude of a 
trilateral solid angle, will be measured by the excess of 
the sum of the three angles, made respectively by its 
bounding planes, above two right angles ; and the niag- 
^itudes of solid angles formed by n bounding planes, 
by the excess of the sum of the angles of inclination of 
the several planes above 2» — 4 right angles. 

As to solid aiigles limited by curve surfaces, such as 
the angles at the vertices of cones ; they will manifestly 
be measured by Che spheric surfaces cut off by the pro- 
longation of their bQunding surfaces, in the same man- 
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ner as angles determined by planes are measured by the 
triangles or polygons, they mark out upon the same, or 
an equal sphere. In all cases, the maximum limit of 
solid angles, will be the plane towards which the various 
planes determining such angles approach, as they diverge 
further from each other about the same summit ; just as 
a right line is the maximum limit of plane angles, being 
formed by the two bounding lines when they make an 
angle of 180^. The maximum limit of solid angles is 
measured by the surface of a hemisphere, in like man- 
ner as the maximum limit of plane angles is measured 
by the arc of a semicircle. The solid right angle 

Slither angle, for example, of a cube) is 4 (= i*) of 
e maximum solid angle : while the plane right angle 
is half the maximum plane angle. 

The analogy between plane and solid angles being 
thus traced, we may proceed to exemplify this theory 
by a few instances ; assuming 1000 as the numeral mea- 
sure of the maximum solid angle = 4 times 90^ solid 
= S6(y* solid. 

1 . The solid angles of right prisms are compared with 
great facility. For, of the three angles made by the 
three planes which, by their meeting, constitute every 
such solid angle, two are right angles ; and the third is 
the same as the corresponding plane angle of the poly- 
gonal base; on which, therefore, the measure of the 
solid an^le depends. Thus, with respect to the right 
prism with an equilateral triangular base, each solid 
angle is formed by planes which respectively make 
angles of 90**, 90°, and 60^. Consequently 90^ + 90*=* 
+ 60^ — 180° = 60°, is the measure of such angle,. 
compared with 360^ the maximum angle. It is, there- 
fore, one-sixth of the maximum angle. A right prism 
with a square base has, in like manner, each solid angle 
measured by 90° + 90° + 90° - 180° = 90°, which is 
I of the maximum angle. And thus it may be found, 
Uiat each solid angle of a right prism,^ with an equi- 
lateral 
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triangular base 
cqaare base 

Eentagonal base 
exagonal 
heptagonal 
octagonal 
nonagonal 
decagonal 
undecagonal 
duodecagonal 
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Hence it may be deduced, that each solid angle of a 
regular prism , with triangular base, is half each solid 
angle of a prism with a regular hexagonal base. Each 
with regular 
square base = 7 of each, with regular octagonal base, 

pentagonal = f decagonal, 

hexagonal =4^ *. duodecagonal, 

\m gonal = — ^ m gonal bastf . 

Hence again we mdy infer, that the sum of all the- 
solid angles of any prism of triangular base, whether 
that base be regular or irregular, is halfth^ sum of the 
solid angles of a prism of quadrangular base, regular ot 
irregular. And, the sum of the solid angles of any 
prism of 
tetragonal basei8 = Isumofang.in prism of pentag.bas^^ 

pentagonal .... = | hexagonal^ 

hexagonal .... s 4 heptagonal, 

m gonal = ^ _ , (»»+ l)gonal* 



flt~i 



2. Let us compare the solid angles of the five regular 
bodies. In these bodies, if m be the number of sides of 
each face ; n the number of planes which meet at each 
solid angle ; ^O = l^alf the circumference or 180* ; 
and A the plane angle made by two adjacent faces; 
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tlien we have sin ^ = r • I'his theorem gives, 

for the plane angle formed by every two contiguous 
fSsices of the tetra^ron, 70° 31' 42"'; of the hexaedron^ 
do**; of the octaedron, 109° 28' 18''; of the dodecae- 
dron, 116° 33' 54?"; of the icosaedron, 138^ 11' 23". 
But, in these polycdrae, the number of faces meeting 
about each solid angle, are 3, 3, 4, 3, 5, respectively. 
Consequently the several solid angles will be determined 
by- the subjomed proportions : 

Solid Angle. 

S60P:».70^r42" -180°:;1000: 87'7361 1 tetraedron. 
S6O°:3-90° -180°:: 1000:250- hexaedron. 

S60°:4.109°28'18"— 360°::1000:216-35185ocraedron. 
S60°:3.1 16°33'54"- 180°:: 1000:471-395 dodecaedron. 
360°:5.138°ll'23"-540°::1000:419-30169icosaedron. 

3. The solid angles at the vertioes of cones, will be 
determhied by means of the spheric segments cut off at 
the base^ of those cones ; that is, if right cones, instead 
of having plane bases, had bases formed of the segments 
of equal spheres, whose centres were the vertices of the 
cones, the surfaces of those segments would be measures 
of th^ solid angles at the respective vertices. Now, the 
surfaces of spheric segments, are to the surface of the 
hemisphere, as their altitudes, to the radius of the 
sphere ; and, tlierefore, the solid angles at the vertices 
of right cones will be to the maximum solid angle, as 
the excess of the slant side above the axis of the cone, 
to the slant side of the cone. Thus, if we wish to as- 
certain thfe solid angles at the vertices of the equilateral 
and the right angled cones ; the axis of the former is 
I a/3, of the latter, i >/2, the slant side of each being 

unity. Hence, 

Angle at vertex. 
1 : 1 6- J ^3 :: 1000 : 13B'97464, equilateral cone, 
1 : 1 — I V2 :: 1000 : 292-89322, right angled con 
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4. From what has been said» the mode of determining 
the solid angles at the vertices of pyramids will be suffi- 
ciently obvious. If the pyramids be regular ones, if k 
be the number of faces meeting about the vertical angle 
in one, and a the angle of inclination of each two of its 
plane faces ; if n be the number of planes meeting about 
the vertex of the other, and a the angle of inclination of 
each two of its faces : then will the vertical angle of the 
former, be to the vertical angle ot the latter pyramid, 
as NA — (N — 2) 180°, to na - (« - 2) 180°. 

If a cube be cut by diagonal planes, into six equal 
pyramids with square bases, their vertices all meeting at 
the centre of the circumscribing sphere ; then each of 
the solid angles, made by the four planes meeting at 
each vertex, will be \ of the maximum solid angle ; and 
each of the solid angles at the bases of the pyramids, 
will be ^\ of the maximum solid angle. Therefore, 
each solid angle at the base of such pyramid, is one- 
Jburih of the solid angle at its vertex : and, if the angle 
at the vertex be bisected, as described below, either of 
the solid angles arising from the bisection, will be dou- 
ble of either solid angle at the base. Hence also, and 
from the first subdivision of this inquiry, each solid 
angle of a prism, with equilateral triangular base, will 
be half each vertical angle of these pyramids, and double 
each solid angle at their bases. 

The angles made by one plane with another, must be 
ascertained, either by measurement or by computation, 
according to circumstances. But, the general theory 
being thus explained and illustrated, the further appli- 
cation of it is lefl to the skill and ingenuity of gee* 
meters ; the following simple examples, merely, being 
«dded here. 

Ex, Let the solid angle at the vertex of a square 
pyramid be bisected. 

ist. Let a plane be drawn through the vertex and 
any twp opposite angles of the base, that plane will 
bisect the solid angle at the vertex;^ forming two trila- 

7 
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teral angles, each equal to half the original quadrilateral 
angle. 

Sdly. Bisect either diagonal of the base, and draw 
any plane to pass through the point of bisection and the 
▼ertex of the pyramid ; such plane, if it do not coincide 
with the former, will divide the quadrilateral solid angle 
into two equal quadrilateral solid angles. For this plane, 
produced, will bisect the great circle diagonal of the 
spherical parallelogram cut off by the base of the pyra- 
mid; and any great circle bisecting such diagonal is 
known to bisect the spherical parallelogram, or square; 
the plane, therefore, bisects the solid angle. 

dor. Hence an indefinite number of planes may be 
drawn, each to bisect a given quadrilateral solid angle. 

Ex. 2. Determine the solid angles of a regular pyra- 
mid with hexagonal base, the altitude of the pyramid 
being to each side of the base, as 2 to.l. 
* jins. Plane angle between each two la- 
teral faces 125^ 22^ SB*' 

■ between the base and 

each face 66^ 35' 12". 

Solid angle at the vertex 89-60648 1 The max. angle 
Each ditto at the base . . 218*19367 J being 1000. 



CHAPTER VII. 

Lf^arithmic Computation of Spherical Triang 

I. For the purposes of exemplifying the rn 
formulae in the preceding chapter, and of assii 
student in deducing the logaritb utaik 

the analytical expressionsi a i I 

added. 
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JExafnple I, 

In the right anfi;]jed spherical trian^e ABC, right an- 
gled at A, ffiven the hypothenuse a 3s 64^ A^\. and one 
leg^^ h = 42^ 12'. Required the rest. 

Th^ example falls under case 2> section 2, of the 
preceding chapter, where 

-^ , .sin ffWeB sido 

sm B, a req. angle = — r-r — nf~* 

- .J coshypoth. 

cos c, the Side req. = : rr- 

' ^ COS given side 

COS c, a req. angle = tan given sidex cothypoth. 
Hence the following logarithmic operation. 



rromlog8in420 12^ . 9-8271887 
take log sin e4«>40'. .9'9560886 

Rem. sin B. 48^ C. .9-8711001 



From log coft 64^ AQf. .9-6313S5SI 
Take log co8420 12'. .9-8697037 

Rem. coi c. .54^43'. .9^616821* 



To log tan 42° 12' ... , 9*9574850 
Add log cot 64° 40' ... . 9-67523721 

The sum is log cos c 64° 35' .... 9-6327222 

Here 10 are added to the index of the remainder ^ and 
taken from the index of the sum; conformably with 
note 2, art. 31 of the preceding chapter. 

2dly. To compute the same by means of Napier* s cir" 
cular parts. 

Here, if the leg b be assumed as the middle term, 
(90°,— d)y and (90° — b) are the opposite parts, 
and sin mid. = rect cos op. becomes^ 
sin 6 =s sin a sin b. 

-, . sin 6 sin given leg 

Hence sm b = -r— = . . — -rr- ; 

sin « sin nypotb. 

this agrees with the foregoing process. 

Again, if (90°-! c) be the middle part, then (90°— c) 
and b are adjacent parts, and 

sin mid. s=: rect tan adja. becomes 
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cos c =^ cot a tan 5 = cot hjrpoth, x tan given side ; 
this also agrees with the preceding. 

Sdly. If (90° — a) be made the middle party then b 
and C'are the o{>posite parts, and 

sin mid. s= rect cos oppos. becomes 

. - cos a 

cos a = COS b cos ci whence cos c =* — r> 

* COS A' 

that is* cos c = .^2L2£1_-. which also agrees with the 

cosfivenlc^ ^ 

preceding: Hence the logarithmic computation need 
not be repeated. 

Example II« 

Giv^ ih a spherical triangle, the quadrantal side 
CA = 90°, an adjacent angle c = 42° 12^, and the op* 
posite angle b = 115° 20"; to find the other angle and 
sides. 

Suppose the side cb pit>duced until cd s= ca = 9Qf°; 
then, it is evident from chap. vi. art 33, q , 
that both the angles, cad, and d, are 
= 90°, and consequently that ad is the 
measure of the angle c, and therefore 
s= 42° 12^. It is also evident that abd, 
as well as acd, ia a right angled tri- 
;ingle, and that Z abd =180^— abc 
= 64° 40^. Hence, to find ab, &c. we make use of the 
triangle abd, of which we determine the hypothenuser 
and oblique angles by case 4, of right angled triangles. 
Thus, 




:.-^i> 



sin hypoth. ^ 



sin civen side 
sin op. angle 

From log sin i99 12'. .9*8271887 
Take log sin 64^ 40'. .9*9560886 



Rem. sin ab . . 48<> . . 9-8711001 



cosgivenanele 
Sin req. an. = : — . . ■ ■ 

' cos given side 

Prom log cos 64o 40^. .9*631325^ 
Take log cos 42^ \1if, .9-80d703t 



Rem. sin BAD 35^17 
or cos CAB 54^43 



;>•■ 



7616221 



sin side req. sk tai\ given side x cot op# angle 
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To log tan 42° IS' .... 9-9574850 
Add log cot 64° iC . . . . 9-6752372 

The sum is sin bd 25° 25'7 Q.fiaQ7oo^ 

or cos Bc 64° 35' J '"'^ o:i^^^^ 

jExaniple HI. 

In a right angled spherical triangle given the h3rpOi- 
thenuse = 64° 40 '« and an adjacent angle == 64° 35' i 
to find the rest. 

Example IV. 

Given one leg = 42° 1^^ and its opposite angle cs 
4B°; to find the rest. 

Example V, 

. Given a leg s 54° 43^ and its adjacent angU ae 46^; 
lb find the rest* 

Example VI. 

Griven the two legs ss 54° 13'» and 42* 1 2^, respect- 
ively; to find the rest. 

Example VII. 

Given the two oblique angles = 48° and 64® 35' r^ 
ipectively; to find the rest. 

Example VIII, 

Given a quadrantal side, one of the other sides se 
115° 9', and the angle comprehended between them 
= 115° 55'; to find the rest. 

Ans. Angles 101° 4' and 117° 34', side 113° 18'. 

Example IX. 
(jiyen in an oblique angled spherical triangle* th# 
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•ide « aa 44^ 13' 45^ b = 84^ 14' 29", and their in- 
cluded angle c s= 36° 45' 28"; to find the rest. 

This example corresponds with case 2, A 
prob. ,2, of oblique angled spherical trian- ^^>w 
gles ; and may first be solved by means of \\^\a 
the subsidiary arc, in the manner there ex- I \ \ 
plained. 1^b^\ 

Thus, first find ^, so that ^^ 

' tan ^ = cos c tan d. C 

To log cos c = cos 36° 45' 28" . , . . 9 9037261 

Add tan i = tan 84° 14' 29" 109963395 



^ 



tan f cs tan 82° Vj' 33" 109000656 



•■ 



This arc p exceeds a, therefore the perpendicular ad 
from the vertical angle falk on the base produced: 
hence the 2d expression becomes 

cos b cos (a >• <|>) 

COS e as V ■ • 

cog 6 

Hence, to log cos 84° 14' 29" ... . 9*001 4682 
add cos 38* 35' 48"..,. 9-8929604 

from the sum 18-8944236 

take cos 82° 49' 33" .... 90965132 

Rem. cos c = cos 51° 6' 11" ... • 9-7979104 

To find the remaining parts use the known proper* 
tion of the sines of sides to the sines of their opposite 
angles; thus 

Assini: 51° 6' 11"... .9-8911340 

To sin c 36« 45' 28" . . . . 9*7770158 

So is sm a 44° 13' 45" ... . 9-8435629 

TosinA 32°26' 7" .... 9*7294447 

And so is sin ^ . . 84° 14' 29" . . ; . 9-9978028 

To sin B 130° 5' 21" .... 9*8836846 

Here the logarithmic sine 9*8836846 answers either 
to 49^ 54' 39" or to its supplement J 30* 5' 21"; the 
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former of vdiich is the exltericur aogje AB]>i the latter tht 
>angle b of the triatigieA 

^ 2d Method t by Napkf^s Analogks;. 

Tiding; the 14th and 15th forniulas at the «d of 
sect'. 4y of the preoeding chf^ter, we have 

tan i (B - A) = cotjc ^^-r^j^. 

and tan J(B + A) == cotic^J^ii^^ 

The log. computation will therefore stand thus : 

To 1<^ cot Jc }S'> 2^44f'... . 10-4785395 

Add log sin J (^ - fl) 20° 0'22".,.. 9-5S41789 



■iiaMM'* 



From the sum 20*0127184 

Take log sin |(5 + a) 64° 14' r\.. . 9-9545255 

Rem.logtan J (b- a) 48* 49' 88" • . . . 10-0581929 

III ■ i i . 

Also> to lOg^cot |c . . 18* 22' 44". . . . 10-4785395 

Add-log cos J (i - c) 20° 0'22".... 9-9729690 

»ii I III I I ■ 

From the sum , . . . r r. . . . . 20-4515085 

Take logcos i{d + a) 64° 14' 7" • . . . 9-6S8166S 

Rem.logtafrJ (B + a) 81° 15' 44" .... 108133422 

Hence 81° 15' 44" + 48° 49^ 38" = 130^ 5' 22" = b, 
and 81° 15' 44" — 48° 49' 38" = 32° 26' 6" =^ a; 
agreeing nearly witli the result of the former compu- 
tation. 

Then to find c, use the proportion, as sin a ^ sin a 
:: sin c : sin c = sin 51° 6^ 12". 

Here it would seem^ from a comparison of the me- 
thodsy that the first is rather quickest in operation, while 
the last is probably the easiest to remember, and pro- 
rides best against the occasions of ambiguity. 
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Example X. 

f n an oblique angled spherical triangle abc, given the 
-tide c = 1 14® 80', side a = 5€P 40', ^d the angle c op- 
posite the first side s= 125® 20': to find the re9t» 

Ans. A = 48® 30', B = 62® 54', d == 93<» 12'. 

Example 1^* 

Given a = 48® 30', 0= 125® 20', c «= 114® 30'; to 
find the rest. 

Example XII, 

Given a » 56® tO', c = 114® 30', n r= 62® 54; to fii^d 
therest. 

Example XIII. 

Given a = 48® 30', c = 125^ 20', b = 83® 12'; to 
find the rest. 

Example XIV. 
Given a sa 56® 40, 5 = 83® 12', c = 114® SO'; to find 
the.i^st. 

Example XV. 

diven A = 48® 30', b = 62® 54', c = 125® 20'; to 
find, the rest. / 

*J^ For more examples see chap. x. 



CHAPTER VIII. 
On Projections of the Sphere* 

Section I. 
Astronomical Definitions. 

1. Since the figure of the earth differs but little firor- 
that ©f a sphere, it is. usual in the greater part of il 
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inquiries and computations of astronomers, to proeeec! 
as though it were a sphere in reality ; and since, to an 
observer on the earth, the heavens appear as a Terj 
large concave sphere, every part of which is equidistant 
from him, it has been found expedient to. imagine vari- 
ous lines and circles to be described upon the earthj 
and the planes of several of them to be extended every 
way until they mark other similar lines and circles upon 
the imaginary concave sphere of the heavens. Some 
of these it now becomes necessary to explain. 

2. The axis of the earth is an imagmary right line 
passing through the centre, about which line it is sup- 
posed to turn uniformly once in a natural day. 

3. The extremities of this axis are called the poles oi 
the earth. 

4'. That great circle of the earth, the poles of which 
ure the poles of the earth, is called the equator, 

5. If the axis of the earth be supposed produced both 
ways to the concave heavens, it is then called the axis 
of the heavens ; its extremities are called the poles ci 
the heavens; and the circumference formed by extend- 
ing the plane of the equator to the celestial concavity ii 
called the celestial equator^ or the equinoctial. 

6. A secondary to the equator drawn through any 
place on the earth, and passing through the poles, is 
called the meridian of that place. 

7. The latitude of any place upon the surface of the 
earth, is its distance from the equator measured on an 
arc of the meridian passing through it. A less circle 
passing through any place parallel to the equator is 
called a parallel of latitude. Places that lie between 
the equator and the north pole have north latitude; if 
they lie between the equator and the south pole they 
have south latitude* 

8. All places that lie under the same meridian have 
the same ton^tude; and those places which lie under 
different meridians have different longitudes. The dif 

ference of longitude between any two places, is the dis- 
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taKice of their meridians measured in degrees, &c. upoa 
the equator. 

9. The sensible horizon is a circle, the plane of which 
18 supposed to touch the spherical surface of the earth, 
in the place of the spectator whose horizon it is. The 
rational horizon is a circle whose plane passes through 
the centre of the earth, parallel to the plane of the sefi- 
•ible horizon. The radius of the eartii being exceed- 
ingly minute compared with that of the celestial sphere, 
the sensible and rational horizon may, in many astrono- 
mical inquiries, be supposed, without error, to coincide. 

10. Great circles which are drawn as secondaries to 
the rational horizon, are called vertical circles; they 
■senre to measure the altitude or the depression of any 
celestial object. 

11. The two points in which all the vertical circlet 
that can be drawn to any rational horizon meet, are 
called, the one above the spectator the zenith, and that 
which is below him the nadir. 

12. Ahnucantarsy or parallels of altitude, are circles 
parallel to the horizon, or whose poles are the zenith 
and nadir. All the points of any one almucantar are at 
equal altitudes above the horizon. 

IS. The real motion of the earth about the sun once 
in « year, gives rise to an apparent motion of the sun 
about the earth in the same interval of time. The 
circle in which the sun appears to move is called the 
tcUpiic; the angle in which it crosses the equinoctial 
the obliquity of the ecliptic;* and the two points where 
it intersects that circle, the equinoxes* 

» The obliquity of tbc ecliptic is a variable quantity, oscil- 
lating between certain limits which it never passes. According 
to the profound investigations of Laplact in physiciil astronomy, 
the obliquity may always be determined very nearly by this for- 
mola, viz. 

2SO 28/ 23"«05 - 1191"'2184 [1 - cos {t 13"-94645)] > 
- 3347"-0496 sin {t S2"-11575) J 

where t denotes the number of years run over from 1750; it is 
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14. T)ie 4ifttan.ce. of the sun> or of.any of the hea- 
venly bodies, from the equator, measured on an aro of 
the meridian, is called the declination; north or sotah^ 
according as the body is situated north or aouth pf the 
equator. 

15. Secondaries to the celestial equator are called 
arcles of dedimtion ; of these, twenty^four, which di- 
vide the equator into equal parts of 15^ each, are called 
hfiurcircUs; because the sun in his i^parent diomal 
motion pf^eing over 360° of a circle parallel to the 
j^quator, goes through -QJ^thof them, or \6\vEk an- hour. 

16. The right ascension of a celestial body is. an arc 
of the equinoctial, intercepted between one of the equi- 
noxes, and a declination circle passing through the 
body ; it is measured according to the order of -the sun's 
apparent motion through the twelve signs. 

17. The longitude of a heavenly bod^ is an arc of the 
ecliptic, contamed between the ist point of Aries (that 
is, one of the equinoctial points), and a secondary to 
the ecliptic, or a circle of latitude passing through the 
body. 

18. The latitude of a body is its distance from the 
ecliptic measured upon a secondary to that circle. iJLnd 
the angle formed at the body by two great circles^ one 
passing through the pole of the equator, the other 
through the pole of the ecliptic, is called the ar^le of 
position. 

19. The tropics are two circles parallel to the-equi- 
noptial, and touching the ecliptic at the tiyo points 
where it is most remote from the equator ; that is to say, 
the first points of Cancer and of Capricorn ; the former 
is denominated the tropic of Cancer^ the latter the tropic 
of Capricorn. 

negative before^ positive after^ that epoch. This theorem is foaod 
to answer very well up to the time of Pytheas, 350 years before 
the Christian era. The obliquity at the begionioff of 1816 is 23<^ 
27' 49"-2. 
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20* The points where the tropics touch the ecliptic 
are callecl solstices^ because the sun when in either of 
them appears to be at a stand with regard to bis decli- 
nation. 

21. CoUtres are two secondaries to the equinocfial : 
pne% pasmng through the equinoctial points, is called the 
equinoctial colure; the other, passing through the sol- 
stices, is called the solstitial colure, 

22. Small circles drawn at the distance of 23° 2^' 
(or correptly 23° 27' 49") from the north and south 
pol^ of the equator, are called polar circles ; the former 
the arctid, the latter the antarctic circle. 

23. That vertical circle which intersects the meridian 
of miy plaoe'at right angles, is called the prime vertical.* 
the points where it cuts the horizon are the east and 
«oe# pmnts; at the distance of 90° from each of these 
on the horizon are the north and south; all four being 
lulled cardinal points^ 

24. The distance on the horizon of a vertical circle 
that passes through any body from the north or south 
points is the azimuth of that body ; the distance of the 
tame circle from the east or west points is the ampli- 
tude^ 

25. In order to represent on a plane the celestial 
Iqphere with all its circles great and small, the ancients 
invented two kinds oi projection. The first, named by 
them Analenima, has smce received the name of Ortho^ 
gruphic Projection. The second, originally denoted by 
the generic term Planisphere^ received from the Jesuit 
Aguilon the name of Stereographic Projection, The 
adyective orthographic is given to the former, because it 
is produced by lines which fall at right angles upon the 
plane which represents the sphere. That of stereogram 
phic was given to the other, because it results from the 
intersection of two solids^ a sphere and a cone. 
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. 9S* In this pFojection the «ye k suppoied iKt* ap Jnfi* 
site distooce: in whidh case a greiU wcle 9ci>f i9«p- 
pareiitij reduced to a right line 
equal to its diameter bjd, the e^e 
being imagined indefinitely dis- 
tant in the direction sc. Then, 
also, eyery arc ca whidi has its 
origin at the apparent centre, has 
for its projection m right line sa 
equal to the sine of that arc. The 
quadrant cb or cd will be pro- 
jected into its sine, or radius. An arc as ae m ck-» 
CA, will be projected into ae^ = sin 0£ — -aincABx 
(by equa. u, chap, iv.) 2 sin ^ (cs — ca) cos j (ob -f^ 
ca) = 2 sin ^ AE cos (cA -f 4^e) .... (1.) 

^. Every arc, as j>a, from the edge of the disc to- 
wards the centre, is projected into its ver$ed sine oa. 
The quadrant dc, therefore, is projected loto the mikaa 
Ds the versed sine of 90^; and the semicircle dcb into 
the diameter bb^ the versed sine of 180^. 

28. What is here remarked of the circle ici>F«iplt0B 
equally to all great circles which intersect at s «nidk«mn 
the visible hemisphere: each of these senmircl^ is vd- 
duced to its diameter, and the hemisphere is. redm^ to 
A disc. 

. 29. In this projection every circle, ^reat or araaU, 
whose plane prolonged does not pass through the «ye, 
will be seen obliquely, and under an elUpticel &rm: for 
«i oblique circle making throughout the mm» angle 
with the plane of proiection^ its sevesal. parallel ordi- 
nates are all reduced tn a constant ralio; therefore, the 
projected ordinates are all in a constant ratio to the 
corresponding ordinates of the circle of equal diameter 
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snAe |ilaiie of projeAion, and together conatitnte en 
'cUine. {HittUm on EllipM, prop. S, cor. 1 ). 

80% In oenerd, in the oitbographio projection emjf 
.gnat circle perpendicular lo the plane of projection is 
iMpreuMedby m diameter ; bmI e*«iy cirole perpendi- 
-Mtar ta Ihotplsne is repreM«tcd by a ctnrdofthepn- 
-atitive circle equal to ita diameter. 

tbm JF, hy way ef ihamng Uieiue 6f thhi projertioB, 

we aseume the me- ?' F" 

■Mian for the plam 
r«f ifMJeaiiMi tM 

botCHm wBt'M'w 

-flUeHt^iKykl-di- 

j(Miflt«r-/ ;irt» ; ' the 

-wiue'verlioitl by its 

diaoKter zv, vtiieh 

<4ilt»'«h«ivrMferiper- 

pendicularlv : the 

six o' clock ft&or-oii^ 

de wilt-be .repre- 

-Kifted . b^. lis dia- 

8ifta|r,vli>idi ii the 

j|»(W. ,v^, ^Wfeking 

. with the horizon 
^e angle tea =■ the height oftlurpote = the latitudo 
^ l: the equator will be p^ojecttd into its diameter 
«9, making with the- horiaon an angle tier = 90° — l : 
theparbll^i tothe equator will be represented by chordi, 
auch aa ab parallel to the diameter of the equator: the 

(rt»ucantai« ava ^ojected info chorda, si^ch as RS, pa- 
rallel to the horijiontat diameter »o. 

SI. AB being the projection of a certain parallel, 

-fupppse thki the star which in iu apparent motion de- 
•cribet that pamllel, has its inferior transit of the nMri- 
idiMi'atv. ThepointB which is its place on the f'phi.-re, 
italeo its place then in the projection. The star bcin^ 
In xhe horKsn at t, ot will be the versed shie of its azt- 
nuitb, ssd CT the sine of- its atnpUtude. Also, refer- 
o3 
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ring the point t to the chord ba, bt will be theVcriiecl 
gine of the arc described from the inferior transit of the 
fitar to its rising, or the sfnu-nootumtil arc ; tq ^\\\ be 
the sine of the arc which remains U9. b^descHbed beiV|(c 
it reaches the 6 -o'clock hour circle or Tf>! wJU be the 
Bine of the arc which d^ucted-froiu 90^ will k^v9:|iie 
semi-nocturnal arc; or tg will be the sine pf (he/si^c 
which added to 90^, equivalent to ao,, trill giv!Q the 
«^mi-rf2Mr>za/ ore represented by AT, ■ • no>. ' ■ 

On AB as a diameter describe, th^e; l^^iAi-Ksicfile AjD3 ; 
from any points i and'fi answering^ (,to '\i^ pobi^f n'j^f 
the star at different instants, erectv^dc^p^pebdienlats 
FF^ ee""; produce 0v to d; then it i8^i#leilt;thfti4f9^e 
semi-circle ADB were elevated peKpO:ndicuifrrly-,i>n3ftbie 
plane of the meridian, r, g, at^d e, would beitlj^ Timf^ 
tive projections of the points »', D, an4.'P'.'-. • m^ . 

32. To find the value of the arc ]>:b^ pr^je^t^iotP 

the rectilinear portion GEf we have --' t ; ■. v 7 

rad : sin de' :: ag : ce; .i^^hence . .• 

«Ei X rad (jB GE iiiB f. dba .-. . 

Hence, to know the arc -'which ' answeWtOG*,.<iF, 
GT, &c. we m4ist divide each of those lines estinjiihed 
from the middle of the chord by thfe sine of the chord's 
distance from its pole. • • ■ 

Again, from the triangle c«t we have *. '-^ 

GT = CG tan GOT =r sin D taii L . . . . (3.) • ' '' '' 

D being the declination of the parallel; ''■ 



GT sin D 



COSD 




= tan L = tan d tan l =b eia dt' . . ^. ^At) 

From the same triangle we have, also,. 

, . c« sin D ,^ . 

CT = sm ampl. = cos azim. = := — ' — . . . . (5.) 

* cos GCT COS L ^ / 

S3. Through the point e, a projected place of a star, 
draw the chord ns parallel to the horizon, qe will be to 
the radius qr the cosine of the azimuth, and el per- 
. pendicular to the horizon will be the sine of the alti- 
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tude. To determine this from the projectioD, drawcii 
parallel to the horizon, then 

■in A = EL = LA -(• OE = GM -(- OE 

= CG sin GCM + £G sin EOa 
= sin D sin L + AG Bin 08* cob gco 
= Bin D sin L + coa T> cos L cos hour angla 
= Bin » sia L + cob D cos L cos il . . , . (6.) 
Put A = 90° - D, E = 90° - L, and z = 90^ — A t 
theit will the last equation become 

cos K = COS A cos E + Bin 4 sin e cos h, 
which accords preclHely with the fundamental equatlott 
(3) oFppherical trigoDometry; and the equa. (1 and 4) 
may readily be deduced from the same diagranu 

Section 111. 

. , ' Stereographic Projection. 

' 34. In this projection, which appears to hav* been 
invented by Hipparchue, all circles, whether great or 
Bmali, are repreBented liy circles ; and a second pro- 
perty, equally general and more curious, is that in the 
projection all the circles make respectively the same 
angles tu on the sphere. 

S5. Let ABpD be a great circle of the sphere, o the 
place of the eye: thedia>' r' 

meter oca being dmw^n, 
and the diameter BCD 
perpendicular to it, acn 
will be the orthographic 
projection of 8 great cir- 
cle perpendicular to the 
visual ray oa, or of the 
ch-cleo^ne of whose poles 
it o; it is on the plane 
of this circle that it is 
proposed to describe all 
the circles of tlie sphere, 




they wotdd ai^ear at tli» 
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|MMDt o. The cirele, the ii» wbofie diameleff b -bd is tk^ 
plane of projectioB; the point o its centre; A aod^o it0r 
poles ; and the point o is evidently the projection of the 
point A. 

56. Let p be any point assumed on the circumference 
obaa: take pa =s fp, and draw the chord ep^ it will be 
the orthographic pvojeetion, or the diameter of a small 
circle whose-pole is f. Draw bo, fo^ to cut Bi>- in s md 
Tf ST will be the projeofeion of thediordBP on bd ; and 
we propose to- demonstrate that st is the diameter of a 
cjrcfe which wiUbe the projection of the circle deacribM 
Gfk BP« Now it is evident that rays from all points of 
the circumference of the circle whose diameter is bf to 
meet at o will form the surface of an oblique cone 
whose vertex will be Of and circle about ef its base ; 
of which all sections parallel to that base will (jFZu^on'« 
Geometry^ theor. \\S) be circles. In order to deter* 
rakie the sectton^ of thist cone whose ortbogn^hic pro- 
jection is ST, we may proceed thus : 

raeas* of Z b£0 is Jfo = ^o + ^dp a 45^ + |pv ; 

mea& of Z STo.is |ob -)r i^p :^ 45^ + ^dp : 
therefore fbo =» sok) ; . and consequently, 

EFO = 180*^ — PEG — FOE = 180° — STe— TOS «» OIT, 

. The triangles bpo, tso, then, are similar ;. yet the 
lines EF, ST9 are not parallel, but are what is techni- 
cally denominated anti-paralUl^ or sulhcotUraiy, Sijqp- 
pose, howeiver, the cone eof to be turned hfuf round 
upon the axis pq, then (since both«knt sides os, op» 
make equai angles with op) ot would become ot', and 
OS woyld become os^ in that case x's' would be pasallel 
to the original chord ep, and the section of the cone 
f which can in no respect of magnitude or shape di&T' 
from the section projected into st ) would evidently be 
a circle, st is, therefore, the diameter of a circula* 
section. Thus- evert/ circle^ iiokether oUique or not t^ 
the visual ray directed to its pole^ xmll be represented 
ihA projectifm' by a circk. 
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97- Xfeav froxBi tfat ceotre to the pole^ the radiiH' 
car, mui^^UbtfifQ^ Um poiiit p the ttDgent rn'rw^Of to meaft. 
in o the plane of projection bd prolonged. Then^ 
meas. of ^ gfr as Jpdo = 45^ -h in>; 
meas. of Z ^kg =x Jbo -f Jpd s» 4^ -^ j|p&; 
therefore opi^ = okp, and po 9 ok: 
that is, the tangent pg ts pr<yected into a Um k.q. equal 
toit4 

SS^ Since POH and-pof are equal, the Use op will nok 
bisect ST*;, but tj^ < iCT. Bisect st in m^ then, ma aa 
«T s: radiul: 6i c^tc\e of projection ; and 09^ cm, cx» 
will be in aritbiaDietical progression. Hence,, 

cm = jcT -f icLs a i^tan^AF + j|tan.^ASJBft^ 

sIuJCaf + ae) lip AP 

8 cos^AFcos ^AB """ 9 coa ( (AP. -h pe) cos ^ (AP — PB) 

Let <f ^ cm distance of the centre rn from the centre 
c of the plane of projection, A =:.fe =s polar distance* 
oif fife circle £7, d =£: ap =£ distance of the two poles, 
rt±fits ^mri then 

. , 810 AP SIDD ,^ V 

.... (7.) 
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cot AP + COS ^E COS D + COS A 

f =s JsT = J (cT — cs) = \ (tan Jaf — tan Jae). 

^ rin,t(Ay-AB) _ sin A ^ . 

"* d€Ol|*rcOSiAS "^ C08D + COS A * * ' ' V V 

[9ee foniMBii» (u), 8ic. chap, ir.] 
CiBseqveiitfy^ i]f : r : : sin D : sin A . . . . (d.) 

From these three theorems the whole doctrine o£ 
e torc og r aphic projection may be deduced; by tracing 
(faei mutations of ]> aad A. The eliief maxims and 
pnneil^* of construction may also be developed gee* 
■wirieally, tbns : 

9^ Begimiieg with great circles, let p« =& 90^; and 
n a'PB-; theft will bf be a diameter. Diraw the right 
Idles 9T»v 086, bisect Ts in r ; then rs =b n% will be the 
]:adius of the circle into which the great circle whose 
diameter is ef will be projected. Through o^ and r- 
dvan^' oBri« The oircle- descvibed on sr will pi 
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through o, because for is a right angle. In like man- 
ner, it will pass tlirough a, because cs is perpendicular 
to tlie middle of ^ 

Ao. Therefore ro 
= rB = j-T ; £on- 
scq. sor = oar, 
ana cro = 2 osr. 
«or = 90° — cro 
at OOP -a oar = 
90P- (oo-»E) 

= BE. That is, 
cor = indinatiun 
ijftheplaTieofthi 
great circle to the plane ^projection. 

Hence, or is manifcBtty ^ sec. inclination, 
and cr =■ tan inclination, to rad CO. 

Thus, with the radius = sec n, and at the diGtance 
from tlie centre = tan d, it will be easy to describe the 
circlc- 

Agaio, take A I = 2be «= 2ap = 2», and draw oi, 
the point of iDtereection r with ds will be the centre, 
and ro the raditiE. 

Also, since meas. of cor = be, mean, of ocb ^ oK 
= 90° — BK ; we- have coit + ocr = 90°, and conseq. 
CRO = 90°. Hence, ity drawing oar perpeadlcular to 
TE, we find the centre r and the radius ro: also CB = 
sin BE = Bin n, or = cos o. 

40. or, therefore, will always make with oc an equal 
equal to the inclination or distance of the two poles. 
Let there be, then, a second circle whose inclinattOQ 
■ball be co/; the radius of its projection will be r'o^ 
and the radii ro, r^o, will make at their points of inter- 
section an angle ro/ which wijl be their diflerence of 
inclination, or the mutual inclination of the two circles. 
This is a particular case of the general theorem. 

41 . Suppose now that ai> = [Xf, s will coincide wkh 
a, and tbe pole of the circle will be upon the limit of 
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tbe projection. Let bh =: be =: A polar distance of 

the circle tb bte projected, the chora he will be per- 

pendiculai^ to db. Draw oh and oes, gs will be the 

diameter sought. Bisect gs in n, n will be the centre, 

HE = nH = ns =s HGy will be the radius of the projected 

circle. 

Meas.of EWG ?= 2»sk = od — be = 90°— be = 90°— bc» 

OWE -f 7ICB = 90° .•. CErt = 90° .*. E» == tan BE ==: 

tan A, and en = sec be = sec A. 

These values serve for all circles which have their 
pole on the circiimf^rence of the circle of projection. 
If these are great circles, then A = 90°, and tan A, sec 
A are infinite : conso(j'jcntly, the centres of tbe projec- 
tions falling at an infniite distance from c, the projec- 
tions themselves will be right lines passing through c, 
and intersecting unilcr the angles which such circles, 
taken two and two, form on the sphere. 

42. Let o be the point of observation, or place of the 
eye, a the pole of the pro- 
jection, BDECB the plane of 
projection, pd an arc of a 
great circle which has its 
origin at any point whatever M"i 
of the circle obpe, vt the b( 
tangent of pd; ct will be the 
secant, and s the projection 
of p. Draw s/ : then from 
the rectilineal triangle sc^ we 
shall have, 
s^* = cs* + ci^ — 2cs . c^ . cos set 

= tan^ Jap + sec* pd — 2 tan Jap sec pd cos de 
= tan* iAP 4- tan* pd -f 1 —2 tan Jap sec pd cosde 
= sec* |ap -f- tan* i»d — 2 tan ^ap sec pd cos de. 

But the spherical triangle pde right angled in s 
gives, (chap. vi. equa. 6), 

cos pd = cos PE cos DE =: sin ap cos DE; 

and, therefore, sec pd = =i -, — 

' COSPU SlllAPCOSDfi 

Substituting this in the last value of sr^, we have 

c5 
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9i^ s= sec^ iAP--!^ tan' pd — . ' ■ ■ ■ • ■ 

BIOAP.CMDB. 

= aec* Jap + tan* pd — ^ , " . — 

=x sec* Jap + tan* pd — sec* Jap = tan* pd. 
Therefore s^ = tan pjd = p^. 

Consequently, the tangent Pt of an arc of a gjretd 
circle terminated at the plane of projection^ isprojecjtei 
into a right liyie equal to it. 

Let vty and vt\ two such tangents, be conYiected by, 
the^ right line tf which will p 

be in the plane of projec- 
tion. Let sty sfy be the 
projections of those tan- 
gents; the triangles tH\ 
tst\ are (from the above) 
equal in all respects: there- 
fore the angles opposite to 
the common side ttf will be 
the same in both: conse- 
quently, the tangents of any two arcs terminated at the 
plane qfprojection^ are projected into lines which are re* 
spedivefy eqxud to them^ and which form an equal anglcm 
Hence, two circles which intersect in p on the sphere^ 
form on the projection an angle equal to that which 
they make on the sphere ; because, at the point of in- 
tersection the elements of the arcs coincide with those 
of their tangents. Therefore, all great circles intersect 
mutually on the plant of projection under the same angli 
as on the sphere; so also do little circles which intersect 
at the same points^ and have, hy consequence^ common 
tangents. 

4S. By way of showing the application of these prin- 
ciples, let us suppose that the eye is at the south pole 
of the equator. The plane of projection will then be 
the equator itself; the centre of the equator will repre- 
sent the north pole; ap (fig. to art. 35) will be = 0; 
the projections of the parallels to the equator wHVall 
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lAve for a common centre that of the projecttoa ; and 

the radii of those circles will be the tangents oif ths' 

halves of the polar distances. Thus, 

fiw the polar circle . . . . r = tMii( 2S''28')=5t»ll"'M^ 
tropicofcancer.i-=stani( e6''S2')=tanSS*18f 
tropicofcapricomr=tani{113°28^=taoS6°+tf 

fbr the Mitarclic circle r = tan j (156° 3S') =twi78' 10 ' 

ftr ally latitude I. j-staalcgtf*— i.)=twi*6°— j-l. 

oF,tfthe]at.besbutli rstan (45°+ ^l). 
As for the meri- b 

dianaj whose planes 

dl pass through the 

plaoe of the eye, 

they dl beoome 

diameters which 

divide the equator 

in its several de- 
grees, and form' at 

the centre of the r j 

projection- angles V'r — 4^ 

eqiud to the dif- 

fbrences of longi- 

ioAs. For these 

drcles d=<M, and 

r = ce(art.38). 

This kind of pro- 
jection, the easiest 

of all to describe, serves very conveniently for eclipse* 

of the sun. The meridians and the paralleis are herein 

divided mutually into degrees : those of the parallel* 

■re equal; those of the meridians unequal; for the ex- 

preanon for one of their degrees is, 




cm ^ (cot ^ . cobSO' - BiD i& ^a 3(K) 
c«r|a-iaB90'«ln|Acasl&^ 1 -lanSO'laaiA' 
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* 44. On a planisphere of this kind, the stars are placed 
according to their right ascensions and dedinations. 
Then the ecliptic is traced, as well as its poles, the 
circles of latitude all intersecting mutually at -those two 
poles, and then the parallels tO'Uie ecliptic 

Thus, on the radius marked 270*9 at a distance c* 
from the centre = tan 1 P 44^ we mark the north pola 
« of the ecliptic. From that point, with an opening of 
the compasses = cosec 2S° 28' we mark the point x» 
or, whicn amounts to the same, we make cb s= cot 
23° 28'. Through the point e we draw the indefinite 
perpendicular V£X, which is evidently the locus of the 
centres of all the circles of latitude intersecting mutu* 
ally in n and ^ : e will be the centre of that circle of 
latitude which passes through 0° and 180% or of the 
equinoctial colure, which will be the circle virxn. jteII 
will be the solstitial colure. 

In general, make etg' = longitude : from the centra 
g' with the radius g'st we describe a circle, it will be the 
circle of latitude which answers to the longitude sup- 
posed. Repeating the same operation on the other side 
of the line 'TE, we shall have the circles of latitude of 
the other hemisphere. Fcr the circles parallel to the 
ecliptic we employ the formulae 

, tanJfD + ^i") -f tani(D — a) 

a ^. — r 

tan A (d -♦- A> — tan |(d — A) 

» being = 2S* 27' 49", or nearly 23^ 28', the distance 
between the poles of the ecliptic and the equator; and 
h the polar distance of the parallel. When A > d, the 
sign of the second term will be changed. 

45. The principal defect of this projection is the little 
resemblance and proportion between the area of t,he 
sphere and their projections. Thus, the arcs ^A.and 
An represent arcs of 90**; »d represents an arc of 113** 
28', and DJT, though greater, only represents 66° 32^; 
the arcs jtw, s^ar, jih, &c. are of 90** j d« represents 23^ 
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88' a DAH as inclination of the ecliptic ahq to the 
equator ado* It ia trae, howerer, that the greatest in- 
e^oalitiea are otc/ of the circle adqb which is properly 
m projec^n. If we regard the circle srvnx^ as a map 
of half the terrestrial globe, then vt, sryy no, ve, will 
represent arcs of 90% though rv will be the only one of 
tlioee foor which is actually a quadrant. 

46* Another inconvenience of this projection, is the 
4ifficulty of finding the true distance of two points of 
which we ha¥e the projections. Yet, let m and k in 
thediagnim to art. 42, be two such points i produce cm, 
cjr, to m and n respectively; the arc mn will give us 
licv which is the same as on the sphere, cm and cmt 
are the tangents of the half distances from the pole of 
the projection. The spherical triangle will give (see 
chap. VI. equa. 2), 

cos MN = cos CM cos CN -f Sin CM Sin CN cos c 

_^ (I — tan» jcm) (1 — tan'^CN) -f 4 tao jcM tan ^cn cos < 
"" (I + tan*icM)(l + Un«JcN) 

(1 — CM*) (1 — CN*) + 4CM . CN COS C 

*^ K\ + CM»)(l + CM^ * 

Take cm' = cm and draw om'm", am" will be equal 
to the arc represented by cm. Proceed similarly for 
CN. Then cos mn may be computed from the above. 

The third member of the equation is obtained from 
the second by substituting for cos cm, sin cm, their 
values in tan |cm, &c. deduced by means of equa. a^ 
chap. iv. 

47. The projections here treated serving for the 
usual purposes of astronomy, wc need not enter upon 
the explication of the other kinds of projection devised 
by geometers for different purposes. The principal of 
these is the gnomonic projection^ in which the eye is 
supposed at the centre of the sphere, and the plane of 
projection a tangent plane to the sphere at any assumed 
point. All the points within adequate limits have th' 
projections at the extremities of the tangents of tl; 

1^ 



distaiice«>(Tom: die point of contact ; and tiioai tang«[i<«c 
form respectiyelj toe same aoglts as tlie arcs that vhe$h 
sure the several distances from die' principal point, hi* 
this projection too, a less circle will evidm»t^ be pro»^ 
jected into an ellipse, a« paralK^9 or a hyperbola^ ao*- 
cording as the distance of its most remote point »1mi^- 
equal to, or greater thanr 9(P, from the ceatve. of tbs* 
plane of projection. 

But for a farther developement of these propertiei^ 
and for tlie geometrical^ constructions deriim fvmn 
then, such as want to enter more minutely into liiit< 
subject may consult jE^nt^r^on'^ Projection ofthe^Sj^erBi 
the treatise in Bishop Horsley^s Elementary Treatiee^ 
on Practical Mnthematictj ov Uiat in the* 2Vm^ ^ 'Rh 
pograpMe^ par Puissant* 



CHAPTER IX. 



On this Principles of Dialling. 

"i. UlA-LLINGy orgnomonics^ is the art of drawing 
on the surface of any given body, whether plane, tta* 
gular, or curved, SLsun^-dialf that is, a figure, the-dii^ 
ferent lines of which, when the sun shines, indicate by* 
the shadow of a istyle or gnomon the time of the daVi 
' 2. The general principles which serve asa basM-tty 
the theory of dialing, cannot be more aptly illustrates^ 
than Uiey have been by Ozanam and Ferguson, in the 
fellewing contrivance. 

Suppose a hollow transparent sphere D'PBp, of giaMf^ 
to represent the earth as transparent, and its equator 
divided into 24 equal parts by so many meridian semi- 
Circles a, b, Cf d^ e, Sec one of whidi la the geograpUcat 

4 
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meridun of any givcD [dace, a* I 

■Hfifiosed is at tne point 

a then it' the hour of 

LS.were m&rked at the 

tqaatoe, both upon Uiat 

tBeridioo and the oppo- 

fits one, BDtl all the re«t 

of the hours in order 

oo- the other meridians, 

thoM merulians would 

be the hour circles of 

IiOBdon. Because, as 

the SOD appears to move 

round the earth, which ia In \he centre of the visible 

heaveot, in 24 hours, lie will pass from one meridian t» 
another in an hour. Then, if the sphere had an opaque 
axis, aa PRp, terminating in the pales f and^, the sha- 
dow of the axis, which is in the same plane with the 
sun and with each meriJian, would fall upon every par- 
ticular meridian and hoor when the sun came to the 
plane of the oppositt: meridian, and would consequently 
liiaw the time at London, and at all other places on the 
same meridiau. If this sphere were cut through the 
middle by a solid plane abcd in the rational horizon of 
Ijondon, one half of the axis ep would be above the 
glaae, and the other half below it ; and if straight line» 
were drawn from the centre of the plane to those pointa 
where its circumference is cut by the hour circles of 
the qAere, such lines would be the hour lines of an ho- 
rizontal dial for London : for the shadow of the axia 
would fall upon each peu-ticular hour lino of the dial, 
when it fell upon the IHce hour circle of the sphere. 

If the plane which intersects the sphere be imagined 
upright, and at the same time to face the meridian of 
^^■assupied place, the intersections of the several hour 
circles with tue plane in this position, would give tha 
hour lines of an erect, direct, south, or north dial. 
. And [tfoceediiig, in like mwoer, to contemplatl 
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planes, or other surfaces, any way posited in this hollow 
terrestrial sphere, we should by the several intersection* 
of these surfaces with the hour circles, obtain the hour 
lines for every variety of dial. And since the earth' it- 
self compared with its distance from the sun, may, in 
reference to this branch of inquh'y, be regarded as a 
point, if a small sphere of glass, or a small sphere con- 
stituted of a wire axis and wire hour circles, be placed* 
upon any part of the earth's surface, so that its axis be 
parallel to the nxis of the earth, and the sphere have 
lines upon it and planes within it, such as those iabove 
described, it will indicate the time of the day as accu- 
rately as if it were placed at the earth's centre, and the 
earth itself were as transparent as glass. 

These general notions being premised, it will be 
proper to annex a few definitions. 

3. The plane erected perpendicularly to the face of 
the dial, and the upper edge of which marks and bounds 
the shadow, is called the gnomon ; the superior edge of 
the said plane is called the sttfle of the dial, and it is 
always parallel to the earth's axis. 

4. The line in which the plane of the gnomon inter* 
sects the plane of the dial is denominated the substt/lcm 

5- The angle included between the style and the sub- 
style is called the elevation of the style ; in the following 
formulae it will be denoted by e. In a horizofHa! diu 
this is, evidently, equal to the latitude of the place, or 
E = L. 

6. While those dials whose planes are parallel to the 

Slane of the horizon are called horizontal dials; such as 
ave their planes perpendicular to the horizon are called 
erect dials, 

7. Those erect dials whose planes are either parallel 
or perpendicular to the plane of the meridian, are called 
direct erect dials; they face one or other of the four 
cardinal points, 

8. All other erect dials are called declining dials, 

9. Those dials whose planes are neither parallel Bor 
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perpendicular to the plane of the horizon, are called 
inmmng or reclining dials. They may, at the same 
time, be either direct or declining, according as they 
present a sloping face to the cardinal points, or not. 

10. The arch of the horizon which is intercepted be- 
tween any given plane, and that of the prime vertical, 
is called the declination of the plane. It will be denoted 
by Dy and will be regarded as po^iitive when the decli- 
nation is towards the north, negative when it is towards' 
the south*. 

11. The inclination f i, of a plane is the angle which 
it makes with a vertical plane. 

12. The intersection of the plane of the dial and that 
of the meridian passing through the style is called th» 
meridian of the dial, or the hour line of 12. 

13. Those meridians passing through the style, which 
make angles of 15°, 30^, 45°, &c. with the meridian of 
the place (marking the hour line of 12) are called hour 
circles^ ana their intersections with the plane of the dial 
hour lines. 

14. The angle formed by the substyle and the meri- 
dian .is called the horary an^e of the substyle: it will be 
denoted by m. 

15. The angle included between the substyle and the 
horizon is termed the inclination of the substyle : it wiU 
ht denoted l>y s. 

General Problem. 

16. To determine the requisites in a dial of any pro- 
posed inclination to u vertical plane ^ and declination Jrom 
the prime vertical* 

Let HOR, in the mar- 
ginal diagram, represent 
the horizon, hzr the meri- 
dian of the place, z the 
zenith, zo the prime ver- 
tical, p the elevated pole, H^ 
wbf viC, portions of hour 
circles, ZFb, zvb\ corre- 




tponding hour aogjbesi and let the plane on which it ia 
proposed to draw the disil be coincident with the plaae 
of the great circle m^. Also, let zo. perpendicauHr to 
iiaT be drawn and produced to i. Then pr sc l» the 
latitttds- of the {dace ; z« x: i, the inclination of ithe 
pfaoe ; OT = HI =1: Dv ito d^clinatioB ; pa drava per- 
piBBdicular tO: MT will be thei positton of the substyle; 
and ub is the inoliaation of the hour line: to the ueri« 
^lan. 

Now, we may regard the dial whose plane coincide0 
with MAT, a3a vertical; or erecb dial atthephute whose 
aenith is m^ where m and z^ are oa thevsanie meridian, 
and, of course, reckon the hours dike. Let mz. s /, 
and d' =s comp. of Zifitu Then pz s 90^ ^ i, would 
become pm .= pz -H zm ss 90^ — l 4. / =5 90^—. (l— Z). 

The right angled triangle Mza, giyes 
tan Ma.=: sins^tan Mza. s: sin i tan d . . . . (1«) 

Here Ma is the angle between the meridian and ver- 
I{ic9)rai|d is obviousiy eyaneseent when either i or d are* 

When I = 90°, Ma becomes = hi = i>« 

AlsQ> tan* ZM = tan / sx — --- = .... (2.). 

cos zMa = sin d' = sin n cos i . . . , ifiJ) 
MRPsax8inB=:sinzMasinPM=:co8p^coa(£— /)•• (4.)' 
where b is the height of the style, or deration of the. 
pole above the plane. 

Then^ vb being any hour circle whatever, the sphe- 
rical triangle p&m, gives us, from equa. (4) of spherical 
trigonometry [chap. vi. 23]. 

cot M^ si« PM* =r C0& PM. COS PM& -(- sin pm3 cot p» 
But, cos pm6 = sin d', and sin vub = cos d^; 

cos 

also, -r- s= cot. Therefore, dividing by sin pm« 

cos D 

cot M^ =?= sin n' tan (l — Z) -f — ;; r p . . . . 15J\ 

\ / * cos (i. — /) ^ ' ' 

tan MT = tan (Ma -f- 90^) = — cot im^ 
where mt is the indiniition of the horiaontaL. plane toi 
the meridian. 
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Tlie«bov« exprcBsion (5) is general, aod byno means 
fiwipiei. * It nuy, however, be rendered more conTe« 
nient for fiirther deductions and corollaries by extermi- 
nating / and j/. Thus, ibv the first term, 

• f . g t\ tan L — tan t 

smo taaiL — *) sssibdcosx i — : nr-; 

^ ' I + tan L tan < 

f- • r^ taii4\ «, tan I ^ « 

=: [sm D cos ( (tan i^ — 1 -h [l H tan l] 

sia 9 cos I tan l — sin i tan d 
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t 4- taaiiecDtaoL- 
Aad^ toK the second term, 

cos d' sin VMb sin i 



cos(l— I) cos(l— /) sin /(cos L^/) 
.sin I sini 



i*^a«a*idM«Mt 



•111 fcbs < cot L + sin */ sin l cos *l (tan / cos l + tan *l sin l) 

sin I (I + tanH.) . 
fan /cos L + taa ^/sia i*. 

[/, . Ian«i\"n rtanico^i* , tan«f . ,1 
Sin if 1 + — r-l Uf- I r-— + — srwni' I 

•in I (cos H> + tan H) sin i (1 — sin «d + tan*i) 



taofcof seosii + tan^siaL tan i cos d cos l -f tau*fsisi. 
•Ini(scc*i->sia*p) ^_ cosi(sec% — sin^tt) 

taaicoioeaiL + tan.VsiaL " cosdcosl + tanishiL 
__ COS*! (s€C h — » sin *p ) 1 — cos*isin*9 

** COB I cos D cos L + sin I sin L "^ cos lcosi cosd + sin i sini; 

The last values of sin d' tan (l — I) and of — j r-i 

^ ' cos (L — /) 

being substituted for them in equa. (5), it becomes 

sin D coii tan L — sin I tan D 

cot m3 = - 



1 + taaisecDtanL 
1 — cos *f sin ^D 
cos L cos I cos D + sin I sin l 



cot P .... (6.) 



This is the general expression for the inclination of 
the hour line to tbemericuan : the first term is constant; 
the second has a constant ooeScient to the variable 



^ 
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quantity cot p, which undergoing all its changes of 
magnitude in 90^ ^ 6 X 15^ or 6 hours, the £racuig sf 
6 hours of the dial will serve for tracing-.the rest. 
For the horary angle of the substyle we have 
tan MS = cos pms tan pm = sin d' cot (l — /), 
which, on comparison with the value of sin d' tan (x — l) 
above obtained, evidently reduces to 

sin D cos I cot L + sin I tag D ^: '^ 

tan MS = — ; — : : .... (7.) 

1 — tan I sec d cot l . > r 

Farther, since cos d' cos (l — /) =s sIqtms sihTV 
= ^—4 (cos l cos / -f- sin l sin /) = sin i (cotx cot I 

sin / ^ ' * 

+ sin l) 

the equation (4*) becomes 

sin £ = sin I (sin l + cos L cos d cot i}^ sin i sin i* 
+ cos I cos D cos L . . . . (8.) 
From these theorems (6), (7), (8)^ the whole of 
dialling on planes may be dedivcea. 

17. Thus, let I = 0, or the plane become erect; 'then 
from equa. (6), we have 

cot MO = tan L sm D -I cot p . , . . (9.) 

cos L . > ^ . , ' 

In this hypothesis equa. (7) becomes 

tan MS = cot L sin d = cot s .... (10.) 
By which the angle between the substyle and the hori^ 
zpn is determined. 

And equa. (8) becomes 

sin £ = cos L cos d . . ..(11.) 
We have also, when m and z coincide, 

cot zrs =±: sin L cot D . . . . ( 12.) J 

Thus we obtain the horary angle of the substyle, 1 , 

18. If D as well as i become = 0, then ^ 

cot r ? 

cot m6 = = cot p sec l : . ■ 

cos L ; 3 

consequently 
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CotH^ cot p sec l' 

or, tan m^ = tan p cos l . * , . (13.) 
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In ^18 hypothesis also, we have 

tin E =: cos ir . . . . (14;) . ... . . cot s = . . . . (15.) 

The three last formula; evidently serve for erect dt- 
rect south or north dials; in which equa. (15) shows 
that the substyle is perpendicular to the horizon. 

19. If while I = Oj d become = 9Q°; , . . 
didifwIU eqiUi. (10) be tramfbrmed to cot's = cot l (IG), 

and equa. (11) to sin e = Q . . , . (J7.) 
This is the case of the erect direct east or tve^ dial, 
itt'wJiieh it appeailB that the style is- parallel to the plane, 
and ihe siibstyle inclined to the horizon in an angle 
equal to- the latitude. 

• 'Here, since the style is parallel to the plane, the dial 
has DO centre ; all the hour lines; therefore, are parallel 
to the sttbstylar line, which is the hour line of 6 o'clock: 
the i%t|pictiv€l distances of the hour lines from the sub- 
Btyter ;IM measured by a cot p, on. a perpendicular to 

■■'"■*'" acotp 

tb^ 6 o'clock hour line : or by on a vertical line. 

VThis gives an infinite distance between the 6 o'clock and 
12 o'clock hour lines; as there ^lanifestly ought to be, 
because at noon the solar rays will be perpendicular to 
the plane of the dial. 

20. Jf when p = 0, we have i = 90^, the equations 
(6) and j^8) become 

, cot P . , 1 sin L 

cot Mb = -: — , whence • ' '. — • ,' ; 

sin L COiMd COtF 

• ■ ■ • 

or, tan Mb = sin l tan p . . . . (18.) 

, and sin.E = sin l (19-) 

These Ihciorems obviously apply to the horizontal dial, 

21. If, intlie last byp9thesl^, l become equal to 90**, 
we shall have • ' ' ' / 'I 

tau Mb sz tan p . ; . . sin e = radius. 

This would dpply to a liorizontal dial at the poles, or 

a dial in any latitude witli its face posited parallel to the 

equator. Here the formulae show that the style would 

become a pin placed perpendicularly to the centre of 



the dial, round whicli tbe iheur Vata mwld kt ri 
dratrnftom d&ibotsTthe style tojoalce^wiglcs of' 

Pbdbl'ku H, ' 

Tliis is the slmpleit dial to 4nw aant.tv >thA :^ 
dial, juBt HiBBtioBcd; andit^ifi tjie >KH)it lUCA^. 
caiuei if it be powCod where liie:juxajfin^faati f 
no obatructione, that luminaiy will thine upon-itri 
-hii riling to hie setting. The die<»«iH fiwMibirhtfh 
Ctmctruetion is to be deduced are, ,, ' ' 

tanuA E= sin Llanr, and bid.B = ain^. ' ' 

Here ub is the iseaeure of the angle h, . ^ tw^p 
12 o'clock and. any other hour line mh the iie\,-Mt 
the hour angle from the meridian, as it varies at 
MJes^'the heavem; the latter, thefefore, vairtei 
formly, while the former only varies uniformly io- 
tain limited cases; as, for example, in the horizo 
4tal at the fafitnde of 90°. In any other latilude, n 
ing the tenas of the equation homogeneous, we.hffi 
sin 90° tan h = sin L tan P. 

Hence, if two radii be assumed in the ratio Afaii^ 
to sin L, tan h referred to the former rddios *iU ti\ 
beequql totaoL referred to the latter. Fraaa thia < 
■ideration the following construction is deduced: 

On the proposed P 

filane assume the right 
ioe -IS as &>T the me- 
rtdiao, or 12 o'clock 
liour line, parallel to ^ 
which draw the line 
IShs at a distance 
et^ual to the proposed 
thickness of the style. 
Peq>endicuiarl.j to 
tliece draw 6a6, for 
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the eatt and wett line of the dial, or the 6 o'clock hour 
lioe. Make the angle I2hp ^ the latitude of the place» 
and from 12 let fall the perpendicular 12f upon hf. 
Make ISp, upon Hi 2 prolon^fed, equal to 12f. Frou 
p draw lines p1, p29 p3, &c. (to terminate in the line 
12^, perpendicular to 1£h) and to make angles 12ply 
12f^ 12p3, &c. equal to 15°, SOP, 46^ &c Then from 
the centre h draw h1, h2, rS, h4<, h5, for the hour 
lines of 1, 2, Sy i, and 5, m the afternoon. Take, on 
the other side of the substylar line 12-11, 1^10, 12-9, 
Stc. respectively equal to 12-1, 12-2, l^S, &c and from 
A draw the lines A7, A8, ^9, '&c. Produce the lines 4h, 
5h, At the lines of 4 and 5 in the morning ; and pro- 
duce the lines 7A, 8A, for the hour lines of 7 and 8 
o'clock in the afternoon. 

Tile truth of this construction is manifest fW>m the 
Minarin which precede it. For 12? == I2f is evidently 
the sine of the latitude to the radius h12. And while 
12-1, 12-2, 12-8, &c. are the tangents of 15**, 30°, 45**, 
&c« respectively, to the radius f12; the same lines are 
tangents to the angles 12h1, 1^ii2, 12h3, &c. Come* 

Siently, while the fbimer are hour angles at the pole, 
e latter are the corresponding hour angles at the cen- 
tre* Oi trie dtai • 

The quarter and half hour lines are drawn by setting 
off angles of 3^ 45', T SC, 1 1° 25\ Stc from the men- 
dian line : but they are omitted in the diagram to pre* 
▼ent conlfusion. 

The angle 12uf is also equal to tiie elevation of the 
atyle ; £6r b = l. 

As to the gnomon, it should be a ^metallic triangle of 
the thickness Ah, and having one angle = l the latitude. 
It must be fixed perpendicularly to the plane, on the 
jpaee left for it in the figure from Ah towards 12, and 
having its an^e l at Ah : then will the style of the dial 
be panUelto the eaiih^s axis. 
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23. To describe an erect direct »outk dialjbr any pro- 
pottd north latitude, or an erect dirtct- north diM,Jbr 
anv propoted touth latitude. 

Here the formube are those numbered 19, 14, Mid 
15, of which the IwO firit are 

tan lib ^ COB l tan f, and sin e = cos l. 
, Substituting H for vb in the former of thoe, and 
naking the terCns homogeneous, we have 
sin 90° tan H =: cot I. tan F, 

This equation is similar to the equation of the hour 
angl^ in the liorizontal dial ; and the construction will 
therefore be similar, except that cos l is here to be 
employed instead of sin h. 

On the proposed plane draw the right line 6h6, for 
the east and west line of the dial, or the hour line of 6. 
In the middle of 
this line set off Ah _ 
equal to the pro- , ^ 
posed thickness of 
the gnomon, and ' 
through h, h, draw , 
lines perpendicular 
to6H6 to terminate 
in the line 10-5, pa- 
rallel to 6h6 at a 
convenient distance. Draw hf *to make the angle 
12kf equal to the latitude of the place for which ^e 
dial is made, and let fall upon hf the perpendicular 
12f. Make 12p = hf, the cosine of the angle 12hf 
to radius hI2i draw from p lines p1, p2, &c. to make 
angles of 15°, 30°, &c. with Pi2; draw lines from h to 
meet these in the line 10-5; set off corresponding lines 
on the lefl side of the dial, and the construction is com- 
pleted. The demonstration is the same as in prob. 2. 

The angle made between the style and subslyle is 
here equal to the complemmt of the latitude. When 




Ae dial is placed vertically to face the proper cardinal 
punt, the line 6h6 will be horiaontal, and the style 
doping downwards -from n at an angle OFQCP — l will 
again be parallel to the earth'g axii, as it ought to be. 

Note. An erect north dial for a place in north lati- 
tade u cbnstmcted in exactly the Mine manner as an 
erect south dial ; but the potition of the disl must be 
rereraed. In the case of the north dial for north hti' 
tnde the line 6a(), instead of being the top will become 
the bottom of the dial. 

The fame may be observed in reference toan erect 
•outb dial fat a nuth latitude. 
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2*. To describe an erect direct east dial. Jar any pro- 
posed north latitude, or an erect direct luest dialjor any 
tooth latitude. 

h appears from art. 19, that the substyle in this dial 
will malce an angle with the horizon equal to the lati- 
tude, that the hour lines will be all paralldl to the sub- 
Myle, and at the distances indicated by a cot p, a being 
the height of the gnomon, and v the hour angle from 
the nicridian at the pole of llie sphere. 

Let jtB be assumcil as the horizontal line on the pro* 
pned dial. Fro^ the cui-ner b draw bd to malce an 
anj^le abd ^ thi? com- ,,, t, oits,<.n 
pleraent oFthe latitude, 
and about tiie middle, 
H,ofth&t h'nc drawper- 

ftendicularly to it the 
ine 6H6for the So'clock 
hoorline; thb will, also, 
be the' Eubstybr line, 
and will evidently make 
with the horizon an an- 
gle a6H = the latitude of the place. Assume any potot^ 
at that marked li, for the poiDt'nhere the 11 o'clodK 
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hour line is to intersect the line bu ; and tlraw Up t» 
make the angle hIIp = 15^: so shall ph be the height 
of the gnomon. Set off angles hp?* hpS, mp99 &c. 
respectively equal to 15% 30°, 45% &c. and through the 
points where the lines p7) p8, &c. intersect the line bi^, 
draw lines parallel to pu : also, set ofi^ from u towards 
D, h5 == h7, h4 =s h8, &c. and through the points 5» 
4, 3, &c. draw other lines parallel to ph, these shall be 
the hour lines required. 

The truth of the construction is evident from what 
has preceded. 

A. rectangular gnomon of altitude =: ph, being set 
up perpendicularly to the plane of the dia], will, when 
the dial itself is posited vertically to face the east, have 
its upper edge parallel to the earth's axis. It is here 
supposed that the upper edge of the gnomon is reduced 
to a mere line : if it have any measureable thickness, 
allowance must be made for it in the construction, as in 
the preceding problems. 

Note. An erect direct west dial for any place in north 
latitude, may be constructed exactly in the same man- 
ner as is just taught, except that, instead of beginning 
the construction from the right hand, b, of ther plane, 
the operation must commence at the left hand, a, and 
that the figures expressing the hours of 1., 2, 3, &c.« in 
tlie aAemoon, be placed between a and the hour line 
of 6. 

The like may be observed with regard to an erect 
direct east dial for any south latitude. 

I 

Problem V. 

■■ ■>• 
25. To describe an erect south dial /or any propose 

north latitude^ to have a given declination Jrom the xjoestg 

or an erect north dial jor a south latitude, to decUne 

JroM the east. 

The formulae in the general problem which are appli* 

qaiblt to the present, are those numbered (9), (10), and 

(U)> viz. 
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eat ubf or, cot h = tan l sio d H cot p, 

for the determiDatioD of tlie hour lines ; 

cot E =s cot L sin u, 
£ir, that of the aii»le between Bubstyle and liorizou ; 

for tiie eleTatioa nf the etyle. 

From these and a table of natural sines aod tangents, 
the hour lines, &c. may easily be itrawn, thus: 

Let ABCD be tbe plane on which the dial is to he 
constructed. Asaurae u for the centre of tbe hour 
lines, and the vertical line S 

Hii for the meridian, or 12 
o'clock hour line. Now, * 
since the only variable quan- 6 
tity in the preceding expres- 
HOQ for cot H, the cotangent ' 
of the angle between the me- , 
ridian of the plane and any 
hour line, is cot p, the cotan- 9 
eeht of the corresponding l> 
hour angle at the pole, ne 
may, by taking that = 0, get a fixed hi 
the others may be referred. Thus, 
vben the hour angle at the pale is 




cot mh6 = tan ah6 = tan l Bin o ; 
an equation by which the position of the 6 o'clock hour 
line may be readily determined. For, if nm be taken 
between h and a, equal to the unit of any measure, at 
one ioch, one foot, &c. we shall have 

the product beine at once determinable by means of a 
table of sines ana tangents. Through 11 and n draw a 
line both ways, to meet ad and the prolongation of xb; 
then that portion of this right line which falls on the 
left band side of the plane will be the hour line of 6 in 
the morning, while ttte other portioa to the right of h, 
h2 
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and above the plane, would be the hour line of 6 in the 
afternoon : that, however, is useless in this dial. 

To ascertain the position of the other hour lines, we 
have only to estimate the remaining term of the equation 
by the several ^^rresponding values of cot p for Uie di^ 
ferent hours from 12 olr 6, and set those values frprn n 
to w', n to »", n to »'", &c, on the line mwCfC perpen* 
dicular to ab. These values are successively 

cot 75° = cos D sec L tan 15® 

COSL 

-^-^ cot 60*^ = COS D sec L tan 3(r 

cos L ... 

cot 45* = COS D sec L tan 45^ = cos d sec ir 

COS L 

'cosii 

gj^ cot 30* = cos D sec L tan 60® 

jjjj^ijot 15° = cos D sec L tan 75° (see chap. iv. 41.) 

- These being qomputed and set off> the several i%ht 
.lines Hn'7> h/}''8, Hn''^9, &c. drawn from H through the 
points n'j n'\ n*'\ &c. will be the morning hour lines 
required. The afternoon hour lines may be computed 
and set off by the same formulas. Indeed, taking the 
other vertical line mn W", &c. between h and b, (iim 
= HwJ the several values of w«, «»', nn", &c. will be 
numencally the same, because the corresponding values 
of cot p are so ; the only change being in the s^ from 
+ to — , on account of passing the meridian. 

Hence, since the values of »»', nn*\ nn''\ &c. oa the 
two parallel vertical lines are respectively equal, lines 
joining their extremities will form a series of parallelo- 
grams: and hence, the morning hour lines being drawn^, 
the evening hour lines equally distant fVom 6 o'clock, 
may be determined by drawing wV, w'V, n'"n"\ drc. 
parallel to 6h6, and then drawing through n'^ n'\ n% t9 
tile right, the lines Hn% un"^i Hn''% &c« 
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Thiu, it appeon, as hu been (^served by Oxanont, 
EaunoM, and Ddambre, that in nil plane diaJa, one half 
of the dial beiog traced, delerniiDt^s the other by tbs 
aerend dutances from the hour line of 6, measured oa 
tiro vertical lines equidiitant from the meridiaA. Thui 
these dtsUncea are equal between the lines from 
6 to 7 in the morning end from 5 to 6 in the evening, 
6 to 8 morning :4to6 evening. 



The poaition of the aubetyle, in this instance between 
HJi uaa UA, la determined by the precedioe equation 
fot cot a, and the elevatbn of the style by the preced- 
ing thecirem for lin s. 

26. But this kind of dial, as well as horizontal and 
direct dlifU, may be couetnicted independent of com- 
putatioD. Thus : 
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On the propOBed plane abcd ae^ume h for the centre 
ftma wbicfi the hour lines shall diverge, and draw the 
vertical line hu for the hour line of 12. Produce ha 
t« G, BO that HA shall be to ag, in the ratio of sin 90" 
to sin D ; draw g6 to make the angle ag6 = l, the lati- 
tude of the place, and join h6, which will be the 6 
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o'clock hour line. From h draw he parallel to 06 to 
meet a line oe parallel to ab in e. From o the inter- 
section of OE and hm, draw of to make the angle £ov 
=:epmplement of the given declination; make of =x oe^ 
draw Ts perpendicular to oe, make os == o;, and join Ha 
which will be the substylar line. Perpendicular to H9 
draw the right line 5s 1, intersecting the meridian in 12^ 
and the 6 a'clock hour line in -6. On 6A2 as a>di»* 
meter describe a semicircle to cut hs produced in p. 
With centre p and radius PS ' describe a semicircle, 
which divide into arcs of 15^ each, both ways from the 
line p6, or, which amounts to the same, set off angles 
6p7, 7p8, 8p9, 9p10, &c. each = 15**. Through* th« 
points 5} 6, 7f S, &c. where the lines bounding these 
angles cut the lines 5sl, draw from h the lines h4*4ji 
h55, h66, h779 ^c. they will be the hour lines required. 

For, first, since the expression for the 6 o'cIock hour 
line, when the terms are rendered homogeneous, is 

siii 90** tan ah6 = sin d tan l, 
we shall have tan l to the radius sin d eqaal to tan ab6 
to the radius sin 9(f; which is obviously the case virith 
regard to the triaiigies ga6, ha€^ Cons^quentlj) the 
6 o'clock hoiir line is rightly determined. ; 

Again, since eh i» parallel to Sg, the 'angle oeh is 
equal to the latitude, and eho the co-latitude; therefore 
OE = OF, is the cotangent of the latitude to the radius 
OH ; and since eof is equal to the co-declination, os =a 
OS is the sine of the declination to the radius of = ob; 
or o^ = OS = sin d cot l. But os :?= tan ous = cot 9 
(substylar angle with horizon) to radius ho: therefore 
cot s = sin D cot L, as it ought to be; and the substyle 
is rightly determined. 

But the V substylar line is evidently a portion of the 
right line between the centre of the dial. and the appa? 
rent pole : therefore, the apparent pole, p, lies in the 
prolongation of hs. At the apparent pole, p, also the 
horary angle between 6 o'clock and 12, is 6 x 15% or 
a right angle; and the angle in a semicircle is a right 
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wn^i therefore, the semicircle descrihed upon CslSaa 
a Saroeter, will intersect the prolongation of hs in p^ 
the apparent pole. 

The truth of the remainder of the construction is 
manifest *• 

2?. For astronomical methods of determining the 
merii^Uan, and the declination of any vertical plane, the 
student may turn to prob. 2 of the next chapter,, ex- 
amples 3, 4, and 5. 



CHAPTER X. 

I 

' . .-' Astronorlical Problems. 

l.^INCE the 'science of astronomy, has p^iven birth to 
spherical trigonometry, it is to be expected that at leasf 
some elementary problems in astronomy may be ad- 
mitted into an intiodaction like the present. To deter- 
mine the position of points in the apparent heavens, as- 
tronomers first referred to two planes, the horizon and 
the meridian (see chap. viii. $ 1), which are fixed in 
reference to any one place on the surface of the earth. 
But the necessity of comparing observations at different 

* The problems gWen in this chftpter \?H] suffice to show the 
application of the principles of dialling to the most useful cases. 
They who wHh to pursue either the theory or the mechanical part 
of dialling, through all its modifications, may consult Lcadbetter^a 
Mechanio JDiallingy Emerson^s Diallings, the treatise on dialling in 
the 5th vol. of Ozanam*s Course of Mat/tematicSj and that in the 3d 
vol. of 3r, HuttoiCs edition of OzananCs Recreations, There is 
^soan elegant «'Bsay on dialliug by M. de Parcieux, at the end 
of bis Trigonometrie Rectiligne et Spherique; and a iteat and sim* 
pie deduction of the practice of dialling from the principles of 
perspecliTe, at the end of S^Oravesande's Essay on Perspective. 
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places, haft led to tbe introduatiofn of otber pliOH a>^ 
cir^^ into the science, independoDt of the positioa o£ 
ihe observers^ and even of the figure of the earth. 
Thus, wh^i the situation of the celeatxal ^yuator^ and 
the manner of valuing the angles between meridiaan^ by 
the measure of time, became known, they w«re em* 
piogred to determine the position of the heavenly bodiea 
f>y mean9 of their right ascension and their observed 
declination. Afterwards^ as it was found that a .CApsi^ 
derable portion of the celestial phenomena relative to 
the planetary system, occur in the plane of the ecUptis, 
or in planes but little inclined to it, it was found expe- 
dient to refer tlfe position of the stars to the same 
plane, that is, to determine their latitude and longitude 
(chap. viii. art. 17, 18). 

These, and many other branches of astronomical in- 
quiry, which we shall not here be able to touch, de- 
pending upon the mutual relationa and intersections of 
different circles of the sphere, fall necessarily withia the 
department (^trtgononetry. A jfew only WiQ here Ihi 
•dected* 

X^ROBIEM I. 

£• Given the obliquity of the ecliptic, and either tbe 
right ascension and declination of a star, or its latitude 
and longitude, to find Che other two, and the ai^le of 
position. 

Let BC in the annexed figure be a portion of th^ 
ecliptic, £Q a portion of the equa- p' 

tor, the two circles intersecting in 
E the first point of Aries, in an 
angle, t, of 23° 27 49". Let p' be 
the elevated pole of the ecliptic, 
p that of the equator, pp' aportion 
of the solstitial colure. . From p^ 
and P let quadrants p'si., psr, of E' 
great circles, be drawn through s, 
the place of the star. Then ek 
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wai be the right ascension^ a, of the 8tar> SR its decli- 
nation, df or PS, its co-decliuatiop9 el its longitude, l^. 
ah its latitude, l, or ps its co-latitude, psp' = ;?, the 
an^e of position; and pp' is given = 23° 27' 49", the 
present measure of the obliquity of the ecliptic. It is 
fiurther evident that sp'p is the complement of the Ion- 
gitu^, and p^fs = p'ps + bpr =s 90^ + right ascen* 
sum; is indicated at the poles of their respective 

Now,, if they are the right ascension and declidation 
which are supposed known, in addition to the obliquity, 
we shall have, from the triangle spp% (see chap. vi*. 
equft. 2 and 4)^ 

cos p^s = sin pp' sin sp cos p'ps + cos p^p cos sp». 

- cotspsinPF' — cosf'pbcosp'p 
cot PP S = : — ; • 

sin P'PB « * 

^Adopting the preceding literal representatives of 
these sides and angles, and remembering that cos p'ps 
SB cos (90® -f- fl) = — sin fl, these become 

sin L = — sin i cos 6? sin a + cos ismd .^, . (1-) 



^, taniisiD t + sinacos j 
tan I = 



1 



COS a J- (2.)- 

= tan d sin i sec a + tan a cos i _ 
These two formulae may be accommodated to loga<^ 
sithmic computation, by taking a subsidiary cOsgle ^ 
such that 

tan (p = - — J : 

for then, exterminating sin a from the fonner,. and tan 
d from, the latter, we shall have 

sin d cos (^ + ») ,^ * 

sm L = ^ ^..•.(3.) 

COS<J> ^ ' 

tan^ = "'"'";°^'^^'\ ...(4.) 

Sin «!> ^ ' 

8» If, on the contrary, the latitude and longitude of 
the star are given, we shall have the declination and 

0.5^ 
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right ascension by (he following theorems ^similarly 
deduced, viz. 
X cos PS = sin p'p sin p's cos pp's 4- cos pp' cos p's, 

- cot v'fk iin p'p — cos pp's cos p'p 

cot P PS = : — -; : 

sin ppj 

where again, introducing the literal ralues and observing 
that cot p'ps = -^ tan a, we have 

sin d = sin i cos l sin / -f- cos i sin l ... . (5.) ' 
— tan L sin i + sin 7 cos t 

<ana = 



.] '"■'■ 



cosi f(6-) 

= — tan L sin i sec I -f tan / cos 
These equations are obviously analogous to those w« 
have just deduced for the latitude and longitude, tlie 
only difference being that here the obliquity enters the 
formulae negatively. Hence by taking another subst^ 
diary asgle ^^ so that 

sin I 
tan ^ = , 

and eliminating as before, there will result, 

*:« ^ ^ sin L cos (4>^ - Q . . 

sm a = , .... (7. ) 

cos 4>' ^ ' 

♦«« >. — tan I sin {<p' - Q , . 

tana = . — ; . • • • (o.l 

4. As for the angle of position p»p' = p^ it is easily 
found from the relation between the sines of angles and 
the sines of their opposite sides ; for from hence we have 

ctnt'cosa J . sin i cos Z ^^ 

sm p = , and sm p = — . . . , (9.) 

•^ cosL * COS a . ^ 

5. We have alsn, trom the same consideration, 

cos a cos a = cos l cos / . . . . (10.) 
And when l = 0, as is always the case with the sun, 
we have 

cosa = r = cos^secc?.. .. (11.) 

cos a ^ ^ 

tan a = tan / cos / . . . . (12.) 
cos / ;? cos a cosd, • . . (13.) 
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sin </ = sin / sin e . . . . (14<.) 
siii / = sin fi? coseci . . (15.) 
The preceding fermuke hare been deduced upon the 
supposilionr that the heavenly body has not gone beyond 
the first quadrant of right ascension from the vernal 
equinox. But they are applicable* to all*' [Positions by 
simply regarding the inutations of signs in the several 
siiieB, cosines, tangents, &c. according to the arcs to 
which thev refer. The right ascensions and loneitudes, 
bemg reckoned from the first point of Aries through 
their respective circles, will at once indicate by their* 
attendant signs, + or — , to which quadrant they be- 
longf And as to the declinations and latitudes, they 
being rejsarded as positive when toward the elevated 
pole, win be regarded as negative when towards the 
contrary ^ole. Thus, with us, north latitudes and de- 
clinations will be positive, south latitudes and declina'' 
tionsy negative. 

Example I. 

The right ascension of Aldebaran being 67** 40' 30", 
its declination IG^S'^O'^n. Required the longitude,, 
latitude, and angle of position. 

Here, taking ^ so that ta^^ = -^ — jy and substitut- 



r r 1 
iiie sec f , cosec ^^ and sec rf, for s -:: — , and t> 

in equa. S, 4, and 9, they become 

sin L = sin d cos (^ -f i) sec ^,. 
tan /'= tana sin (^ -f i) cosec f> 
and sin p = sin i cos I sec d:, . 
the log; operations corresponding to which will be as 
follows : 

From log sin a . . 67^ ^O' 30" . ... 9*9661625 
Take...tanc?..16^ 8'20^,... 94614544 



Remains tan ^ ,. 72° 37' 46" ... . 10-5047081 



s 



156 Astronomical ProUenit* 

Then, to find l the latitude, add together. 

Log sin rf 16^ 8' 20".... 9-4439927 

cos (<f + 0-96° &'S5'\... 9025893(> 
sec ^ 72^ 37' 46'\ . . . 10-524.9824^ 

ThesumsinL...... 5°40'18"s... 8'994.8687 



I 



Here, because cos (^ + i) being in the second qua* 

drant is negative (chap. iv. art. 4], and the other tfsnif^ 

2ixe positive, the product is negative, and thefele^re the 

latitude is jOttfA. ^ i •. 

Next, to find / the longitude, add together. 

Log tan a 67^ 40^ 30" .... 1 0-386539 1 

sin(<p + t)..96*' 5' 35".... 9-9975396 
cosec ^ . . . . 72^ 87' 46" 10rO2033O5 , 

ThesumtanZ 68° 29^ 28" .... 10-4044093 



•t-»" 



Here all the terms being positive, their product if 
positive; conseq. the longitude is in the first quad. 
Lastly, forp the angle of position, add together^ 
Logsin«....23*^27'49".... 9-6000647 
cosZ....68°29'28".... 9-5642090 
sec</....16° 8^ 20" .... 10-0174616 

Thesumsm;;.... 8°|M|K".. .. 9-181 735S 






Example II. 

What are the latitude and longitude qf the indon, 
when her right ascension is 304° 21',^and declination 
22°57'.S? 

Am. Longitude 10* 1^ 21' 54", latitude S;* 8' 46" S. 

Example III. 

Wh^n thelangitude of the moon is 1* 7° 41' 23", and 
the latitude 3° 49' 57" S., what are the right ascension 
and declination? 

Anu Eight ascension 36° 36'} declination 10° 28' N. 
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Example IV. 

When the 8un*s decTmation is 19° 18' 9jy' N. what ar« 
his right ascension and longitude ? 

First, to find the longitude, employ equa. 15. 
that isy sin / = sin a cosec t. 
To l©gBmfl?....19^ S'SC'.... 9-5I5687a 
Add log cosec i. . 23° 27' 49". . , . 10-3999353 

Thcsumialogsin/... 55° «5' 43".... 9-9156228 

Here since the declination is north, or positive, sin t 
18 positive, and lies, therefore, either in the first or 
second quadrant, / is, therefore, either 5!>^ 25' 43'' (that 
is; r 25^ 25' 43") as above expressed, or its supple* 
ment 134^ 34' 17", that is, 4* 4.° 34' 17". \ 

To find the right ascension; take equa. 1 T, 
that is, cos a = cos I sec d. 
To log cos/.. 55° 25' 43"..,. 9-7539143 
Addlog8ecrf..l9° 8^ 20" .... 10-0246938 

The sam is log'cos « . . 53° 5' 6'' ... . 9-7786081 

This reduced to time at the rate of 15° to an hour^ 
gives 3^ 32* 20^, for the right ascension corresponding 
to the longitude 55° 25' 43''. If the other longitude 
had been taken, the resulting right ascension would 
have been 8* 27" 40*, the supplement of the former to 
12 hours. 

liie d^'that correspond to these in the Nautical 
Almanac ror 1816, are May 1^ and July 27* 

Example V. 

Given the sun*s longitude 6* 8° 9' 36", to find the right 
ascension, declination, and time in 1816# 

Ans. \^ 29'" 58% right ascension, 3° 14' 24" S. decline 
time, Oct. 1, 1816, at noon; 

4 
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P&OBLEM II. 




6. To investigate formulae that shall be applicable to 
inquiries in reference to the times of risings and settings 
of the heavenly bodies, the azimuths, the duration of 
twilight, &c. 

Let HZR be the meridian of the place of observation^ 
RTR the horizon, z the zenith, ^ z ' 

p the elevated pole, is the place 
of the sun, a fixed star, or other 
heavenly body, s'ss" part of 
the circle it appears to describe 
about the pole p during the 
eardi's diurnal rotation, . zsv 
part of the vertical circle on 
which the body i&at any proposed time, and ps a portion 
of a great circle passing through the pole and the* place 
of the body. Then fs is = 90^ — d the co-dedination i 
tz = 90° — /, the co-latitude; zs = n, the zenith distance, 
or = 90® — a the co>^ltitude; zps = p the horary or 
polar angle between the two' meridians zf, sp; and szp 
=.z, the azimuth, measured also by the arc vr. Then 
the jformula we may first employ in the present inveeti*^ 
gation,.is equa. 2 of chap. vi. which suited ta the case 
before us, is 

cos zs = cos PS cos pz + sin ps sin pz cos p, • . (I *^), 
or adopting the characters just specified 

cos n s= sin c^ sin / -f cos d cos / cos p (I.) 

Suppose p = 0, or the body in the meridian, then cos 
p = rad = 1, and the fundamental equation becomes, 
cos zs = cos PS cos PZ -I- sin ps sin pz = cos (ps — pz) 
whence zs = ± (ps — Pz) = ± PS if: pz; ps = pz dt zs ; 
and PR or 180° — pr = rs" +• ps'' or hs' -|- ps'. . > 

=s mer. alt. from north or south + declin . • > (2.)' 
ss J sum. of mer. alts, in a circumpolar star • ) 

7. If &e horary angle p = 90°, as it is when the body 
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ia 6 hours from the meridiaoy then its coslhe will vanishy 
and equa. 1, becomes 

cos n or sin a s: sin ef sin Z . . • (3.) 

£rom which the altitude, a, becomes known. 

In the same circumstances theorem 10, of right angled 
•pherical triangles, gives 

cot s^ = cot PS sin pz = tan d cos Z . . . . (4*.) 
by which the azimuth in that case may be determined. 
- 8. When the body s is in the horizon, or s and v co^ 
incide, we have zs = 90^, or cos » =0; 

hence = sin £^ sin / + cos d cos / cos p, 

sin rf sin ^ , , r^ v 

or, cosp = s ;= — tan a tan / . . (5.) 

' - cos d cos I • \ / 

Here it is evident that when the declination and lati* 
tude are both of the same kind, cos p is negative, or p is 
greater than 90^; that is, the time occupied by the hea- 
venly body in passing from the horizon to the meridian, 
or from the meridian to the horizon, exceeds 6 hours. 

If the declination and latitude are of different kinds,. 
cos P will be positive, and the time of passage from the 
horizon to the meridian, or from the meridian to the ho- 
rizon, less than 6 hours. Thus, this, theorem will serve 
to determine the times of the risings and settings of the 
sun, or other heavenly bodies, disregarding the changes 
of declination, and the effects of parallax and refrac- 
tion. 

To find the azimuth when s is in the horizon, we have 
from the principles of quadrantal triangles, 

cos PS sin rf . , , .^ * 

cos z = -: = — ; = sm o sec ^. . . . (6. ) 

Bin FZ cos / ' 

9. If the body s be upon the prime vertical, thten pzs 
s= 90^, and the formula; for rigiit angled triangles 

give 

cos p = tan zp cot sp = cot Z tan d (7.) 

, cos PS . , J ,o \ 

cos sz = sm a = = sin a coscc ^ • • • • io,) 

cos PZ 



, la When the paraUel circle t^s d' which a hea¥6ii^ 
body describes in consequence of the diurnal rotation 
can have a vertical 2Uo drawn to touch it, which it may 
while the dedination of that body exceeds the latitude 
of the place, then the body when at the place of contact 
of the two circles will move vertically^ and with the 
greatest apparent rapidity. In that case the spherical 
triangle tsz will be right angled at s, and we shall have 
from the formulae for right angled triangles in chap. vL 

cos p = — —, rs cot <;( tan 2 . • • • (9.> 

cot I • \ / 

f in 2 z= — ; ££ cos c? sec 2 . • . . {rO.)£ 

COS / ^ '^ . 

sin a = -7— ; = sin /cosfecrf.. (ll»]f 
sin a \ ^ 

11. Betuming to the first e^atiofi 

cos zs = cos PS cos pz -|- sin ps sin P2 cofi P- 
it may evidently be employed to determine the altitad^r 
or the zenith <£stance, when the latitude, declination^, 
and horary angle, are known. The same may also be 
readily eftected by an alixiliary angle, as explained bk 
case 2 of oblique spherical triangles, equa. 12 and 13. 

If we wish to find the hour from the meridian, by tiie 
observed zenith distance, we have fromtiie above equa^ 
tion 

COS zs — COS P8 COS FZ 
COS P 3= : : 

sm F8 sin FZ 

Or, from equa. 2, art. 38> spherical trigonometry,, 

tan |P =v/"°!!"""^"^"°!^"^"""! (12;> 

* y sini(pz-8z +.Fs)sinJ(p8 + sz + PZ) ^ ^ 

9k theorem fitted to logarithmic use. 

A like theorem will obviously serve for the determi'*- 
nation of the azimuths, viz. 

— / stn ^ (zp + P8 — 8z) sin ^ (ps + zs — zp) /^q\ 
tan 5 Z — Y^ ginii^zp + z»— Fs)sini(Pi + zs + zf) " ^* 
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Or, tiM ingles z, s» and the side as, may be easily 
found by Ni^^ier's analogies, thus : 

tan h iz — s 1 cs -— 

• * ' sin i (V8 + n) 



* ^ ' ' COS i ^P8 + PX) 

- tan h (¥% + Fi) cos i (« + «) 

tan j( sa ss ■ * ■ ■ 

^ cos i (x — 8) 



(1*.) 



12. Since, according to the determinations of astro* 
Domera, the crepusculum or twilight commences and 
terminates when the sun is 18^ below the horizon, either 
previously to his rising, or subsequently to his settuig^ 
It follows that equa. 12 will serve to compute the time 
from nooB to the beginning or end of twilight, if zs the 
zenith distance be assumed equal to 90^ + 18^ or 108^. 

Or, to determine the duration of twilight, regarding 
the effect of horizontal refraction, we have these fox* 
muke: 

cos F^ s — sin 18* sec / sec (2 — tan / tan c^ 
fbr the hour angle for the commencement of the mom* 
ing, or the end of the evening twilight. 

cos p = — sin i^' sec / sec tf — tan / tan cT, 
for the hoor angle from noon to sunrise or sunseti in* 
eluding Refraction. 

And ^ (p* — p) » duration of twilight (IS.) 

These theorettis may be employed in the solution of ft 
no^ty of questions : a few are subjoined. 

Example I. 

At Cambridge, In north latitude B^lQf 35'\ when does 
the sun rise aim set, on the 4th of May, 1816, and what 
is the azimuth at rising and setting? 

The sun^s declination on the proposed day at noon, 
is 16^ (f ifG" north; and the formulae to be employed are 
the 5th and 6th. For the first, viz. 

co8P5a«*tane/(an/|Vfe have^ 
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log tan rf . . 1(5° 0' 46" . /. 9-45786I8 
tan l\. B^ Itr 55" .... 101104697 



The sum is log efts p . . 1 1 1° 43' 21" .... 9-5683S15 

Here since the latitude and declrnation are both of the 
same kind^ cos p is negative, and belongs to an arc be- 
tween 90° and 180°. This hour -angle converted into 
time by 'dividing by 1^ or multiplying by ^, gives 7* 
556"* ^-4* from noon, fQl^-*the time; requ'irfed. 
''Tn^cJasei? wKefe great ^cctiracy is needed, the change 
of'dfecHnatiOn in the interval must be regarded.. 
- To find the azimuth, take the theorem 

cos z = sin (f sec L 
Log sin rf . . 16° (f 46" .... 9-4406755 
sec / , , 52° 12^ 35" .... 10-212700* 



--hiesum<^^. 

azimfith from the north J w.^*^*/ * w . 

«"' ^ ' • ' ■ ■ • ■ • r ■ -, , ■ ' 

, . Example II. •. ' 

• : Required the time of the sun's rising and setting at the 
equator, on the 14th of October, 1816, 

It is Tiot necessary in the solution of this example to 
look out the declination : for, since I the latitude is 0, 
tan I is 0^, and consequently cos p =? 0: therefore p =a 
90°, the hour angle of 6 ; that is, the sun rises and sets 
at 6 o'clock. 

Cor, Hence it appears that at the equator all the hea- 
venly bodies are 12 hours above and 12 hours below the 
horizon; neglecting the effects of refraction. 

Example HI. 
Reouired the times when the sun is east or west, at 
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Cambridge, on May ith, 1816, and his altitude at those 
limes. 

The tlieorems applicable to this example are 7 and 
8, viz. 

cos p r=: cot I tan dy and sin a=: sind cosec /, 
Thus, for the hour angle 

Log cot/.. 52** IS' 35" .... 9-8805736 
' tan rf . . Iff" 0' 46'' .... 9-4.578618 



The sunicps p . . 77' 8' 27'- 1 . q.qj.»7.oci. " 
hour angle from noon j- ..y j*/*.>^-» i 

Then, for the altitude ■' *^ . 

Log sine? ..16° O'V/'.... 9-4406756' * 
cosec / . . 52° 12' 35" 10 1022306 



The sum sin a . . 20° 25' 48" ... . 95429062 



1 1 



Note. By means of the equations to this exampley A^ 
solar timie when the sun is due east or west may be deter- 
mined: and, therefore, in the summer half year, when 
the sun is above the horizon, when he is in the prime ver* 
tical, he will at those moments cast the shadows .of opakft 
objects in the ea^t and west direction, and a horizont^ 
perpendicular to such shadows will be a meridian line. 

Example IV. 

Given the latitude of the place 52° 12' 35" N. the sun>s 
declination 15° 54' 25" N. and the sun's altitude 40° ; to 
find his azimuth and the time from noon. 

Here the time and azimuth may be found by means of 
equa. 12 and 1 3. Or, the azimuth being found, by means 
of equa. 13, the time may be found by the proportion 
between the sines of the sides and opposite angles of 
spherical triangles, when we shall have 

sin z sin zs . , 

sm p = — : = sm z cos a sec a. 

sinsp 
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The operation, which gives 1 1 9^ 55' 8'' for the azim 
from the north, and 2^ 55" for the tinie from noon, is 
for the learner's exercise. 

Note. From siich an example as this it will be € 
to find the meridiaD, bv simply drawing a line to m 
with the direcUon in which the sun is at the momen 
observatieo» an an&le equal to the azimuth found by 
process. And this method, . provided the sun's altit 
be corrected for. refraction and parallax, will be foi 
very commodious in the detenmnation of a meridian 
the changed in declination, which prevail in the u^i 
by corresponding altitudes, are in this avoided entir< 
The same method serves evidently to determine the 
riation of the compass. * 

Example y. 

In the latitude of 52** l^ 35" N. when the sun's 
clinationiBl5°54'25''N.what is the sun's azimutli 
9* 5* in the morning ? 

' The aznmth, which is 1 19^ 58" 8"^ frpiri tihe ftortb, i 
te readily fbund, as well as the a&g!e at fhe sun andf 
xraith dMtance, by the equations mavked 14 in the j 
eedhig mvesiagation. The work is Ith for the ptq 
•zercM, 

N^e. An operadms ITfee that required vs t&io eiC: 
pie, wiif serve to iind the decltnatio'n of any vtert 
plane, by knowing when the sun begins to shine upoi 
or quits it. 

Example VI. 

At Peterborough, in latitude 52^ S^' N., on Febti: 
21, 1801 , at what time from that star's beinrg on the ; 
Vidian, was the apparent motion of Dubhe or « I 
majoris vertical ; and what were the altitude and azin 
•f the star at that time i 

On the year and day specified, the declination, d 
the star was 62^ SO\ The logarithmic opperation < 
responding to equa. 9, viz. 

cos p = cot cf tan 2, 



Astronomical ProbUmg* 1 6S 

will give 47° 5T 46", equivalent to 3M1" 51', in time, 
for the hour aogle from the meridian. 

Also, equa. 10, or sin z = cos d soc I, 
will give ^S'' S8' 2S'' azimuth from the north : 

And equa. 1 1, or tin a = sin 2 cosec dlf 
will give 63'' B' 29^', for the altitude of the sUr. 

The operation is again left for the learner's exercise* 
N<^e. Allied £o the principle of this example is the 
method of finding, not merely the meridian, but the la« 
titude, simply by observing two azimuths of the same 
known fixed star with the azimuth compass. If the azi- 
muth of a circumpolar star be taken on each aide of 
the meridian wfien at the greatest from the elevated pole, 
that is, when the apparent motion of the star is vertical; 
then it b evident tnat half the sum of these two azimuths 
will be the true azimuth from the north or sou^h, ac- 
cording as the latitude of the place is north or south, and 
that half the difference will be the variation of the needle* 
Also, recurring to the diagram at page 158, Uiere are 
given in the triangle pzv right angled at s^ the^star's co- 
declination P5, and the azimuth pz;, whence the oo- 
latitude zp becomes known by means of Case 4- of righ^ 
angled triangles ; from which we have 

, cos d . 

cos/ = -i— -•= cosacosecz 

•In X 



Exampk VII. 

At what time on the 9th of August, 1817| wiU the 
twilight begin and end at Cambridge ? 

Here the sun's declination for the proooaed time is 
15** 56' 25" N. and the latitude 52*^ 12' 35"' N. Putting 
108** for zs, 37"* 47' 25^. for pz, and 74** 4' 35^' for ps, in 
equa. 12, the resulting hour angle reduqed, to time will 
give 10^ 12^" for the time from noon when twilight be- 
gins and end9« 



V 
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PllOBl*EM III. 

13. Given the latitude of a place to ifind the time ai 
the duration of shortest twilight. 

Let p be theesjeyated pole of the worlds z the zeni 
of the observer, 's fhe sun 18* 
below the horizon, 'z$ == 90° 
•f- 18^, or more generally zs 
ss 90° + 2fl. The observer, 
whose zenith is z, will then see 
the commencement of the 
morning twilight. 

By reason of the diurnal ro- 
tationi the declination circle 
PS turning about the axis will bring the sun from s to 
in the horizon, if it be the heavens which turn about t 
earth : on the contrary hypothesis of the earth tumi: 
on its axis, the zenith z will approach nearer to s by d 
ficribiDg about p the little circle z^n^Q, such l^at the d 
tances p£, Pfii, pd, pq, are all equal. 
' ' Tfi^-isBtne epnsequences as to this problem 'may' 
drav^vifrom both hypotheses ; but the latter is a nt 
the most convenient; 

When, therefore^ the zenith shall have descended fn 
z to any point m, such that »72S = 90° the sun will f 
pear at 90° from the zenith, the day will commence a 
the twilight terminate ; and the arc zm of the little cir* 
will be the measure of the angle zpm, and consequen 
of the duration of th^ twilight. To determine this an| 
draw the arc zBm of a great circle, and to its middl< 
the perpendicular '^cpb; thien will > • 

. . - . ' sin 4 zm ' sin 4 zm 

sm J zpm = sm ZPB = — r= — = — s-— . 
* 8in pz cos L 

No^, in the spherical triangle zms, sm + ^z > 
or 90° + mz > 90° + 2a. Therefore mz > 2a, i 
imz > a. Let Jmz = a + ^ : then 

I (sina+x) sin a cos x + cos a sin x 



COS L COS L 
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^^ sip a + cosasin jr~- 2 sin a sin *Jx 



COSL 



0>ecaii8e I — cos x = 2 sin ^x. ch. iv. art. 23.] 

■in « 2 sf D i J (cos g cos ^JT — sin a sin ^jr.) 

"" COSL COSL 

I — 

"" COSL COSL 

Now jx 18 essentially positive, and a and |x small an« 
gles such that a + Jx < 90^; 

^. n . w sin a 

therefore sin izpw > • 

-* cos L • 

It is farther evident that the.twilight will be longer as 
X 18 greater, and shorter as x is less ; and. that it will be 
the shortest possible if x can be nothing ; because in that 
case the second term of the second member of the equa- 
tion will vanish. But this is what occurs when the tri« 
anffle zms is reduced to the arc zs, that is, when the 
pout M falls on by or, when the distance ps is such that 
the part zb of the vertical zs lying within the little circle 
ZfbQ is equal to 2a, and the exterior part bs equal to 90^. 
It 18 ako manifest that if ps increases the opposite anele 
PSB-wi)l become enlarged, and that on the contrary tne 
said angle will diminisn if ps diminishes. In these varia- 
tions the point m will approach to or recede from z, the 
intercepted part zb will vary, and it mai/ vary between 
the linCiited and zq = 2pz. Thus the intercepted part 
may have all values between and 2(90° - l) = 180° 
"— 'Sif, and consequently may have the value 2a. Hence, 
in the case where zb = 2a, and 6s = 90^, the shortest 
twilight will obtain ; and its semiduration in degrees will 
be found by the equation. 

sin a . ■ /, \ 

8in ZPB = = sm a sec L . . (1.) 

cos L ^ ' 

duration in time = iV ^^^ • • • • (^O 
14f. Other theorems maybe deduced from the resulting 



S 
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construction. On the ar^ zd = 2a and with z 
the conipiement zp of the latitude, consti- 
tute the isosceles triangle zpiSt, and let &11 
the perpendicular pm ; zpb will be ,t))e an- 
gle which measures the duration; - iP^olone 
zb till bs = 90% and draw the arc ps, which 
will be the sun's polar distance for the day 
of the shortest twilight. 

-- ^ cos PZ cos PS ' oM \ 

Now, cos t» P = = T---:(chap.Ti. 27.) 

therefore cos zm : cos ms :: cos rz : qq% ps ; 
or, cos a : cos (90** -fa) : : sin l :'sin j>; 
or, cos a : — sin a :: sin L : sins; 

whence sm d s sm l = — tan a sm L (S.) 

cos a . ^ ' 

15. Farther, the right angled triangle pzm, gives 
tan zm = cos z tan pz (chap. vi. 26.) 

and cos z = tan zm cot pz ±=: tan a tan l (4>) 
Now z is the sun's azimuth at the commenceftieht oi 
the twilight, and Tzb == pfe s= 180'' — p^s. But p^ h 
the sun's azimuth at the instant when his centre is at the 
true horizoQ : therefore the suii^s azihmths at the b^n»' 
ning and end of the crepusculum are supplem^itts io each 
other cm the day of the shortest tmlight. 
Hence, since cos pzs as tan a tan L 

we hare cos pAs = — tan a tan l . . (5.> 

16. zps and dps are the hour angles at the beginining 
arid end of the twilight; let theform't6r be denoted by 
T% the latter by p : then zps — brs =s: ♦i*' •^ p sa zp^, the 
angle which measures the duration of twilight. Hence 
^e have from -what has been done above, 

. BmJ(P'-P) =—..•. (6.) 

Also mps a= ips + mFb = p + J(p' - p) = K^' + ?) 
J . sin sm sin (90^ + a) cos a 

andsm«ps=— : ss— 1 -i-s — ; 

SinPS - G08D COSB* 
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;&«t»,iiiii(^ + p) = jSi--- <^-> 

fioBoeftom equa. 6 and 7^ we may determiiie p' and 
P, the tew angles at.Uie be^aning and end of the twi- 
l^hty D the sub's declination being determined by 

Weha¥ealsoco8s = •••• (8.) 

. 17*LetST:±2a = zi; and draw ft, then is zt rs 90^^ 
and T is a point in the horizon for the moment when the 
feenith was in 2. The triangle pzt gives (chi^* vL art 

cos ¥%fi* COS z sin pz sin zt -f cos pz cos zt s cosz sinpz 
ss tan a tan h cos l =.tan a sin l = sin d. 

Thefefore 90** — pt = p, or pt = 90° — d. 
But Fs = 90* + d; therefbre pt + PS = ISO* . . (9.) 

TfavB is another remarkable symptom of the shortest 



Example, 

Requhred the day on which the twilight Is shortest, at 
Woolwich, N. lat. 51° 28' 40", in the year 1816, with its 
duration and the timeof its beginning and end. 
First, for the declination, sin d = — tan a sin l 

To log tan a . . 9^ 91997125 

Add log sin L • • 51*» 28|' . . . . 9-8984104 

Thesum,logsinD.. -7° 7' 5" .. 909S1229 

TJiutLthe declination is south, and answers to March 
2d, and' October 11th. 

* Many other eorious particulars connected with this problem 
«e given in jistronomie ThStriqw tt Pratique^ par M. Delam^ 
cMp. 14; whence the above investigation has been extrac 
Another elegant investigation may be seen in Connauicaim 
TVmt, poor Tan 1818, pp. 38S— 401. . • 

I 
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Next/fot the duration/ sin J (p' — p) = — ^ 

cos L 

From logsin a . . 9® 9*1943324 

Take log cos L.. 51° 28J'.... 9-7943613 

".■ .1 

Rem. log sin. ... 14° 32' 41". . 93999711 . - 
Hence p' - p = 29° 5' 22", or in time 1^ m^ 21 J** 



Farther, sin J (p' + p) = 



cos a 



cos D 

' Hence, from log cos a . . 9° • 9-9946199 

take log cos D .. 7° T 5" 9*9966399 

Rem. log sin ... . 95^ 31' 19" 9-9979800 

This value of | (p' -f p) reduced to time is equivalent 
to &" 22- 5i% while J (p' — p) is 58" 10|*. The sum of 
these is p' = 7** 20" 16J% the end of the evening twilight; 
their difference is p »= S*" 23" 54|% the time of the sun 
setting or the beginning of evening twilight. These re- 
spectively taken from 12, leave the times of the begin- 
ing and end of the morning twilight. 

Problem IV. 

IS. Assuming the error in taking an altitude, it is re- 
quired to determine th^ corresponding error in time, in 
the case of example 4, prob. ii. ' 

Let £a in the marginal figure be the equator, p the 
elevated pole, ab \ he parallel of de- 
clination in which the'^un or other 
lieavenTy body is on the day of ob- 
servation; and let r be the real and 
s the apparent place of the body, 
or rs the error m altitude. Draw 
ms parallel to the horizon, from z 
the zenith draw zm, zr» and from p 
the pole, the meridians, vmp^ i^rq^ to 
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pass through iHf r^ and cut tha equator in the points o, q. 
Then m and r will be the appaccat and real places or the 
body on the parallel of dedinadon, and the arc mr on 
that drde, otpqon the equatori will measure the angle 
mPTy the .corresponding error in time. The triangle 
nur b&p§9 of course, exceedingly small, may be regard* 
cd as a rectilinear triangle right angled at s* 
Hence, «r t rm :: sin smri rad. 
an^9»r ip^ : : cos qr : rad. 
Conseq. multiplymg the corresponding termii we hav6 
sr ipq :: sin smr cos qr : rad^ 

/ Whence pflF = ^r ■ ■ ....(1.) 

^* tin smr cot ^r ^ ' 

But a»*p = smr^ snn being the comp. of each ; 
and sin zrp ( = sin sfnr\ : sin pz : : sin rzp : sin pr; 
CoDseq. sin smr sin pr = sin smr cos qr = sin pz sin rzp. 

Therefore, by substituting for the denominator in equa*. 
1, its equivalent in the last, we have 

pg = -: : = . . . . « ( z.) 

*^* sinPZsinrzF cos l sid z ^ ' 

Cgr, Hence, since sin azimuth is a maximum when the 
body is on the prime vertical, the error in time will then 
be a minimum^ the refraction being accurately allowed 
for. Wherefore, 

Cor, 2. It is best to deduce the time from an altitude 
taken when the sun or other body is on or near the prime 
vertical. 

[See, on kindred topics, chap, xi.] 

Example. 

Suppose that in example 4, prob. 2. the errol* in alti- 
tude was V, what would be the corresponding error in 
time? 

W— : : z , . * 5—10 QQO 
cos 52^12' 35" sin 1190 53' 8" ■^•6128 x -iSTO * ' 

This in time is s= 7*528 seconds. ^ 

i2 
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Problem V. 

19. The right Mcensicms and dedinatums of two fixed 
itBTS, observed on the same vertical given in {KMsitidny 
together with their distance, or the arc of that vertical 
included between them, being known ; it is required to 
determine the latitude of the place of observation* 

If S) s^ in the annexed diagram, be the places of the 
two stars in tbe vertical zso, hr z 

the borizony p the elevated pole, 
and £Q the equator ; then it is evi- 
dent that the three sides of the tri- 
angle pss^ are given, as well as the 
angle at p. For ps, ps', are the ^^^''^^ | ^^ m^*^ 
codecUnations of the stars (known O Q 

by hypothesis), s&' their distance on the vertical gtve^fln 
position, and the angle sps^ the measure of the differeoc^ 
of their right-ascensions. Hence, by the proportiona- 
lity of the sines of opposite sides and angles, we shall 
have, ^ 

sin S8^: sin sps : : sin s'p : sin pss' = sin psz 

sins'p . . ^ 

= -T — rsmsps* 

Sinn' y 

Thus, two angles and a side opposite to one of them, 
will become known in the triangle pzs, namely^ the ati- 
muth, PZS, the angle psz, and the side ps; whence we 
shall have 

sin PZS : sin psz :: sin ps : sin pz = cos l = 

sin Pf sin psz sin PS sin ps' sin sps' 
sin PZS ~~ sin is' sin pzs 

=s sin PS sin ps' sin sPs' cosec ss' cosec pzs. 

20. Cor, 1. It is evident that the hour angle zp8 minr 
be readily found from the same data; and therefore if 
the sun's place and his right ascension be known, the 
4ifferenee between it and that of the star, a, will beomie 
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known; and if from this difierence the arc ed be taken, 
the remainder will give the arc of the ec)uator contained 
betwixt the meridian of the place and that which passes 
through the sun, whence the moment of observation 
may at once be deduced* It is equally obvious that, by 
puiming the computatiooy the altitude of each of the 
stara.at the moment of observation may be found. 

21. Cor, 2. If,. instead of the azimuth of the two stars, 
their akitudea were given, we might readily determine 
thOielevation of the pole; for, in that case we should 
know the three sides of the triangle pss' with the angle 
F; and thence the angle psz between the given sides ps, 
zs, of the triangle psz. 

22. Cor. 3. So again, if besides the declinations and 
right ascensions of the stars observed on the same verti- 
tical, the hour angle zps were given, the latitude might 
beafcertained; for then, in the triangle psz, the angles 
9FBf zap, and the side sp, would be known, and zp would 
be determinable by case S, prob. 3, of oblique spherical 
trian^ea. 

23* Cor. 4. Hence, from this problem and corollariei 
the latitude of a place may be determined with great fa^ 
cOitv ; a plumb line serving to show when two stars are 
in the same vertical, and the altitude being susceptible 
of being taken with sufficient accuracy for common pur* 
poses without employing large instruments. But correct 
tables of the places of the stars are indispensable* 

Example. 

Two stars, the right ascension of one of which s is 78* 
Wf and its declination 27^ 25% the right ascension of 
the eUier, s', is 104'' 52", and its declination 12^ 18', of 
the same kind with the former, are distant from each 
other 28^ 30^, on a vertical whose azimuth szo is 73* 
86^. Required the latitude of the place ? 
Here PS = 90° - 27^25' =s 62° ^\ m' « 9(f — 12*1* 
= 77^42', 
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ss' = 28® 30', sps' = 104° 52' - 78° 24' = 26° 28', and 
pzs = 180° — 78° 36' = 106° 24'. 
The logarithmic computation from the formola is 

Log sin PS 62°35' 9*9482572 

jBinps' .... 77^*42' 9-9899148 

smsps'.... 26°28' 96490208 

cosec ss' . . 28° 30' 10-3213371 

cosecpzs.. 106°24' 100180392 

LogcosL 32°23'18".. 9-9265686 

Hence the latitude is 32° 23' 18'^, of the same kind 
with the declinations of the stars. 

Problem VI. 

24* Given the apparent altitudes of the moon and 
sun, or of the moon and a fixed star, and their apparent 
distance to determine their true distance* 

This is an important problem in navigation, being of 
•ssential use in one of the best methods of determining' 
the longitude at sea. The true distance of the moon 
and the sun, or a star at any given instant, bein^ ascer* 
twined, we are enabled by means of the ^< Nautical Al* 
manac," and the Ephemerides of different countries, to 
find the time at the firdt meridian, which corresponds 
with the moment of observation : the difierence between 
these times, reduced to degrees at tbt rate of 15 to an 
hour, shows the longitude required. '* 

Besides the error arising from the imperfection of in- 
struments, the observed altitudes of the heavenly bodies 
are affected by three causes, the depression of the horizon^ 
the refraction of rays of light in passing through the 
air, and the paraUaXy or the inclination of two visual rays 
passing Ji'om the celestial body, one to the earth's centre^ 
the other to the point where the observer is placed on its 
surfacci The principal works on nautical astronomy 
coiitain tables by which the requisite allowances may be 
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made A>r these at any lUace and for any heavenly body r 
and the purpose of making such allowances is, to reduce 
the observed or apparent altitude of any body at or 
above the surface of the earth, to the real altitude at 
which it would appear from the earth% centre if light 
were transmitted in right lines.^ 

25. The apparent altitude of the sun always surpasses 
the true ; for the refraction elevates the sun more than 
the parallax depresses that luminary. 
With regard to a fixed star the parallax 
is evanescent. Hence, the true place 
of the sun, or of a fixed star^ will always 
be tdow the apparent place. The moon, 
on the contrary, is more depressed by 
parallax than it is elevated by refirac- ^^ 
tion. Hence the true place of the moon m/ 
will be" always above its apparent place, 

26. Let, then, s be the apparent place of the sun orstar, 
s its true place, on the same vertical Ziy m the apparent 
place of toe moon, m its true place, on the same verti- 
cal an, ms the apparent distance of the two bodies, 
llien, there are known h = 90 — Z5, apparent altitude of 
the sun or star ; h' =s 90^ -> zm^ apparent altitude of 
the moon i d = 9715, their apparent distance: also, h =z 
H — r -f- /) = 90® — zs, true altitude of the sun or star ; 
and A' = h' — r' -f p' = 90P — zm, true altitude of the 
moon ; r and p, / and p\ being the refraction and pa- 
rallax corresponding respectively to the apparent alti- 
tude of the bodies. Consequently, in the spherical tri- 
angle zms are given all the sides to find the angle z : 
and then in the triangle zm-s are given two sides zm, zs^ 
and their included angle z, to find the thirdside ms = d the 
true distance required. The solution of^ the problem 
thus conducted is obviously as simple and natural as can 
well be wished, to men acquainted with theory and ac- 
customed to computation : yet it has been found em« 
barrassing to mariners ; on yhich account most writer 
on the subject of navigation have investigated otha 



176 AstranouHcal ProbknkM 

rulefly several of which (especially those whidi depend 
upon subsidiary tables) are more direct and expeditioua 
in operation than the original rules deduced without mo^ 
dilEicatien hem the two triangles zm$^ zms. 

27* The second general theorem of spherical trigono* 
metry, when applied to these two triangles^ gives 

co8#m — cosxmcosz* cos tii — cos km cos st 

cos 2 s= .1 ■■ ss ■ ■ ■ ■■ ■ ■ ' • 

sin zm sia zs sin sm sin ss 

» 

Or^ employing the preceding notation, 

cos D ^ sin H sin h' cos if — sin A sin h' 

COS Z = ; = . ■■ ' , ■' * 

cos ■ cot h' cos h cos h 

But since cos (h + h') = cos h cos h' *- sin u sin h's 

we have sin ii sin n' == cos h cos h' — cos (h + h'}, 

and, in J ike manner 

sin h sin h =: cos h cos h — cos Qi + A')' 

, cos D + cos (r 4* h') — cos ■ cos r' 
whence, cos z &=; ^ , ■ ■ " » 5 

' cos a cos b! 

colli + cos (A 4- h') COS A cos V 
coi A cos A 

Taking from the second member of tliis equation 

(COS H COS h' _ , - / ... cos A COS A' 

- — ; ss 1, and from the thurd — . ■ ■ .; =» 1 ; wt 

cos ■ cos b' ' COS A COS A' ' 

have for the residt 

cos D + COS (h + hO cos tf + ,cos (A + A') ^ 

COS H COS r cosA cosA' ^ ^ 

Now it is evident from the formule in chap. iv. 

that cos j> + cos (h + H^) = ^ cos J (h + u' + i>) X 
cos J(H-f h'— n), 
cos (A + ^J = 2 co8» (Ji + h') — 1, 
cos a = 1 — 2 sin' hi. 
These values being respectively suDstituted for the se« 
vera! quantities in equa. a, it will be transformed inta 

8 cos i (b •{- h' — d) cos J (h + h' + d) 

' t ■■■ ■ .1 

cob h cos h' 



1-2 sin« Ji! + 2cos»4 (A + A^) - 1 
cosH cos A' 
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Multiplyiiig by cos A cos A% and redadng, we havd 

cos A cos A' /d + h+h' \ D<Fa<faf 

-; COS I r D ) COS ■ ■■ 

COSH COS r \ S / / 8 V 

= -8m»}rf + cos*J(A+V).... (b) 
This, if 8 be put = i (i> + h + h^) becomes, 

cosscos (s — d)^^^^— ^^-7=— sin*jJrf+cos*J(A + A'). 
> ^cosHcosr * »\»/ 

Hence 

J • ¥ J • 1 #1 . i/v cos 8 cos (s — d) COS * cos A' 

a * ^ ' COS H COS ■* 

««/> . T\/i C0S8C0S(8^d)C08AC0SA'\ 

= C0S*4(A + A)ll ^ ^, ^,- ;;-)• 

^^ • ''V COSBC08R'cOS*((A+ V)/ 

_ • ' COS 8 coi (s ~~ d) cos A COS h' sec h sec b' / _ \ 

Put sin* F = ^ , , » • • I CI 

cos«i(A + A') ^ ' 

Then the preceding equation becomes sin* Id 
S8C0S* j (A + V) (1 -sin»F) = co8*i (A + A'^cos*f, 
whencesin ^d = cos 4 (^ + ^') ^^^ f . . . . (d) 
This is the formula of Borda : it has the advantages of 
requiring only the usual tables, and of being free from, 
amoiguiw. 

^. Tne logarithmic fonnulse deduced from equations 
c and D, are 
3 k^ sin F = Jog cos s + leg cos (s ^ d) 4* log cot h 
-t- log cos A' -f log sec H -f log sec Hf 

+ 2 log sec J (A + A') — 60 (e) 

log sin Ji = log cos I (A + A) 4- log cos f -* 10. . (f) 
The secants being introduced into the numerator for 
the cosines in the denominator, render the logarithmic 
computation entirely additive. 

Example^ mr- 

The apparent distance of themoon'd ^tre from^ 
star Regulus being 68* 35' 13", when the apparent 
tude of the moon's centre was 28° 29' 44", the apr 
altitude of the star 45^9' 12;" the moon*s correcti 
the di&rence between the refractionra»# 

i5 
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altitude 48' 1"; the star's correction, or the refractioa 
ST'* Required the true distance ? 

1st Method^ directly from the triangles z»w, zms. 
In the triangle zms (last figure) are given 
zm = 90*^ - 28° 29' 44" = 61° SCT 16", Z5 = 90"^ 
- 45*^9' 12" = 44° 50' 48" 
sm :s= 6S° 35' 13" : to find the angle z. 
This may be effected by ch, vi. art. 38, equa. 2. which, 
suited to the present case, becomes 

,. 1 .^ /sin J (zm + «w — 5z) sin J (m* + z» — zm) ^ 

^ "" Y^ sin ^ (zm + z* — »t«) sin J (»w + z» + zm) * 

and this, when performing the logarithmic computation, 
may be best accomplished by adding the log cosecants 
qf Jthe terms in the d^noihinator, instead of suhstracting 
their log sines, and deducting 10 from the index, at 
last. 

,Thus, sin J (zOT + WW - «z) . . 40° 7' 20". . 9.8091692 

sin i. (»w 4- Z5 - zw) . . 23° 27' 53". . 96000842 

coscc I (zm + Z5 - OT5) . . 21° 22' 38". . 104382946 

cosec I {ms +• Z5 + z»») . . 84° 58' 8". . 10-0016765 

2 I 39-8492245 



The half sum - 10 is tan ^z .. 40° 3' T . . 9-9246122 

■I p ■ ■ 

Consequently z = 80** 6' 14." 
Then there are given, in the triangle zms, 
2M = 90° - (28° 29^ 44" + 48' 1") = 60° 42' 15" 
zs = 90° ^ (45° 9' 12" - 57') = 44° 51' 45" 
and the included angle z = 80° 6' 14". 

The third side may be obtained as in case 2, px:ob. 2, 
by finding a subsidiary, angle ^ such that 

tan ^ = cos 80° 6' 14" tan 44° 51' 45" 

Inlogs COB 80° 6' 14" ... . 9-2351804 

tan 44° 51' 45" .... 9-9979155 



The mxmmf » tan 9''^%V' .... 9-2330959 
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cos MS =5 440 51' 45" cos (60° 42' 15'' - ^) sec ^. 

In logs. cos 44° 5r 45" ... . 9-8506086 

cos 50° 59' 54".... 97688874 
sec 9° 42' 21" . . . . 10K)062613 

The sum cos ms ^ cos 63** 5' 11" 9-6557573 

Thus the true distance between the moon and star is 
found to be 63° 5' 11". 

2dly. Bjyi Borda*s Theorem^ 

Here we have h = 45°9' 12", A.= 45*» 8' 15" 
n' = 28° 29^ 44", A' = 29*» 17' 45", A + A' = 74° 26^ 
s = 68°37'4yV s-D=5°r51i" 
The logarithmic computation for f, therefore, is 

cos s 68** 37' 4J". . . . 9-5617995 

Cos(s-.n).. ff" 1'54".... 9-9983236 

cosA 45*» 8' 15" 9-8484403 

cos A' 29** 17' 45" ... . 9-940568T 

secH 45° 9' 12" ....10-1516804 

secH' 28°29'44" ..•.10-0560832 

«seci(A + A') 37° 13' 0" .... 20 1977876 

The sum - 60s= 2sinF 197546833 

lU half is sin F .... 48® 56' r .... 9-8773416 
Then to find }d!, and thence ^, we have 

cos F 48° 56' 1" ... . 9-8175211 

cosJ(A + A'>..37°13' 0^'.... 9-9011062 



■•" 



The sum is sin JA 31° 32' 34" .... 9-7186273. 

Consequently d is 63° 5' 8". 

Notf, Here the difference in the results is only 3 
eonds ; which is quite as little as can be expected wi 
tables are employed in which the computer has to 
fortion for the seconds. Had the valuf of f been* 
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48"^ 56' Instead of 48^" 56' V (and it is evident from the 
common tables that it lies between the two), then d 
would have been found about 63^5' \5'\ The me&a be- 
tween these two results is 63^ 5' 11 i''. 

Example II* 

• 

Given- the apparent distance between the centres of 
Ae suq and moon 83^ ST 33'', the apparent sdtitude of 
the sun's centre 48° 27' 32", its true altitude 48^ 26' 49", 
the apparent altitude of the moon's centre 2T* 34' 5", its 
true altitude 28° 20' 48". Required the true distance of 
the centres of the two luminaries. 

Ans. 83° 20' 55". 

Example III. 

The apparent distance of the moon's centre and a star 
was 2° 20^ when the apparent altitude of the star's cen- 
tre was 1 1^ 14', and that of the moon's 9° 39'; the moon's 
correction was 51' SO"', the star's 4' 40". Required the 
true distance of their centres. 

Ans. P40'. 

NaU% In examples of this kind the sum..of the appa- 
rent zenith distances must always be greater than the 
apparent distance; for if not they i»nnot form a spheri- 
cal triangle. Thus it will be found that example 4, pa. 
81 , of the Requisite Tables, 2d edition, relates to an im- 
possible case. The third side 103^29' 37" is greater 
than 89° 50' 22" the sum of the other two. 

NoteS. This being an important problem in nautical 
astronomy^ we shall here refer to other works where 
more compendious rules, founded principally upon sub- 
sidiary tables, are given. Such are, the Requisite Ta^ 
iks to be used with the Nautical Almanac ; Mackay on 
the Longitude; Mendoza^s TaHesJbr Navigation and 
Ifautkai Astronomy ; Myerses Translation of Rossd on 
the Longitude; Andre^^s Astronomical and Nautical 
TuUes i KMjf^s Spherics* See also^ Bfr. 8tLwier$otf*s 

5 
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roles in the Ladies' Diary for 1787, or in LewboumU col* 
lection of the Diaries^ toI. iiL Dr. BrimUeys in the 
Irish Transactions for 1806, and Tarious others in De- 
lambre^s Astronomy^ toI. ilL chap. 36. 

Problem VII. 

29. Given the longitudes and latitudes of two placet 
upon the earth, regarded as a globe, to find their itine- 
rary distance, that is, the arc of the great circle com- 
prehended between them. 

Let A and b be the two places on the surface of the 
. terraqueous globe, of whicn p is one of the poles, and 
conceive a spherical triangle fab to be described, such 
that PA, PB, shall be the respective distances of the two 
places from the pole p, or their respective co-latitudes» 
and the angle apb the difference of longitude of those 
two places. Hence, l and i/ being the respective lati- 
tudes, and p the dilRsrence of longitude, there are given 
in the triangle pab, two sides, viz. fa = 90^ up l, 
PB = 90° 4: L% and p, to find the third side ab. The 
problem, therefore, belongs to case 2, prob. 2, of oblique 
spherical triangles, the appropriate formulae for which^ 
suited to the present case, become 

tan ^ = cos F tan PB . . . . (1 .) 
for the subsidiary angle : 

and cos ab = cos pb sec f cos (pa — ^) • • • • (2.) 

Example I. , 

Given the latitude of the observatory of Paris, 48** 
SOT W N. that of the observatory of Pekin, 39° 54' i*'" 
N. and their difference of longitude 114^7' 30": to i 
their dis^ce. 

Here since the latitudes are both of the same 

we ha^r^ 

PA = 90° - L = 90° - 48° 50* 14' 

PB s= 90° - l' = 90° — 39° 54' J 
andp= di£of]ong. 
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Hence to log cos p .... 1 W T 30'\ . 9-61 14352 
add tan PB.... 50^ 5' 47''. . 10-0776707 



The sum - 1 = log tan <f> -26° 2^ 53". . 9-6891059 

Now, since p exceeds 90® its cosine is negative, and 
consequently (p must be taken negatively. Hence pa 
- ^ = 41° 9' 46" H- 26° 2' 53" = 67° 12' 39", and th£ 
work indicated by equa. (2) will stand thus: 

Log cos PB 50° 5' 47". . . . 9-8071959 

cos (PA - (P) 67° 12' 39". . . . 9-588093^ 
sec 9 26° 2^ 53". ... 10-0465177 



The sum - 20, cos ab 73° 5^ 40". . . . 9-4418068 



Thus the distance required is 73*^ B&^ 40" of a great 
circle, or in English miles, reckoning 69| to a degree, 
it is 5139 nearly. 

Example II. 

The latitude of St. Helena is 15° 55' S. its longitude 
5° 49^ W. ; the latitude of the Bermudas 32° 35' N. Ion- 
gitude 63° 32^ W. Required their distance > 

Here since the latitudes are of different kinds, we 
^hall have 

PA = 90° + L = 90° + 15° 55' = 105* 55^ 
PB = 90° - l' = 90° - 32° 35' = 57° 25* 

and p = 63° 32^ — 5° 49^ = 57° 43'. 

The preceding formulae applied to these data, will 
five 7S* 26' for the distance required. 

* * • . 

Examjde III» 

What is the distance on a great circle between St. 
Mary's, latitude 37° N.,* longitude 25° W., and Cape 
Henry on the same parallel of latitude, but in longitude 
76°23'W.? 

Ans, 40° 31, which is about 36 milee less tluni: the 
stance measured upon the parallel itseUl- 
- 7 
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Example IV. 

Required the distance on a great circle between the 
island of St. Thomas, latitude 0°» longitude 1° £., and 
Port St. Julian, in latitude 48^ 5V S., and longitude 
65^ W W. 

Ans. 14P 35'. 

Note. In the 3d example the operation becomes 
shortened because the triangle fab is isosceles; in the 
4th it is shortened because the triangle is quadrantaU 

Problem VIII. 

30. To determine the elongation of a planet from the 
Sun, at the time when it appears stationary ; on the sup- 
position of concentric circular orbits, in one and the 
same plane. 

As thus restricted the problem may be solved by 
means of the. principles of plane trigonometry, combined 
with those of central forces in dynamics. 

Let two concentric circles Eei, ppQ, be drawn, the 
former to represent the orbit of the earth, the latter 
that of the planet, the common centre s of both circles 
being imagined the place of the sun. While the earth 
moves from s to e in its orbit, let the planet move from 
f to/7 in its orbit; then, when the planet appears stci' 
tionarj^ the risht lines ep, ep^ drawn from the earth to 
the planet wiU be parallel. In that state of things draw 
the radii SE, s^, sp, sp;- from e and p draw tangents to 
their respective circles to meet each other in t; and 
join ST. So will the triangles set, spt, be right angled 
at e and p ; and the parallel lines ep, ep^ will be so near 
each other, that the intercepted arcs Ee, p^, of the 
orbits^ nu^ be regarded as coinciding with the corre- 
sponding portions of their respective tangents. 

Let V be the velocity of the earth in its orbit, v* that 
of the planet. Then, since the arcs e^, pp, are de-» 
scribed in the same interval of timet they will be 'ta 
each other as those velocities, that is, 
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Also, since the arcs e^, vp^ are confounded with the 
portions of their respective tangents which meet at t, 
and the parallels ep, ep^ divide te, tp, proportionally, 
we have et : ft : ; £e : pp; and consequently, 

ET : PT :: V : v. 

Put SE r= a, sp = h^ and the required angle sbp of 
elongation = £• Then, since sp ; se :: sin e : sin sps, 
we shall have 

sin EPS = cos EPT = -r sin e, 

o 

Whence, since sin* ept = rad* — cos* ept, we have 

a* 
sin EPT = VC^"* — -TT ^^ ^^)* 

Farther, because cos sep = sin pet, we have 

sin PET = VC^* — sin *e). 
But sin EPT : sin pet :: et : pt :: v : v'. 

Therefore, v : V : : V (^* — -ir ®^" *■) • v'C^* — sin *e). 

Whence v« (r» — sin *b) = v'* (r* — —sin *e>; 

•in* £ = >^ J* 



V9W -. ^»^t^^ 



•ndsinE= ±rJ y/^J^^-- •• (!•> 

SI. A still simpler and more convenient expression 
for sin s may be obtained by introducing the radii of 
the respective orbits for the velocities of the bodies. 
Thus, by the theory of central forces (Grigor^^s^ JMe- 
chankSf book ii. art. 282) v : V :: ^h : V^ ^ 



fl« 



we have Z^ : a : : r* — -rr- sin* e : r* — sin *e; 
Hence {h^ - <iJ*) r* = (63 — aS) sin *b,, • 

Supposing r and a jto be eaob u^ity» we sbal^haTt 
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Also, C08 E S5 ^(1 — sin *e) = 1/ y^.^^ i - • • • (3t) 

, iinB , / A* ,- X 

and tan £ = = x a / rTT • • • • C*0 

COBE "^ * + 1 ^ ^ 

Here the positive sign obtains in the case of the mfe* 
Hor planets, the negative sign in that of thd superior 
planets. 

Examplem 

The mean distance of Jupiter firom the sun being 
5*2028 times that of the earth ; required the elongation 
of the planet from the sun at the time of its apparent 
station? 

The logarithmic operation for taa s indicatod bjr 
equa. (4) is as follows: 

From21ogi.... 5-2028.... 1-4S24.742 
Take log (^ + 1) 6-20^ .... 0-7925878 

Di£ + 20 . V 20-6St 8864 

Its half is tan B . . 115^ 35' ... . 10-S1992S2 



^0 



Here, the tangent being negative, it belongs to the 
second quadrant (chap. iv. art. 5). 

Nate, B3^1ike operations the mean elongations of thtt 
odier planets at the time of their apparent stations may 
be found as below. 

Mercury 18^ 18' 

Venus 28*51* 

Mars ISe^ia* 

Ceres 126* T 

Saturn 108^47' 

Uranus 103* IS', 



f 
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Scholium. 

32. The inversfon of our 4th equa. furnishes in cerw 
tain cases a convenient expression by which to approxi-^ 
mate to the mean distance of a planet from the sun. 

For from tan b- = 4 / t — t> we find ^ 

A = I t^n »E ±: tan e (I -f i fen *e)*:' 
an equation which gives the radius of tlie planers orbit 
in terms of that of the earth, from the elongation at the 
instant when the motion of the planet became direct 
afler having been retrograde. 

Thus, in the case of Ceres it was found by observa- 
tion that £ at the time of apparent station was 12^ ^T 
40"; whence 3 was found = S-2018. The slight dif- 
ference between this elongation and the one just given, 
arises from this, — that the latter was actually observedf 
the planet moving in an elliptical orbit, while the former 
Is what tiootdd be observed it the orbit were circular. 

The following is the logarithmic operi^ion, for find« 
ing the mean value of b in Ceres : 

LogO-25 T-397940a 

2 log tan E 20"d87S552 

Sum - 20 is log J tan* e . . 0-60995 .... 1 -7852952 
Add 1- 



Log (1 + 4 tan* e) = log . . 1-60995 .... 20-2068125 

Its hrff 10-108406^ 

Log tan E 10?1986776 

Sura- 20 ........log ± 1-9819 0-2970838 

I tan* E 1-2199 . 

Ihfi sum s i =s 3-2018 
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The negative value of 1^9819 cannot here obtain, 
because b would in that case be negativei which is im- 
possible. 



\ 



CHAPTER XI. 

On the Investigation of Differential Equations Jbr esti* 
mating the minute Variations in the Sides ana Angles 
ofTnangles* 

1. JjY reason of the imperfection of instruments, the 
unavoidable though generally slight inaccuracies of ob- 
servers, the effects of parallax, refraction, the preces- 
sion of the equinoxes, the varying obliquity of the 
ecliptic (see note, p. 119), and other causes, the sides 
and angles of either plane or spherical triangles, whe- 
ther observed on the earth or in the heavens, can never, 
be taken with peH^ct exactness. It, th^efore, be- 
comes necessary in cases where great accuracy is re- 
quired, to strike out some means of estimating the ex- 
tent of error which may be occasioned in certain sides 
and angles of triangles, by any assignable or supposable 
errors in the other parts. This is an interesting depart- 
ment of research, in which the celebrated Cotes in his 
treatise De cestimatione errorum in rhixtd mathesif and 
many subsequent mathematicians have laboured with 
considerable ingenuity and success. 

2. The inquiry berore us is one (of very few in my 
estimation) in which the contemplation of magnitudes 
as augmenting and diminishing by differences leads to a 
more natural and satisfactory explication, than that in 
which magnitudes are regamed as varyb^ in consQ* 
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quence of motion. Heoce I shall in thia chapter em- 
ploy the notation o£JinUe and w^finiiesinud dmerem^^ 
ustead of that otjluxions : although I am ^lly per* 
suaded t^at in a great majority of mathematical in* 
quiries the fiuxional notation and metaphysics are pre- 
ferable to those of difierentials. 

3. When yariable quantities augment or diminish by 
portions which are finite or susceptible of mensuratioD, 
the portions which constitute the augmentation or dimi- 
nution are called differenees. If the variations^ instead 
of being finite, are indefinitely small, they are called 
differentials. The former are aptly denoted by the ca- 
pital Greek letter A placed before the letter which re- 
presents the variable quantity, as Ax^ %, ^z, &c. the 
latter by the small or lower ease Greek letter ^| as ^x^ 
J^, h. The processes oi differentiation and integrfltion 
being similar to those of &ndmgJltuciohs wad^ttents, as 
taught in our standard works*, need not here be ex* 
plamed otherwise than in connexion with the present 
invesUgation* 

4. To determine the difference^, or finite variation of 
the sine of an arc or angle, let us take firom formola 
(u), chap. iv. the equation, 

sin A — sin B =:.2sin j| (a — b) cOS^'(a-|- b). 
Here, supposing a greater than b we may denote by 
^B, the augmentation which a must receive to become 
equal to b ; and, in like manner, by A sin b, the diffir» 
ence which must be added to shi b to make it equal to 
ain A. Thus, we shall liave a c? b + Ab, and sin a ss 
sin b + A sin B. Substituting these values in the pre« 
ceding equation, it becomes 

A sin B = 2 sin |Ab cos (b + ^^b) .... (1.) 

5. To obtain the difference ef the cosine, take from 
the same class of formulae the equation, 

* cosb '— cosA=x2sin |(a — B)sin J (A H-b); 

* See tht treatises on Fluxions by Madaurin, Simpson, and 
Dealtry^ 
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sad, perfonmng an opecation Bimilar to the precediDg^ 
there will result^ 

— AcosB =s 2811^ |Ab sin (b -f J^b) (2.) 

6. To find the difference of the tangent of an arc\>r 
angle, asBume 

sioA ilnB 

tanA-^tanBss : — — • 

cos A cos m 
^ sin A cos B — sin B cos A 



cos A COS B 

sin (a — b) 



cos A COBB 

andf opeiating as before, there will result^ , 

sin Ab 

AtanB=s ~ fs ^ 

COS B COS (b + ab) • • • • V*"/ 

7* Taking, in like manner, 

COSB cos A siB(A — b) 

cot B — cot A = -: : = . . ; 

sin B sm A SIB A siu b 

we shaU obtain for the difference of the cotangent 

sin AB 
-^^*^ = sinBsin(^ + AB)----(*) 

8. For the difference of the secant , take first, 

1 1 sec A — sec B 
COSB — cos A sss = — 

Mec B sec A set b sec a 

== (sec A — sec b) cos b cos a: 
whence, form, u, chap. ir. 

2 sin i (a — b) sin 4 (a + b) 

sec A — secB s =-^— — - — ^^^- 

COS A COS B 

Making in this equation substitutions analogous to 
the prec^^ng, we phall have 

A m^^ » — g»PtAB8in(B4- JAB) . 

^•^^* cosBaoaC-fAB) - " (^-) 

9. So, again, since 

sin A — sin B ss — , we may by iat 

costiC A cotec B J J 
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cing the requbite substitutioAs in the value of iSin a -» 
sin B, form, u, chap. iv. obtain 

— A cosec B = — . . . ^— f .... (6.) 

sio B Sin (b + ab) • • • • v'^ / 

10* These six equations are rigorously correct what- 
ever the magnitude of Ab may be. Iiet us trace tihe 
modifications they will undergo when the variation be- 
comes indefinitely minute, or Ab becomes ^b* Return- 
ing to the first equation, we shall, by expanding cos 
(b + |Ab) according to fbrm. u, chap. iv. have 
Asin B = 2 sin JAb (cos b cos JAb — sin b sin \ ^Ab) 
= 2 sin ^ Ab cosb cos ^Ab — 2 sin^ |Ab sia b ' 
=: sin Ab cos b ^ sin b ( 1 -< cos Ab). 
Now, if Ab be indefinitely small, so as to approximate 
very nearly to evanescence, sin Ab will also oe indefi- 
nitely small, or practically evanescent, while cos Ab will 
differ indefinitely little firom radius. In that case the 
differential equation, will become 

^sin B = sin J'b cos b — sin b- (1 — cos ^b) ; 
which, since sin ^b = ^, and cos J^ = 1, reduces to 

J'sin B = J'b cos b . . . . (7.) 

11. Proceeding similafly with equa. (2), we obtain 
*» ^ cos B = ^b sin B, or / cos B = *- J'b sin b . . . . (8.) 

12. In like manner from equa. 3 and 4, we obtain 

J^tanB = —^....(9.) 

cos* B ^ ' 

— J'cOtB = -r4-» or J^COt B = — -r-r— ...v(10.) 
Bin' B 8in* B ■ ^ * 

And so on, for the differentials of the secant and Ae 
cosecant. 

13. Or, having found the differentials of the sine and 
cosine of b, others may be deduced thus : 

Since versin b = 1 — cos b, we have 

^versinB = — J'cosb =^BsinB, .. . (II.) y 

AlsOi since tan b s? -— > we have .. » 
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/tanBsr 

COS*B 

(C08*B + aiii*B) 9b 

' SB. I ■ ■■ ■■■■■• 

C08*B 

But 006* B + sin^ B = 1 : therefore 

/tan B ■= — r-, as before, 
cos* b' 

So acain^ since cot b == -— =— > 

^ ' tan B 

A * .^ J" tan B _^ "" ^* «« ^* 

taD*B "~ taa*Bcos'B "" "" rin'B 

because tan b cos b = sin b . 

Farther, since sec b = , we have 

' cos B ' 

It ^COSB ^BSIDB ^BtanBCOSB. 

9 sec B = — = s: -^— ~~— «— . 

COS*B COS^B COS^B 

^BtaBB ,, #.^ % 

= = ^B tanBsecB •«. . (12.) 

cotB • • • \ y 

Liastly, since cosec b = -: — , we have 

•^ ' Bin B ' 

^sinB }BC08ll 



/cosec B = — . ^ _ ., 

siD^ B sin* B 

^BCOtB . /, , \ 

= r* ,;,, = — /b cot B cosec B .... (13,) 

SIOB ^ ' 

14. The differences and differentials of the principal 
liaeo-angular quantities (chap. i. art. 4) being thus de- 
termined, we may now proceed to trace the minute varia- 
tions of the six parts of triangles. In order to this, the 
general method consists in determinios the relation of 
any two difierentials. To determine Uiis we must dif- 
ferentiate the formula which expresses the general rela- 
tion of the quantities under consideration : the rule is 
very simple and well known to all who have studied the 
modem analysis. 

Let the formula be £ ss ayz + 3| a and b being con- 
stant quantities. 



loBteid of X in Ihe fifit member put /x. 

In the second, put f^ instead of y, and you will litf^ 

As there is a second variable quantity, put also h tot 
M, and you have ^z . ay. 

« and bf being constant quantities, fumisli no va* 
riation. 

Hence results the differential equation^ 
^x ^=^ h/ . az '{' tx • ayi 

If the values of ifn and }z are known, we thence know 
fjf ss fy, aZf and ^^ = ^z . ay t so that the total varia- 
tion of X is constituted of two parts, the one depending 
on ^, the other on ^z, 

15. In the solutions of problems relating to the varia- 
tions of triangles, we have only to substitute one by one 
the differentials of the sine, cosine, &c in the appro- 
priate formula of the problem, and proceed agreeably to 
the above directions. 

Thus, suppose that in the spherical triangle whose 
angles are a, b, c, and sides respectively opposite a, 6, 
Cy the sides b and c were constant. Then^ from equa. 
(2) chap. vi. we have 

cos a = eos a sin 6 sin c 4- cos b cos c. 

This becomes by differentiation, 

— ^a sin a = — ^a sin A sin b sin c. 

The formula has only two terms, because it contains 
no more than two variaole quantities. It results from it 
that 

fa ^^ sin A sin 5 sin e tin b sin 6 sin c sJn c sin b sin c 

^A "** iina "^ sin 6 sine 

Or, finally, that 

-r- = sin B sin c s: sin c sin i. 

^A 

16. Upon these principles a complete series of dif- 
ferential equations tor aU possible variationa of spherical 
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and^ plane triangles may be investigated. But as the 
inquiry would oocupy more spaoe than Can be devoted 
to it in this work, it must be omitted. We shall here, 
however, lay before the reader, with a few alterations, 
corrections, and additions, the valuable summary of 
trigonometrical differential equations given by Delambre 
in nis Astronomie Theorique et Pratique. 

Oblique angled Spherical Triangles. 
I. The sides h and c constant, 

•r— = sin B sin c = sin c sin b 



?B 


^^ 


cot C COS c 


■ 




la 




sin a sio a sio c ^ 


>c 


__ 


cot B cos B 






la 




bio a >iu A sio^ 


?B 




taoB 




^s 


= tan B cot Q 


^c 




unc 


^.B 




sin B cose sin b cos c 


CA 




sin A sin a 


iA 




sin A sin A 


LC 


"" 


cos B sin c ~~ cos b sin c 



II. The angles b and c constant. 

•7- =i sin ^ sin c = sin c sin b , 
ia 



•6 


= 


cote cose. 


u 


sin A sin c sin a 


Jc 


= 


cot b cwb 


cA 


sio A siu a bin m 


Jc 


= 




ib 


■ ■ , •— Uill C LUl U. . 

tiinb 


}b 


= 


sin B cos c sin b cos c 


la 


siu A ^ stn a 


ia 


= 


sin c cos b sin c cos b 
sin a siu A 



./ 
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III. Angle A a»d opp, side a constant. 

ic cose • 



COSB 

tan 5 


tauB 
lane . 


tanc 

C08C 


cos 6 

sin c rot c 


COSB 

tan b COS c 



ib 

}B ■ 

Jc 

I. 

?c 

1b ■ 
^c sin c rot c tan b cos c 



ib COSB sin b 

h: tan b cos c sin c cot c 



$B sin B COS b 

IV. Angle A a/z^ a^'. jtWe c constant, 

>a 

TT = cos c 

c9 



la 


= 


tan c 

= tan c cot a 

tana 


^B 


= 


COS a 

1 


^^ 


== 


sin a sin' a sin a sin b 


^B 


sin c sin a sin c sin b sin c 


»5 


k 


tana 


fc 


sine 


la 


= 


sin a 


»B 


— bill u cow c 
tanc 



KiGHT ANGL£D SPHERICAL TRIANGLES. 

I. The sides h and c constant. 

This case needs no formulae : for two constant side 
with a right angle render the whole constant. 

II. Angle. B = 90^, angle c constant, 
lA . cot A ^ ' ^ 

-r— = sin c = — -— = cot A tan a 
'« cot a 



t^StrnU Vrnwrn ti m f wfMm^es. IdS 



Ik ftTtuk ' *cmh 



^e coCc -emb .rot^ ro^e 



Ia tMDL r. ;bh«' sioA laQ« 

Ic Unc ^ ^ , 

■— • ss G08 A :5^ ^ — r- ss tan C COt 6 



!;• sin 8« suiA 
>c sinSc' 

1« 2tana 

UI. Right angle a and hi/poih. a constant. 

Ic cote - - 

-Tir = Tsr4- = =""'*"'* 

J* - . -• tan^ 

r- = Sin c = — ' — 
;b tans 

' ^c . , tan c 

T- = sm ^ = - — r 

^ sin 2c 



= sin 2c cosec 2b 



OB sinSs 

^C cos c cos c 



cb cosfeiina G88Bsia6 
^c sio 2c 



$B 2 cot B 



='} tauBsin 2c. 



IV. Right angle a anef adf. side c constant, 

-7- = COS c = sin B cos c = €ot a ttin 6 

Jc 

— rr- s? tan c cet a s wt b cosec a 



*c 

"" iB 


39 cos a 


BB cos bi 

m 


ib 


sin a 


%\n9b 


fn 


''sin c 


^ aiu %B 

k3 



196 . ^Sifihrmtud EquaHonsi 



U taua Stanfr 



ic ■ iio c ' MA 2c 
ia iin-2a 



*>*■. 



9b tS cot b 



=:8inat:otc. 



QtrADiUKTAL Teiakgles. 
I. Side 5 s 9Gfj e also cmitanU 





€0t« • ' ■ , 

= — -— =s cot a tan A 
cot A 


^B 


Scots 


^a 


"■ hia2a 


Jc 


cote -^ 

=: = cot C cot a 

tana 


^B 

?C 


tans 

= = tan B cot c 

taoc 


Sb 


COf c 


U 


SID a 


U 


Stan A 


^c 


^ sin 2c 



IL Two angles b attd c cofUtanU 

Here there are no fonmilsy because' there are neces* 
•arily three constant quantities in the complementary 
rectangled triangle. 

Ill, Side a = ^^app. angle A constant, 

^c sin 2c 



lb ^ 


Sin 25 


lb 

£b 


tan b . 

==: tan 6 cot B 

tanB 


ac "^ 


tanc ^ 
sEs tan c Get c 

tanc 


^c • 


cote ^ ^ V 

sac cot c tan B 

CotB a 



«■> 
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}c tin 2b 

"" "w* ■" 2 cot 6 

^e 2 cote 



iB tin 2b 



IV. Side c = 90% adj. angle a constant 



^a cot a 
rr =s: — COS c = 



tc tanc taoB 



ha tana sin a 

^c cot c 

-r- = COS a = — ■ 

SB cot B 

lb sin 26 



^ sin 2b 

lb 2 cot 6 tan a 



ic sin 2c »in c 

^a sin 2a sin a 



iB 2tauB tanc 

Flake Tbiakoles. 
I. Tvio sides b and c constant. 

^A a tin A 

Sn *" 6 cose "^ sin B cot c 
Ja fl __ sin A 



^c ccosB sine cos B 
U 1 1 

ia 6 sin c c sin b 

iB taOB 



-^ = tan B cot c 



2c tanc 

ifB cote cose 



a 



a a sine 

^c cot B cos b 

^« a asioB 



tSB 



Differ en$iai Equatbrns* 
II. Ttoo angles B andc cdnHanf. 





ia sin ▲ a 
*c "^ sin c ""'At ■ ' 




^a sin ▲ ' ««. 1... 




26 "" Bin B r* * 




?♦ -. . tin« J 
. Jc "~ ■ sin c "" c 




A is of consequcDce coniStKnt. ' ' 




III. '!Mngle A aridopp. Hdett constant 4 




^B tanc 

• — . — . aas 

^c c 




Sc tan c 

-r- » ' 








to 1 

•"IT"! • . 




:. » . . ' 




IV. . Angh A and. adj; iUe ■$ edmiant* 




in ' ■ ' 

£w * 




ic tanc 

— . -■ » * 


^ 


ic . 1 

^ ^B ^ T 




ib a 




^B sine 




U a 




Ic sin c 




— — — <ir r»nT r* 


* 
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17. In the preceding table the difTcrential relations 
are exhibited in equations^ both because in that form 
they occupy comparatively small space, and because 
they are in the majority of cases more commodious in 
application than when presented after the manner of 
analogies* They may, however, at once be read and 
regarded as analogies, by taking the numerator and de- 
nominator of the fraction in each member of the equa- 
tion, as the antecedent and consequent of a ratio. Thus^ 

-rr ^ cos c. becomes ^aicbx: cos c : rad 

Hj tan c * , 1^ ^ 

— -^ ss *~- — t becomes ^c : — «2 :t tan c : at, 

and similarly of others. 

18. It must be borne in mind that the equations in 
this table are merely approximative^ and that the results 
tliev furnish are more accurate in proportion as the va- 
riationt are small. In cases where the greatest possible 
conroctnets is required, tlie theorems for the finite dif" 

Jhrences of sines, tangents, &c. must be intromiced into 
the appropriate formula for the individual problem, in- 
stead of those for the differentials; and the results em- 
ployed, instead of those tabulated in the preceding 
pages. 

We here present a few examples of the use of the 
formulae above given. ■ 

Example I. 

Let an object whose height is AC, be measured by 
taking its angle of elevation abc, at a given horizontal 
distance bc from its base. It is required to ascertain 
what error may be committed with respect to the heighl 
AC, in consequence of any supposed error in the ob- 
served angle b ? 

The fourth equation, class 4f of plane triangles^ is ap- 
plicable to this example ; 



iOO Diffhreniial Equations, 



^b a ^AC BC Br 



VIZ. -xz - nrr, or 



^B sine' 2b siu c cokB' 

But (chap. ii. 2, iv. 18), sin 2b = 2 sin b cos b; 

. 1 28inB 

whence = . ^ > 

COSB siazB 

. , I . . S'AC SBCsinB 2ac 

and, by substitution, -r— = — r-r — = . - ^ : 
' -^ ' 9b sin^B gin 2b 

consequently ^ac = ^b ■ : • 

This thrown into a proportion becomes, 

As the sine of twice the observed angle^ 

To doubJe the computed height ; 
So is the error of the observed angle. 
To the corresponding error in height. 
Corollary, Hence ^ac, the error in the height will be 
a minimum^ when sin 2b is a maximum^ or is equal to 
radius. That is, the error in altitude, aeteris paribus^ 
is the least when the angle of observation b is iSP. 

Remark. If an error of a minute is made in taking 
the angle b, supposed of 45^, the corresponding error 
in the altitude will be its 1719th part: for in that case 

^Ac = -0002909 X 2ac =2 yj^ = ~^, nearly.' 

Example 11, 

Given tlie inclination of the plane of a theodolite to 
the horizon ; required the greatest error that can po8« 
siblj happen in determining the magnitude of an angle. 

The face of the theodolite when posited horizont^y, 
and when inclined in any assigned angle, may be re- 
garded as two great circles of a sphere whose centre is 
the centre of the face of the theodolite. Also, if the 



• The figure, as in many #ther cases, it left designedly (o be 
sketched by the student. 
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Index of the theodolite is horizontal when it passes 
through the points 0® and 180°; when it is turned 
round to measure any horizontal anele upon the in- 
clined plane, a vertical circle passing through the index 
in that position, would have cut the theodolite, if po- 
sited horizontally, in the true arc. Hence (sketching a 
right angled spherical triangle like that at p. 87 } it b 
be the angle or inclination of the theodolite, bc or a the 
arc measuring the angle upon the inclined face of the 
instrument, then will ba or c be the arc that measures 
the true angle ; and it is required to determine in what 
circumstances a *- c it a maximum. 

Now equa. 5, class 2, of right angled spherical tri- 
angles^ is applicable to the present case, and when 
adapted to our figure becomes 

fm «_ •'^ ^ 
^*c "~ sin 2c 

Hence when Ai — A? =: 0, which is the case when 
a — c is a maxhnum, that is, when Ai ss Vb, sin 2a must 
2s 2Cf and consequently 2a must be the supplement of 
2(7, or c + c must = 9(r. 

N<rw, (chap. vi. art. 26) tan^sstanacosB; 
wnence, rad : cos b :: tan a : tan c 

and div I '^^ + cos b : rad — cos b :: tan a -f- tan c 

:tana — tanc 

and (chap. ji. art 18) :: sin (a -f c) : sin (a --c): 

that is, rad + cos b : rad — cos b :: rad : sin (a — c). 

From this proportion, since b is given, the measures 
a, e, and their difference, may be determined. 

But the expression admits of farther simplification. 
For, transformed into an equation, it becomes 

tin (a — c) rad — co« b 
rad- """ rad + cos b 

«r »n (a - c) = yTZ^ * ^*"* i^ (c^«P- »^- »)♦ 
that if, the tangent of half the angle of inclination is a 

■ 
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mean proportional 'between radius^ and the sine of ike 
maximum error on the theodolite. 

Suppose that the face of the theodolite, instead of 
being horizontal, was inclined in an angle of 5 degrees. 
Then log tan 4b . . . . 2° Sa. . . . 8-64.00931 
. Multiplied by 2 

The prod, - 10, sin error & 33" 16'''. . 7-2801862 

Example III. 

To find when that part of the equiation of time "^hich 
depends on the obliquity of the ecliptic, is. the greatest 
possible. 

Here the sun's longitude will form the hypothehi|se 
of a right angled spherical triangle, Kis fight ascension 
will be the base, and the obliquity of the ecliptic is sup- 
posed constant. It is required to find when hyp. — base 
IS a maximum; which is, evidently, as in the preceding 
example, when hyp. -f bas^e = 90°, that is, when sun's 
-long. + sun's right ascension ^ 90°, from the equiifoc- 
tial points. •. iv. , 

This happens in the year 1816, aboat May T^nd 
November 8, 

Example rV, ]- : -^ 

To ascertain the error that may be committed in tlie 
observation of zenith distances, by any conceivable de- 
viation of the instrument from the vertical plane. 

Draw a Hgiire in which ho is the intersection of fiie 
horizon with the vertical plane hzo, and Hz'sp the posi- 
tion of the plane of the instrument, z^ being the appa- 
rent zenith upon that plane, and s the place of the hea* 
venly body when it has arrived at the plane of the ih- 
Btrument. The arc zz' will measure the inclination i of 
the plane at h or o, and the base z's = z of the right 
angled spherical triangle zz's wili be the apparent aenith 
distance of the body, while th^ hypdtbenuse zs = z + or 
^iU be the true distance. 

5 
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Now from equa. 6, art. 25, chap. vi. we have 
cos zs = cos zz' cos zs: that is, 
cos I cos z = cos (z -f- a:) 

=s cos z cos x — sin z sin x^ 
Whence sin z sin x = cos z (cos x — cos i) 

= cos z (1 -- 28in-^a: -1 + 2sin»ii) 
z= 2 cos z (sin* ji — sin* Jo?). 
Dividing bj sin z, there results 

sin ar = 2 cot z (sin* J i — sin* Jx). 
Here since x is by hypothesis small, sin* Jo? is ex- 
tremely minute, and may be rejected : hence 

sin a: = 2 cot z sin* ^i. 
CoroL As the zenith distance z increases, the error 
X diminishes, the inclination i remaining the same. 

Supposing the deviation from the vertical 5', and \he 
apparent zenith distance of a star J57% the error Nvould 
be tVo- of a second. 

Note. If z, z', be the observed zenith distances of a 
circumpolar star (corrected for refraction) at the supe- 
rior and inferior transits of the meridian ; z, js', the true 
zenith distances ; x, «^, the corrections due to the devi- 
ation of the circle from the meridian : then will 

X = z + -^ 
x' = z' + x' ; 

therefore the distance of the pole from the zenith, 

or, J (^ - -) = i (z' + ^') - i (z + a;). 
But in the inferior transit x' is imperceptible ; there - 
fore ' ». . 

lat. = 90^ - J (/ - z) = 90** - J (is' - i) + fi?. • 
Consequently, in the case of employing a circumpolar 
star, the latitude is only affected by halffhcrxivror pro- 
duced by the deviation of the instrument from the ver- 
tical plane. 

Example V. 

It is required to determine, at a given timii and lati- 
tude, how long an interval is taken by the body of the 
son to rise from the horizon. 
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■ Here the triangle which is supposed to undergo a 
minute variation is oblique, one oi the sides being pz, 
the co-lalitude, or distance from the pole to the zenith, 
anotl^ir being P8» the co-declination of the luminary at 
the time proposed, and the other zs = 90° the distance 
from tlie zenith to the horizon. It is required to ascer- 
tain the variation in the hour angle p which corresponds 
to any assigned variation in the opposite side zs. 

The di&rential equation which applies to this in* 
quiry is, obviously, the first of class 1, oblique angled 
spherical triangles^ which, when accommodated to the 
present notation, becomes 

= sin s sm PS; or, ^p = 



^p ' sin I bin PI 

. Now, from the 2d fundamental theorem of i^ierical 
triangles, (chap. vi. p. 84), we have 

cos pz s=. cos zs cos PS + sin 2is sin p& cos s. 
But, in the example before us, cos zs = O^ . and 

1 xxrv. cos pa 

sin zs = 1. W hence cos s =s i — • 

sin Pt 
Consequently sin s = a / ( 1 — -r-t — J ; 

and -T — : =: ' .. > ■ T"^* 

sin I sin PI V^(8in' ps — c<fB* pz) 

It may be readily shown, by multipl3dng together the 
corresponding values of cos (a + t) and cos (a — b), 
(equa. c, p. 42), and substituting 1 — cos^ for sin% that 

•in* PS — cos* pz = cos (pz + ps) cos (pz — ps). 

Hence it follows that 

^p=: ^ 5-. 

V [cos (pa + ps) cos (pz — pi)] 

From this we have 

son's diaoi. : 15 

time son ris. = 




V[cus(lat. -f de€.)co8(lat. — dec.)] 

Let it be proposed to ascertain the time occupied by 

7 
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the tun ID rising from the horizon on the 25th of May, 
1816» in latitude 50"" i^ N. 

It appears from the Nautical Almanac, that the sun*8 
declination on the given day is 20^ 59' N., while its ap- 
parent semidiameter is 15' 48^'* 
Hence, diam. -s- 15 = 2-1078. 

Logcos (L-hD)..71°ir.... 9-5085850 
cos (L-D).. 29*^13'.... 9-94090*8 

Sum -1-2 19-4.494898 

Quotient 97247449 

Taken from log 2- 1078 0-3238294 

Rem. log 3-9727 0-5990845 

. So that the time required is 3*9727 minutes, or 3" 58*. 
Note» By a similar theorem we may find the time 
which the sun's rising or setting is affected by hori- 
zontal refraction. 
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. Example VI. 

To determine the annual variation of the declination 
and right ascension of a fixed star, on account of the 
precession of the equinoxes. 

Here, if a (in the spherical triangle abc) be the pole 
of the ecliptic, b the pole of the equinoctial, and o 
the place of the star; the sides ab or c, and ac or b, 
must be regarded as invariable. The differential equa- 
tions applicable to tliis question are the 1st and 2a of 
class 1, oblique spherical triangles; from which the fol- 
lowing are at once deduced. 

1. Var. dec. = preces. equinox x sin obliq..eclipr 

X sin right ascen. from solstitial colure. 
^ _- , , var. dee. x cot ang. of posit 

2. Var. right ascen. = jjjj^j; ^ 
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Example VIL 

To determine the variation in right ascension and 
declination, occasioned by any variation in the obliquitjr 
of the ecliptic. 

In this example^ the hypothenuse , and the opposite 
angle of a right angled spherical tridngle are assumed 
as constant. The* 2d and 6th equations, class S, right 
angled spherical triangles y give 

1. var. dec. = var. obliq. x sin right ascen. 

= var. obliq. x cot obliq. x tan dec. 

2. var. right ascen. = — var. obliq. x } tan obliq. 

X sin 2 right ascen.* 
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CHAPTER XIL 

Miscellaneous Problems, 

Section I. 
Problems toith Solutions* 



Problem L 

JtCEQUIRED the arc whose logarithmic tangent ii 

7-1 64-^398. 

First, by rule 4, p. 55. 

* For more on this curious subject the reader may cansuU 
Cagnoli's Trigonometry, chap. xix. and xxl., 9AA Lalande'iB As- 
tronomy, vol. iii. pp. 588—604. 
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To 7-1644398 

add 5-314.4251 
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From 12-4788649 

Take ^ ar. com. log cos 3 

Rem. - 10, is log 301-2067. . 2-4788646 

Conseq. arc = 301"-2067 = 5' 1' -2067. 

2. By HuttOD's tables. I 3. By Borda's tables. 
Log tan 5' 2" . . 7-1655821 Log tan 9' 30". . 7-1646031 
Jjog tan 5' r . . 7-1641417 Log tan 9' 20". . 7-1599080 



Diflerence .... 1 1 404 



Given log tan . . 7-1644398 
. tog tan 5'!" ..7-1641417 



Differf nee. . . . 



2981 



arc = 5' r ^r^=5'r'-2069 

14404 ■ . 



Difference. . . . 46951 



Given log tan . .7-1644398 
Log tan 9' '20*'. . 7-1599080 

Difference. ... 45318 



arc = decira. 9'20" 



45.'}180 



= 9^ 29"-652 
= sexiges. 5' l"-2032. 
. Hence it appears that in this part of the tables Hut* 
ftn's has (he advantage of B&rda*s in poiht of adcuracy. 
Bbrda, however, gives a rule • to approximate more 
nearly to the truth ; while in other parts of hik' tables 
the decimal division supplies great facilities in the use 
of proportional partsw . 



Problem II. . 

It is required to- demonstrate -thai if <!;'&, and r, re- 
present the threes sides of a plape triangle, tfien will 
a» 4- 6^ = -t^l indicate a right angled triangle, 
a* -j- a5,+ A* ^.G\oiie whose aujgle c is 120% 
a* ^ a^ -I- 6* = c*, one whose angle'-c is 60®. 
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It appears firom equa. ll, chap. iv. that 

Substituting, then, for c^ in this equation, its value in 
each of the three former, there will reisult, respec- 
tively, 

In the 1st case, cos c = 0'= cos 9tf* 
In the 2d cos c = — 4 = cos 120** 

In the 3d cos c = -f | = cos 60**. 

CoroUari/, In like manner it may be shown, that 
when 

rt* ± \ah + ^* = cS cos c = ± J, and c = •] 204,028' 

80^24' 
99^36' 

iz* ± lah -f i» = c% cos c = ± |, and c ss -J q^oT^ 



a* ± \ab + 6* = c\ cos c = ± ^, and c = 



a^'±.\ab •\' b* =s c», cos c =s ± y\y, and c =s 



84.** 16' 

1 1- " 

fl* ± -a5 -f ^^ = c*. cos = ± -r-; and the two var 
lues of c supplements to each other. 

Problem III. 

Required a commodious logarithmic method of find* 
ing the hypothenuse of a right aisled plane triangle, 
when the base and perpencucular are given in large 
numbers. 

B denoting the base, p the perpendicular^ and b the 
hypothenuse ; 

Find N so that 2 log*p — log B =r log n 

and make b + n s= m. 

Then, | (log m -f log b) = log h. 

For, from the nature of logarithms, — = n; 
also, — + B =s — - — =s m; whence 
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I (log M + log b) = J log MB = J log \—;^ X B j 

= Jog V (P* + B*) = log h; as It ought £o be. 

Scholium. 

The following formulae, the first three for right an- 
j^led triangles, will often be of use, and may be easily 
demonstrated by the student 

Let a and b be any two quantities, of which a is tht 

greater* Find x, z^ &c. so, that tan 4p = V -, sin 2 a* 

a/ -, sec V = r> t^ m = -' and sin t = -: then will 

logv^rfli— . 3*) =loga 4- logsiny = log3 -f log tan y 
log ^(a« - A») = J [log (a + 6) + log (a - A)]. ' 
log V^Ca^^- i*) aloga-f logsecusslogd + logcosecti. 
log v' (a -f i) i log a + log sec 4; = J log a + J log 2 

+ log cos 4y. 
log v^ (a — &) ss J log a -f log cos 2 s= i log a -f .i log 2 

+ log sin Jy. 



log (a ±i)» ss— [logfl + logco8f + log tan (45*^ 

± m 

Problem IV. 

To investigate a method of resolving quadratic equa- 
tions, by means of trigonometrical tables. 

1. Let X* ±;m: = y* be the equation 
proposed to be resolved. /^1S^\^ 

Suppose AB, and bc, the perpendicu- ^ I \ \ 
lar ana base of a rieht angled triangle !^ ' ' ^ 
ABC, to be respectively equal to q and *^ ^ C 
Ip: then 

CA = CD r= CE =; V' (AB* -f- BC») = v' (y* + 4P*) 
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Consequently ar = ca ip Jp = db or be. 

Now — = — = tan c ac tan 2e (Euc. iii. 20.) 
BC p ^ ^ 

Also, DR : 6A : : rad : tan d, or cot e, or cot ^c 
and £« : ba iitad : tan e or tan |c. 

Therefore db = — t- = ba tan ic =s ^ tan ic 

cotjc J« Z -« 

EB = T- = BA cot l^C SS q cot J C« 

Which are trigonometrical values of the two roots« 
2. Let db pa: — or^ 5= y^ be the proposed equation* 
Then making ab = ^f, ac — |j3, it may be showti^ si- 
milarly to the aDove» that ca ± bc s^ b£ and Bt>y are the 
two roots: whence the appropriate trigonometrical eiP* 
pressions may be readily deduced* 

The precepts for all the case« may hence be l^d down 
thus :-— 
1* If the equation be of the form a^ +px^j*i 

Make tan c = — ; then will the two roots be 

p 

X zs: -f 5' tan Jc . . . . xts ^ q cot Jc. 
2. For quadratics of the form x* '^px^s^ q\ 

Make, as before, tan c = — : then will 

p 
X =i ^ q tan Jc . . . . X = -f- y cot Jc. 

S. For quadratics of the form a:* -|- ^a: = — (y*) •. 

Make sia c = — : then will 

P 

a? 5= — q tan Jc . , . . xz^ — y cot Jc. 
4. For quadratics of the form x^ - jsx := "" (y*)* 

Make sin c = — : then will 

P 
^ = + 5^ tan Jc . . . . a: = -f y cot Jc. 

In the last two cases, if — exceed unity, sin c is ima- 

pary, and consequently the values of a:, 



/ 



Solution of Quadratics. til 1 

The logarithmic application of these formulae is very 
simple, as will be manifest from the following 



Example, 

T* J.. 

44 127ia> 



T 1695 

Find the roots of the equation x^ 4- — or = by 



tables of sines, and tangents* 

♦* ^ *695 . , 

Here p ^^"n* ^* ^ mTe* ^ equation agrees with 

t , /. At. 88 / 1695 , , 

the Ist form. Also tan c =* — 4/ j^n^Q ^^ logarithms 

thust 

Log 1695 =a 3-2291697 
Arith.com.logl27i6=s 5-8956495 



•*BiUMMI 



ium + 10 ss im^ifQim 



■■■■w 



log 98 IS 1*944^87 
Arlth. com, log 7 = 9*1549020 

•um-10=:logtanc=s: 10-6617943 aclog tan 77*42'SI|" 

log tan Jc =: 9-90611 15 =log tan 38*='5n5y' 
log y, as above = 9*5624096 

sum - 10 = log:p = ~ 1-4685211 = log -2941176. 
' This value of x, viz. -2941176, is nearly equal to — . 

To find if this be the. exact root, take the arithmetical 
compliment of the last logarithm, viz, 0-5314379, and 
consider it as the logarithm of the denominator of a frac« 
tion whose numerator is unity; thus is the fraction 

found to be — exactly; which is manifestly equal t« 
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— . The other root of the equation is equal to — -g. ■ 

"*" J7 "" "" "748' 

Scholium. 

Cubic equations, as well as ^uadraticSy are readily 
solved by means of trigonometrical tables. The for- 
mulae demonstrated and given by Cagnoli and Borda for 
this purpose, are as follow: 

1 . For cubics of the form a;3 -|- ^jx di y = 0. 

Make tan b = — . 2 v'l/' . • • • tan a = ^tan )b. 

Then x =: q: cot 2a . 2 y/\p» 

2. For cubics of the form x^ — px it q ^=^ (k 

Make sin b ==—.2 ^\p.... tan A ss ^^ tan Jb. 

Then jc = qp cosec 2a . 2 ^/\p» 
Here, if the value of sin b should exceed un^» b would 
be imaginary, and the equation would fall m what is 
called the irreducible case of cubics. In that case we 

must make cosec 3a = — , 2 ^ |;p: and then the three 

root3 would be 

« ss ± sin A • 2 ^ j^. 

x= ±sin(60°— A}.2 v'ff. 

« = :+: sin (60° + a) . 2 v" g/:^- 
If the value of sin b were 1, we should nave b == 90^9 
tan A ::= 1 ; therefore a = 45^, and x = :p 2 ^\ju But 
this would not be the only root. The second sdlution 

would give cosec 3a = 1 : therefore a =s --^ ' and then 

0? 8= ± sin 30*^ . 2 v' V —^Vhp' 

x= ± sin 30°. 2 a/ 5^= ± V5^. 

X = qp sin 90° . 2 a/ 5^ = T 2a/ §^p. 

Here it is obvious that the first two roots are equal, that 
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their sum is equal to the third with a contriuy sign, and 
that thiff third is the one which is produced from the 
first solution. 

In these solutions, the double signs in the value of x, 
relate to the double signs in the value of ^. 

Problem V. 

To investigate series in which any circular arc shall 
be expressed in terms of its sine, or of its tangent. 

There are various methods of solving this problem : 
one of the simplest is by means of the expressions for the 
differentials of the sine and tangent of an arc, given in 
thepreceding chapter. 

Taus, from the expression ^ sin b.= ^ s cos b, we 
have, 

n = = -77; r-T-r = ^sm B (1 — sm *b) * . 

COS B V(l— »1U*b) ^ ' 

Expanding the factor (1 — sin^ b) by the binomial 

theorem, the whole expression becomes 

1*3 r3*5 

hk = /sin b(1 + |sin»B -f g^sin* b -h "^ijcgsin^B 

+.&C.) 

The integration of this expression is very easy: for 
the integral of ^b is b, that of ^sin b x 1 is sin b, that 

tif i sin* b J'sin b is ■■ ' ^ ; and so on. Thus we have, 
at length, 

^ . sin* B 3 »in5 b 3*5 sin^ b 

3*5;7 sin* b ^ 

Suppose B to be = 30^, then because sin 30° = J (ch. 
ii, pr. 5.) it results that 

— 1 3 3'5 

arc 30** = J + g.^.^^, + gij:^ + «-4-6-7.«' "^ 
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''^'^ + &c. = -523598775 = ~ of the 



circumference of a circle to the radius 1. 

Again, the differeDtial expression for the tangent is 

^tanB= — r— ; whence 

COS* B 

. . . .' . ^ fan to ^ tan b 

^ = ^tan B cos* B = 



^tan B (1 + tan* b) 



- 1 



Here, expanding the factor (1 + tan* B)"^,by 
the binomial theorem, and integrating each term of the 
result, there will arise 

B = tan B — ^- tan3 b -f i tan^ b — ^tiari7 b + &c. • 
Thus if b = 45°, then (ch. ii. pr. 6.) tan b = 1 ;' cdn- 
sequently^ substituting thiiL value of tan b, -^ 

arc45-=l-3+g-- + j«-,&c 

Note, This series obviously converges very slowly: 
Euler (In his Analysis Irifinitorum, vol. i.), and jDr. 
Hutton (in his 8vo. Tracts^ vol. i.) have transformed it 
into others of rapid convergence. 

• ScHOLIUAf. ' 

Many curious, and indeed useful, results arededuci- 
ble from series of this kind, and of the opposite class, in 
which the sine, cosine, &c. is expressed in terms of the 
arc itself (ch. iv. equa. Y. ) As a specimen yfk selept 
the following, first discovered by John Bemoullu 

The expression • • 

sm X == X — 1 -^ 4- &c. 

when sin a; = 0, becomes, after dividing by x. 
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Or, making x = -» 

Multiplying by z^ 

2^ 






Now, it is shown by writprs on algebra, that the sum 
of the roots of every equation of this form is equal to 
the co-efficient of the 2d term with its sign changed; 

that is in the present case = t-. It is known also (chap. 

iv. art. 3.) that the values of x which answer to the case 
of sin a; = 0, are «■, 2r, 3^, 4?sr, &c.:r denoting the serai- 
circumference to the radius 1 . These successive values 

of jr or of - being substituted, their results 

1111 IT* 

o'TT + -^ + IT + 47 + &c.= -^• 

Problem VI. 

In Geodesic operations, it is required to deduce from 
angles measured out of one of the stations, but near to 
it, the true angles at the citation. 

When the centre of the instrument with which hori- 
zontal angles are taken, cannot be placed ip.the vertical 
line occupied by the axis of the signal, the angles ob- 
served must undergo a reduction, according to circum- 
stances. 

1. Let c be the centre of the sta- 
tion, p the place of the centre of 
the instrument, or the summit of 
the observed angle apb : it is re- 
quired to find c, the measure of 
ACB» supposing there to be known ^ ^ 

APB =: Fy BPC =s J7, CP = J, BC s L| AC ss R. 
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Since the exterior angle of a triangle is equal to the 
sum of the two interior opposite angles, we have, with 
respect' to the triangle iap, aib = p + iap; and with 
regard to the triangle big, aib = c + cbp. Making 
these two valujes of aib equal, and transposing iap, 
there results 

c = p 4- iap — cbp. 

But the triangles cap, cb)>, give 

CP ._ <f sin fp + p) 

R 



sm CAP 


= 


sm IAP 


= — sm APC = 

AC 


sin CBP 


= 


CP 
BC 


<2siDp 
. sm BPC = • 

L 




And, as the angles cap, cbp, are, by the hypothesis of 
the problem, always very small, their sines may be sub- 
stituted for their arcs or measures : therefore 

rfsin (P + p) rfsiop 
C — p =: ' • 

R L 

Or, to have the reduction in seconds, 

d ( 8in(p + p) sioD \ 
C — P = -r-TT, I ^ = — - )• 

The use of this formula cannot in any case be embar- 
rassing, provided the signs of sin p, and sin (p -|- /?) be 
attended to. Thus, the first term of the correction will 
be positive, if the an^le {v + p) is comprised between 
and 180°; and it wilTbecome negative, if that angle sur- 
pass 180^. The contrary will obtain in the same cir- 
cumstances with regard to the second term, which an- 
swers to the angle of direction p. The letter r denotes 
the distance of the object a to the right, l the distance 
of the object b situated to the left, and p the angle at 
the place of observation^ between the centre of the sta- 
tion and the object to the left. 

2. An approximate reduction to the centre may in- 
deed be obtained by a single term ; but it is not quite so 
qi^ect as the form above. For, by reducing the two 
fractions in the second member of the last equation but 
one to a common denominator^ the correction becomes 



C — P = 
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But the triangle abc gives l = 



LR 

R sin ▲ . R sin A 



sin B ' sin ^a + c) 

And because p is always very nearly equal to c, the 
sine of A + p will differ extremely little from sin (a -f- 
c), and may therefore be substituted for it, making l = 

RsinA 
sin (A + p) 

iJence we manifestly have 

" dsin Asia (p + p) — c^sinpsin (A + p) 
C — P = r-- ; 

RSIOA 

Which; by taking the expanded expressions for (p -f p), 
and sin (a + p), and reducing to seconds, gives 

d sin p sin (a — p) 

SIO \ ' R SIO A 

3. When either of the distances n, l, becomes infi- 
nite, with respect to dy the corresponding term in the 
expression art. 1 of this problem, vanishes, and we have 
accordingly 

d sinp dsin (p + «) 

c — p = T—rri> or c — p = . ,/ * 

Lsin i" Rsin 1" 

The first of these will apply when the object a is a hea- 
venly body, the second when b is one. When both a 
and B are such, then c — p = 0. 

But without supposing either a or b infinite, we may 
have c — p = 0, or c = p in innunuerable instances : 
that is, in all cases in which the centre p of the instru- 
ment is placed in the circumference of the circle that 
passes through the three points a, b, c; or when the 
angle bpc is equal to the angle bag, or to bag -f IbO*. 
Whence, though c should be inaccessible, the angle acb 
may commonly be obtained by observation, without 
any computation. It may further be observed, tliat 
when p falls in the circumference of the circle pabsinr 

h 
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through the threopointStA, b^ c^ the angles a, B| o, may 
be determined solely by measuring the angles ap? and 
BPC. For, the QppoAite angles, abc, apc^ of the quad* 
raiigl^ inscribed macircloy aress 180^. Consequently, 
A«c =, 18(f -« Agpc, and B AC sk 180° - (abc + acb) 
=; IgQ*^ — (ABC.+ apb). 

4. If oneof theobjects^viewed from. a. further 8ta»> 
tiooy be a vane or stw in the centre of a steeple, it will 
frequently happen that such object^ when the observer 
comes near it, is both invisible and inaccessible. Still 
there are various methods of finding the exact angle at 
c. Suppose, for -example, the signal-staft'be in the cen- 
tre of a circular tower<, and that the angle apb was 
taken at p near its base* Let the tangents pt, pt'« be 
marked, and on them two equal and arbitrary distances 
pm, pm^ be measured. Bisect mm', at the point n ; and, 
placing there a signal-staff, measure the angle nPB, 
which, (since pn prolonged obviously passes through c 
the centre, ) will be the angle p of the preceding inves- 
tigation. Also, the distance p$ added to the radius 
cs of the tower, will give pc = e/ in the former investi- 
gation. 

If the circumference of the tower cannot be mea- 
sured, and the radius thence inferred, proceed thus: 
Measure the angles: bpt^ bpt^ then will bpc :;= \ (bpt 
-h bpt') =:p; andcPT =c bft -^bpc: Measure pt, then. 
PC = PT . sec opt = d. With tho values of p and:£f, 
thus obtained, proceed as before. 

5. If the base of the tower be polygonal and regular^ . 
as most commonly happens; assume p in the point of in- 
tersection of two of the sides prolonged, and bpc'' =:: ^ 
(BPT-f bpt') as before^ pt = the distance from p to 
the middle of one of the sides whose proloi^ation. 
passes thrtugh p ; and hence pc is found, as above. If 
the figure be a regular hexagon, then the triangle vnm'. 
is equilateral, and re = m*m ^/ 3. 



Problem VTL 

To rtfiice angles measored in a plane* uidined Kr tha 
horizoBi to dircorre^ondiiig' nxkgm in the horisontal 
plane. 

Let BCA be an angle measured in a plane inclined ta 
tbe horison, and let b'ca' be* the conresponding ancte 
in the horizontal plane. Let d and (t be the zenith ais« 
tancea^ or the complements of the angles of elevation 
iiCA', bob'. Then from x the zenith of the obseryeri 01^ 
of the angle c, draw the arcs 1 
zttf zb^ of vertio^ circles, mea- ' f 
auring the zenith distances 
di df^ and draw the arc ab 
of another great circle tomen- 
anre the angle c. It follows ^ 
fi^om this construstion, that the angle 2r, of the spherical 
tri£mgle zah^ is equal to the horizontal angle a^c'b ; and 
thaty to find it, the three sides xa ssd, zb^ d\ab s o, 
are given. Call the sum of these s \ then the corres* 
ponding formula of ch. vi. pa. 90, appjied to the present 
mstanoe^ becomes 




iin Js = sin J c = A X ^ 



sm ss = sm * c = 4 /" — ^-^^-^ — r- . . .; ' — -' 

8in (2 sill d' 



If h and h' represent the angles of altitude AC a', bcb', 
the preceding expression willoecome 

sm Jo = v^ — =^ 2 — ^J -'• 

* ^ cot h COB *• 

Or, in logaridims, 
log sin Jc = 1(20 + log sin J (c + *— A^ -f log sin 
J (c 4- A' — A) — log cos A — log cos *')• 

Cor, I. If A sr A', then is sin Jc as "" *^ ; and 

l[>grsin ^a^b' as K) + log^ Jacb - log cos A. 

Cor, 2. If the angles A and k' be very small, and 
Dearly equal ; then, since the cosines o^ small angles 

l2 
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vary extremely slowly, we may, without sensible error, 
take 

kig sin Ja'cb' s= 10 + log sin |acb — log cos \ \h + A'). 
•Cor> 3. In this cas&the correction x = a'cb' r- acb, 

may be found by the expression 

• • • ' ' ■..*■' 

« = .sin l"(tan Jc(iO - ^)* - cot Jc (^)''). 

And In this formula, as well as the first given for sin }c, 
id and. t/!^ may be either one or both greater or less than 
a quadrant ; that is, the equations will obtain whether 
AC a' and bcb' be each an elevation or a depression. 

Scholium, By means of this problem, if the altitude 
of a hill be found barometrically, according to one of 
the methods described in Gregory^ s Mechanics^ ,yo\. u 
book .5, or geometrically, according to some of those 
described in heights and distances, (chap, v.); then, 
finding the angles formed at the place of observation, 
by any objects in the country below, and their respec- 
tive angles of depression, their horizontal angles, and 
thence their distances, may be found, and their relative 
places fixed in a map of the country ; taking care to 
nave a sufficient number of angles between intersecting 
lines, to verify the operations. 

Problem VIII. 

In any spherical triangle, knowing two sides and the 
included angle ; it is required to find the angle compre- 
hended by the chords oi' those two sides. 

X«et the angles of the spherical triangle be a, b, c^ 
the corresponding angles included \ 

by the chords a', b% c'; the sphe- .••/3J^*. x 

rical sides opposite the former, a, fy/y p^:-*. 
b^ c; the chords respectively oppo- p ^y g . . c^ - 

site the latter, «, /3, y; then, there '••*^* 

are given b, c, and a, to find a'. « 
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r 

Here, from equa. 2, chap. vi. we hare 

cos a = sin ^ sin c cos A -f^ cos 6 cos c. 

But cos c = cos (Jc 4- ^c) = cos^ Jc — sin* Jc (by 
art. 23, chap, iv.) = (1 — sin* |c) — sin* Jc = 1—5 
sin* }(;. And in like manner cos a = 1 -^ 2 sin* ^Of and 
cos 6 s= 1 — 2 sin* |6. Therefore the preceding equa- 
tion becomes 

1^2 sin* |a s= 4 ftin ^b cos j^b sin ^c cos \c cos A -f- 
(1 — 2sin*i6) (1 - 2sin*ic). 
But sin ia =s ^«, sin \b = ^/S, sin \c.=i \y : which valuear 
substituted in the equation, we obtain,' after a little re- 
duction, 

2 X -= 7 = fiV COS ii cos Jc COS A 4- i/3y*. 

Now, (equa. 11, chap, iv), cos a' = 53^ • There- 

ibre, by substitution, 

/Sy cos a' = /3v cos i/; cos \c cos A + 4 ^*y* 5 
whence, dividing by ^, there results 

cos a' = cos \b cos \c cos A +. \^ iv; 
or, lastly, by restoring the values of J 3, Jy, we have 
cos a' = cos i/> cos ic cos A + sin J5 sin Jc . . . . (1 .) 
Cor. 1. It follows evidently from this formula, that 
when the spherical angle is right or obtuse, it is always 
Renter than the corresponding angle of the chords. 

Cor. 2. The spherical angle, if acute, is less than the 
corresponding angle of the chords, when we have cos A 

, sin hb gin he 

rreater than ■; =._- -. 

/ ; • ' — ^ ■ ' ■ 

. ■ . f 

Problem IX. 

Kiiowihg two sides and the included angle of a recti- 
linear triangle, it is required to find the spherical angle 
ofthe two arcs of whicn those two sides are the chords. 

Here ,5, y, and the angle a' are given, to find A. 
Now, since in all cases, cos = v^(l — sin*), we have ' 
cos JA cos 4c? = -%/[(! — sin* J6) (1 -^sin* \c)']\ . 
we have also, as above, sin ^b = ^/3, and sin \c = Jy 



Substituting these yalues in tbe equation 1q£ the fgk^ 
ceding problenit there will cesult» % jreduc|;ion. 

To compute bjT this formolay %be values <]f the sides fi, 
y, must DO remiced to tbe oonresponding -values -of the 
chords of a circle whose radius is unity. This is €a8ily 
e£^ted 1^ diyidii^ the Tidues of the sides given in feet, 
or toises, &c. by such a power of 10, that neither of the 
tides shall exceed ^9 the vdue of the ipreatest chord, 
when radius 19 equal to unity. 

From this investigation^ and that of the paeoeding 
problem^ the following corollaries maj be drawn^ 

Cor. I* If c = 5^ and of consequence y 5= ^^ then will 
cos a' = cos A cos*|c 4- sin^ |c; ^nd thehce 
1—2 sin* Ja"* s (1 —2 sin* ^a) cos* Jc + (1 — cos* Jc) : 
from which may be deduced 

sin^A^ ss sin>|A cos (c • . • . (S.) 

Cor. 2. Also, since cos Jc = ./(I — BUk*^ bs ,,/^(1 
— ^*), equa..S will, in this case, reduce to 

sin JA = ^ .J ^ J. y ...^. ^ ju^ ....0s) 

Cor, 8. From the equa. S, it appears fh^^.the^vergo^ 
angle of an isosceles spherical triaiigle, is^iraya^^j^ 
than the cprrei^onding angle of the chords. 

fior. ♦. If A = 9P% the formul® 1, 2, givo 
cos a' = sin lb sin Jc = ^/3y .... f 5.) 

These five formulae are stcictindxigorous, wlMttever 
be the magnitude of the triangle. But if the triangles 
be small, the arcs may be put instead of the sines in 
equa. 5, then 

Car. 5. As cos a' = sin (90® — a') = in this case, 
90® -< A^ the small excess of the spherical right an^le 
over the corresponding rectilinear angle, will, supposing 
the arcs if c, taken in seconds, be giy«n in seconds by 
the following expression : 

w — A S? -jjpjr = -j^ • • * • (O. ) 
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theerrdr iathis fbi«Mdfa will iMt'tdaK>itmtbi&'6e(»ttd» 
when b -f c is less theRi iO^^, i9t than ?0(>ii^e^rthe«MMd 
t)n the ettftfh^ stiffaiee. 

Cor. 6. If the hyp6thentti$e Stdes ndfexeeed l^y'iffe 
may substitute a sin c instead of c, and a cos c instead 
of S; this win ^rve be ac^^sinc co« c == Ja* sin '2 (90^ 
— b) = ^a^sin>2B: whence 

/(yo — A J = g^,, = ^^,s . . . . (7.; 
Ua 5= ly*/ and » = c =^4S*ii'edily; then Will SO*^ ^ A' 

^Cor. 7. Retaining the fiaWe hypOtfeesIs c/f a s±W*, 
aftd fl s= or < 1 J^, <^rfe Irave 

•sAisoe— €' as w-,. .^ . i(9.) 



vCor. $• Gomparkig formulas 8, dy "wi^ 6, we have 
« — b' =: c — it' « j /^90** — ^AX). Whence it appeafs 
that the^som of the two excesses of the oblique spAjbrical 
angles, over the corre^ipondiqg 'apgleti of the cbor^y m 
a sfloaU right angled triax^lcy is equal to the excess of 
the iright'WE^gle o^r -the €orre^4pen4iog aqgle of the 
chords. So that either of the formulae 6, 7} By 9f Wdl 
suffice to determine the different ^f 4toch of Ihe'thrae 
angles of a smaU right angled spherical triangle, from 
^e correspemdinj^ angHA of the eliofdn. And li^nce 
'f^«s Vietftiod msf^rlie applied to the meliMiHtog an 4ii<c -^f 
^e meridian by means of a series of trian^eft. 

In a spherical triangle abc, right angled in a, know- 
ing the hypothenuse 3c {kss than 4^) and the angle b^ 
it is required to find the error e committed throijt 
finding by plane trigonometry, the opposite side At;.' 

Eeferrmg stitl to the diagram of pYob. % Whd'e'^ 
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now suppose the spherical angle a to be right, we have 
(equa. 5, chap., vi) sin b = sin a sin b. But^it has been 
proved (chap. iv. equa. y) that the sine of any arc a Lb 
equal to the sum of the following series : 

, SinA--A-.^g +2XiJ"" if.8.4.6.6.7 + *^ 

A3 • A* A? , - 

or,sinA=A-.-g-+ .J5JJ. -3^ + &c. 

And, in the present inquiry, all the terms after the 
second may be neglected, because the 5th power of an 
arc of 4° divided by 120, gives a quotient not exceeding 
(/'•Ol. Consequently, we may assume sin 6 = i — ^^^ 
sin a = a — ^^\ and thus the preceding equation will 
become 

^ — ^3 r= sin B (a — ^3) . 
or, 6 = a sin B — ^ {a^ sin b — h)» 

Now, if the triangle were considered as rectilinear, we 
should have 5 = a sin b ; a theorem which nTanifestly 
gives the side h or ac too great by ^ (a^ sin B — b^). 
But, neglecting quantities of the fifth order, for the 
reason already assigned, the last equation but one gives 
, 1^3 i=- fl3 gin3 b. Therefbre, by substitution, e =s — ^a^ 
sin B (1 — sin^B): or, to have this error in seconds, 
take R^'' = the radhjs expressed in secondsy lo shall 

a*ro8'B 

Cor, 1. If a = 4°, and b = 35^ 16', in which case 
the value of sin b gos^ b is a maximum, we shall dnd 

Cor. 2. If, with the same data, the correction be ap- 
plied, to find the side c adjacent to the given angle, we 
should have 

- fl«sin*B 

So that this error exists in a contrary sense to the other; 
. the one being subtractive, the other additive. 
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Cor, 3. The data being the «anie) if we have to fitid 
the angle c, the error to be corrected will be 

As to the excess of the arc over its chord, it is easy to 
find it correctly from the expressions in prob. 8 : but 
for arcs that are very small, compared with the radius, 
a near approximation to that excess will be found in the 
same measures as the radius of the earth, by taking Vr 
of the quotient of the cube of the length of the arc di- 
vided by the square of the radius. 

Problem XL 

It is 'required to invekigate a theorem, by means of 
which, spherical triangles, whose side* are small com- 
pared^ with" the tadiuir, 'rfifiy be solved )>y the rules for 
plane trigonometry, without considering the chords of 
the respective arcs or sides. 

The sum of the aDgles of a spherical triangle exceeds 
180®, by a quantity e called (chap. vi. p. ^02) the sphe- 
rical excess^ whioa Ia- a* correct measure of the area of 
the triangle. . , ' 

The sum of the angles 6f a kyfteiicaT ttrai^gle abc, 
exceeds 180° by 2r* . Jag . |ab sm a^ is:*- Jr*AB . AC sin a 
= surface of the triangle; r being the radius of the 
sphere. Or, when r = 1, we haVe ^ 

A :)- B + C=: 180®+ |A9.ACsiD A ' 

= 180® + |ab . CB sin B 
= 180® -f |ac . bc sin c „. . 
= 1 80® + ^B i AC sin A -f, }-/^b . cb sin b 
4-.iAjC .Bcsinc.. 
Distributing tUs^scesB equally, by taking its third 
part from each ^ngte, we shall have 

A' ^A .- ^ab . AC sijfi A, 
b^ ^ b — ^Ab . CB sin B, 
c' at c — ^AC . Bcsin c : 
and the foUoiriog ttept may readily be traced by 

1.5 



AC = 
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•who have earefull j studied chapters iv. and vi. of this 
work :— 

■c sin B^ BC sia (b — ^ab . €tk sin b) 

sin a' sin (a — {ab . Ac sin a) 

_ >csin(B— ^c) . ; 

■" iln(A-.Jjs) 

BCSIBBCOS^E -^.gCfOIB tin}B 
sia A OOSjB — COS A SIB |e 

[BO sin B Bc €08 B sin |b**1 ,^ . . , X 

^^ BCsinB 1 — cotBtanjE 
"^ sinA * 1— cotAtan^B 

Be sin B . , ' ^ _ ^ ^ \ ^ ^ 

^ ■> . , (I + tanjEcotA — tao JjecQtB) 

«-5J^(J +T^B,4C«m A^0t4-^i4iB-W2 

ainBcotB) 

Bcsina ,. , , , x 

' Bp Bin B , , . , . , ^ . 

" TinT (* '^ *AB • AD ^ .^A» • Bd) 

]^ Apand »p heing a^men^ i)f .^ hf|s& ab by a per- 
^pCffi^ioidar CD froxn c] 



SMI B ^« ' , 4 . «4. 



(i + \^9*-^-^^^) 



BCSMBB 

sin 
BCsinB 



■■ «■ 



sin A 

BCsinB BC.Ad*slnB b< ^ sin B 
^stnA ^ 5 sip 4, asm A 

Bcsinn ac^^Ua ntfsUiB 

sin A ^ GsiBA 4»i^A 

BCsina * , J« Btfi|»B _ . 



Spherical Excess^ 2T[ 



mnB 
sin A 



Heaoe, ac — ^-ac^ =9 (bc — *tBc3) 

But (chap. iv. equa. y) sin ac == ac — -tXC, nearly^ 
and sin BC ez BC — -^c^, nearly ; the error, as shpwn 
prob. IO9 being imperceptible in small arcs. Conse"' 

quentl^) 

sin BC till B 

8UI AC as . ■ 

•in A 

And thus we iiaire deduced the truth of die ibHowln^i 
theofem, viz. 

A spherical triangle being proposed^ df^hick the sides 
are very emails ^compared moith ike rodnu of the sphere^; 
Affrom^each if ite cwgi&v ime ihird of the emcees qfihe 
sum of its three angles above two right ang^ ife sub- 
tractedf the angles so diminished may be taken for the 
angles fffa recitlinetfr trktnghj whose sidei are ecmal in 
4enigth to those (^ the proposed spherical triangle*^ 

Scholium. 

We have alcea4j;given (m jed. S, chap. vi«) cwpm- 
sions for finding the ipherical excess. A few additional 
rules may with ^propriety -bt pre^nted lief^. 

!• The iphencal excess e, may be fbimd in secondty 

4ty the exprestion t «x -r-; where « is tke «tirflKM #1 
tketrittigle (wlros^ feiAaure a^ 5, c, d»d tsxf^ A» %Ai) 

t^ |(e sk A t^ya'^e VIS )«^ sinB ;dir 4«* . £-^,r 

U Ae fUkBs ofthe^aAh* m the ksUB fS^ im m iM tg g» t, 
and €f and r'' = 206264/''Sf the seconds in an arc espial 
Iq tentftb to thte tadios. 
if mk fohbtihi 1)e iq[))[>tted k^;antbftir^tU]r» tiseii Mg 

^'^ at log -i^ a« 5^14^61. 



« Tlib tmn^m ItooMm was fintaDsoiMcH by U. Lffcadrv 
is tie HcBofn ctike fsuU Acalcam for Iw7» tiba isvodi 
tloBlMf«fifCBifbylf:i>clMM«7^ 
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2. From the logarithm of the area of the triangle^ 
taken as a plane one, in feet, subtract the constant log 
9'32S7737> then the remainder is the logarithm of the 
excess above 180°, in seconds nearly, • 

3. Since s = ^be sin a, we shall manifestly have £ = 

r" . - 

— dc sin A. Hence, if from the vertical angle b we 

demit the perpendicular bd upon the base ac, dividing 
it into tveo segments «, ^8, we shall have 6 = « 4* ^, and 
n" r" r" 

thence K == ^c (u+ fi) sin a. :=^,— (nc. sin a + 2?^^' 

sin A. But the two right angled triangles abd, cbd, 
being nearly rectilinear, give « = a co« c, and fi ss c 
cos A ; whence we hsive 

• R" . , r" , . 

E = 5-5 ac sm A cos c 4- — c* sm a cos a. 

In like manner, the triangle abc, which itself is so small 
as to differ but little from a plape triangle, gives c sin a 
= a sin c. Also, sin'A ^OSA = } sin 2A,,and sin c cos c 
« J sin 2c (equa. r, chap. iv). ThferfefW^^ finally, 

E =: -j-r a* siu 2c + 7-r C* SiaSAv , ^ 

From this theorem a table may be fbrmed, from 
' which the spherical excess may be found ; entering the 
j^ble with each of the sides above the bas^ luid. its ^a- 
cent angle, as arguments. ...■,'- 

4. If thQ base.^^ and hej^t A, of the triangl&ilre given, 



r" 



then we iave evidently « 55= J W -^sr Henc^ refult^ the 

"following sini'ple logarithmic rule: add the logarithm of 
^ the base of the triangle, taken in feet, to the logacithiii 
^of the perpendicular, taken in the same measure; de- 
duct from the sum the.Iagarithm.9*6278037; the re- 

• This is Mr. Dalby's mleglf^obf 0hKral Roy iBtbe PMlo- 
••pVical Tr^nsabtloiif, for 1190, fi fth 
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mainder will be the common logarithm of the spherical 
excess in seconds and decimals. 

5. Lastly, when the three sides of the triangle are 
given in feet; add to the logarithm of half their sum, 
the logs, of the three differences of those sides and th^t 
half sum, divide the total of these 4* logs, by 2, and 
from the quotient subtract the log 9*3267737; the re- 
mainder will be the logarithm of the spherical excess in 
seconds, &c. as before. 

One or other of these rules will apply to all cases ip 
whrch the spherical excess will be required.* 

Problem XII. 

..it 

To determine the ratio of the earth's axes. from, the 
measures of convenient portions of a meridian in any 
two given latitudes ; the earth being supposed a sphe- 
roid generated by the rotation of an ellipse upon its 
minor axis. 

The most accurate way of solving this problem, will 
be to compare, not merely single degrees measured on 
different parts of the meridian, but large portions of 6j 
6, or 7 d^rees, the most extensive that have; been cor- 
, rectly measured ; according to the method proposed Inr 
Pro&ssor Play fair {Edinburgh Tranyiction$f vol. yrJ), 
which is as^ below. 

Let the ellipse pejdq represent a terrestrial meridian 
passing through the poles p, /?, and cutting the equator 
m £, Q. Let c be the centre of the earthy cq tbei^ius 
of the equator = a, and fc, half the polar axis = b. 

* The iot^nigent tindmi who witb^ to f;Q mme nimitely into 
the Mbject of geod^lc operationt^ especially io refereaee lo Hk 
determioatioD of Che fipire aod oiagaitnde of tlie earth, may con- 
sult the chapter on that rabjeot io the 3d vol. of Dr, JHnttoo't 
Coarse, Colonel Mad^*f ** Accoont of the Trigononetrical 
Sarvey of Eoglaad and Wale*,** M« PaHtanf^s workf, entitled 
««Geod6>ie" and «' Traite de Topo|^rapbie, d*ArpeniafP,*|cr.*^ 
Meciaia and Delambre, ^' Bote da SytOse M^ri«ae (Mcinai;* 
nod chap, xjp^v. of Ddaiabre'ft ^aarto ** Aftrafloaie.** 
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PN 




Let AB be any small arc of 

the meridiany having its 

centre of curvature in u ; 

join HA, Hfiy intersecting 

CQ in K and l. Let f fare 

^e measure of the latitude 

of Ay or the measure of the 

angle qka, eiqpressed In 

decimals of the radius 1 ; 

not in degrees and minutes. 

Then, the excess of the ancle vilb ubove qka, dmt b, 

the angle lhk or bha wm be = ^^. Also, i£ the 

elliptic arc qa = x, then will ab = ^ = ^ x ah. 

«ow it 10 shown by^ the writers on oomt aectkma, that 
the radius of curvature at a, that is, 

AN = = a*i* \a} — «»rin« ip '+ 

)*» sin* f ) " *- 
If, therefbre, t be the compression «t the poles^or s= n 
.«- 6, we i^U have 6^ s= a* ->- 2ac + c^; t»r, rejecting 
the powers tyfc higher Ihan the firat, because^ is very 
«nuul in comparison to a i(that is, about tJie dOOth part), 
it will be ^ Bs a* — 2ac, whence, by substitution, 
AH = a5 (a - 2c) (a* — «» sin* ^ + «*«b*ip — Soe 

sift* ^) *"* s= a' (a — 2(:) (/i* —Seisin* ^) *"*• 



But, (a*-2^<in*9) 






-•3 



-3 



= tf (1 + — sin* ^) nearly; 
pejecting, as befbre, the terms tibat involve c*, «3, &c. 



Sc 



Hence ah s (a -^ 2c) (1 -f — sia* f ) 

sii — ^ + 3c sin* f. 
Hence, also, 

^js at ;)p X Att s ^(a — 2^ + ScHiiil« (p) 

= (a - &)^ + Sc«»» ^j 



F^e of the Earth. 331 

which latter, because sin^ ^ ss |(1 ^ cos 2^), becomes 
J^;s = (a — 2(?) /^ -f 3.cJ^(^ — 4c cos 2^. 
Consequently, by integration, 
j8 sr (a — |c) ^ — |csin2ip =r a^ — Ji; (^ + 4^ sm 2f ) ; 
an expression which needs no correction. 

Let MK be any ate of the elliptic meridian, ^ the 
Jatitude of m, one of its extremities, and V that of k, 
its other extremity; we have 

QM = fl^ — Ic (^ + isin 2^) 

«nd ^eir ^ference qn — qm, that is, 

MN = fl (^' — ^) - Jc [((^" - <f^) + .5. (sin^^ ^isinS^n. 

If, therefore, mn be an arc of several degrees of the 
meridian, the length of which is known by actual mea- 
surement, and the latitude of its two extrepiities m aind 
:m also known, the above formula for mn becomes an 
equation in which a and c are the only unknown quan- 
tities. In like manner by the measurement of another 
arc of the meridian, another equation will be obtained, 
in which a and c are the only unknown quantities. 
Therefore, by comparing these two equations, the values 
ota and c, tnat is, of the radius of the equator, and its 
exceed above half the polar axis, may be determined. 

'Tlmsi if I be the length of an arc measured, m the 
coeiBcient of a, and n of c, computed by the last for- 
mula; also, if ^ be the length of any other arc^ n^ the 
coefficient of a, and n' of c, computea in the same man- 
ner; then we shall have 

ma — nc=i /, and m'a — w'c as l\ 
Whence «. = . . / ; ^es —7 p; 

J c m'l — mt 
fUad - :^ — ; ^ — r* 

It is, also, evident that c = — "^^ 

Note. Frotn thes^^eorems. Professor Playfiur, by 
comparing an arch of 3^ T l" oaeasored in Peru, widi an 

7 
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arc of 8^20^ 9.^' measured from Dunkirk to Perpignao, 

•c I 

found - = -TTrr- nearly. And from the same theorems. 

a 300 "^ 

I, by comparing the aVc in,Peru.wiXh the arc from 
Dunno$e tP. Clifton, *m Yorksh'cfi, amountine: to^2°50' 

.23|", obtained, -3557gg for the resuitingt compression. 

(See my Collection of Dissertations and-.LeUers relating 
to the Trigonometrical Survey of England and Wales, 
pa. 47.) There is great reason to^'Conclude tha^ the 
true compressiop lies between these limits. 



I ■ 



■' '• Section tl.,' . ■'■'■■ 

■ 1 •'..,■. 

Problems "without Solutions^ 

« 

■ ..•■'. . ■ ' 

1 . Demonstrate the trutlj) of the following analogy, 

viz. As the sine of half the difierence.of two arcs which 
togeUier pmke 60° or 90° respectively, is to the differ- 
ence of their ^ines; so is 1 to V^^^^^ V 2, respec- 
.tively, . .jj' ; ■.',..• i ".• 's.. 

2. pcmonstrate tliat 4'. times thq rectangle, of. the 
sines o;f two arcs, is equal to the difference of the squares 
of the chords of the sum and difference of those arcs,. 

. 3. Demoiistcatethatpf anjarc A, 

: 1 tan A 

V ^1 t cot« A) 1/ (1 + taB£« A) 
4. Also, tbiit 

1 cot A ^ 

C0SA= *• 



V(^l f XXi^k) ^ V(l + cot* A) 

5. And that 

(as ^A 



tan 



^=\/(^-0=r=: 



tan> j^A 
_ 2 cot f A 



. , cot ^A — tan JA oot^ i^ " i 

& 't)emonst rate that 
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. , . . ^ sio (a — b) sin (a + b) 

tan* A — tan* b = -^-^ t^ — „ • . 

7. AUo, that 

^, ^ X-, sin <A — 8^)8111 (a + b) 

cot* B — cot* A = ^^— — . ^ • 

8in^ A sin" B 

8. Demonstrate that 

log sin (a + b) = log sin A + log sin b 

+ log (cot a -f- cot b) — 20. 
9p Demonstrate that 

sec 2a i=i 



sec Sa = 



2 — scc^a' 

sec^A 
4 -3 sec'* A ' 



. sec* A 

sec 4a = - — ■ ; ; 

. 8 — b see* A + sec* a ' 

sec^ A . 

sec 5a 2£ i x -i . ■ ■ ■. ■■■ ■■! ■ ■■ ^ 

16 - 20 sec^ A + 5 sec* a 

10* Demonstrate that 

arc to tan | + arc to tan f =i arc 45^ 
arc to tan 1^ H- 2 arc to tan J- ss arc 45®. 

11. Demonstrate thot the tangent of tho sum of any 
number of arcs will be represented by 

•■•• A^c-f g — q^c, 

1 — B + D —F^fec, • 

the sum of all the tangents of the separate arcs being de« 
potedby a, the sum of all their r^ptangles by B, the 
sum of all their solids by c, &c« 

12. Find the arc who3e secant and co-tangent shall 
be equal. 

Ans. Arc whose sine is j ^5-^ J, or 38® IQ'/ 

13. Find the arc whose sine added tq its cosine shall 
be equal to a ; and show the limits of possibility . .', 

Ans. a^ must never exceed 2. 

14. What arc is that whose tangent and cotangent 
shall together be equal to four times radius? 

An*. Arc of 75* or of 15^. 



i 



15. Given the two segments o£ihe ba8ex>f a plane tri- 
angle made 1^ a perpendicular from the vertical angle» 
equal to 9 and 1 respectively, and the vertical angle = 
55^46^16'^: required the other angles and sides, by 
means of con to prap. IS. ch. ii. \ 

Ans. Angles, 40** 24' 34 J'' and «2° *y 0" : 
Sides, 8 and 12. 

16* In a plane triangle aie given, the perimeter = 
1502, and the sines of the angles Tespdctively4tt 932f 
174, and S45 : required thewdes and angles. 

Ans. Sides, 464, 348, 690 : 

Angles, 27"* 3', 37*" 20', 115«* 87'. 

17. Ifone angle of a plane triangle be 129^34^9 and 
the two sides about that angle in the ratio of 4 to 7 ; what 
are the other angles ? 

Ans. 32* 4r T and 17° 44' 53''. 

18. At what distance on theliorizontal plane passing 
through the foot of a steeple of 50 yards in height must 
an observer stand, that the said steeple -may give an ap- 
parent elevation of 30 degrees? 

Ans. 86f yards. 

19. A statue of 12 feet high stands at the lop ofti co- 
lumn of 48 feet high. At what distance from the l>aae 
of the column, on the same horizontal plane, will the 
statue appear underthe greatestpossible angle, and what 
will that angle be ? 

Ans. Distance 53*6656 feet, angle ff* ^ 46^ 

20. In a right angled triangle abc, right angled lat "t, 
there are known a right line ae bisecting the angle A 
and falling on the opposite side B6, =± 4, and a right line 
CD bisectmg the anele c and terminating in ab, x= 2: 
.required the three siaes of the triangle? 

Ans. AB = 3*9193, bc = 1*6683, ac =: 4-25196. 

21. The respective distances from a given point p to 
the three nearest angles of a square garden abcd, are 
PA = 70 yards, pb = 40, and PC = 60. Required thf 
length of a side of that garden. 

Ans, 31.4885 yards* , 



^. A|;eDUGinantravdling'towmisd8¥oric9d]8COvere4» 
by means of a telescope, the top of the tower of the ca- 
;diedi»l, when just in the ^oriziOQ ; ^nd on travelliog 20 
miles.nearery he found the top of -the tower elevated one 
decree. What is its height, 4iiat of tlie obterver^s eye 
being 5 feet 6 inches ? 

Ans. 2801 feet. 

23. There are four trees, , a, b, c, d, standing in a 
straight hedge row; their distsDces are ab = 60 yards, 
BC = 20, CB =s40. Where must 1 49tand to observe 
them, so that the three intervals may appear equal ? 

Ams. At 12 yards irom s towards c, erect to the line 
iABCDA perpendioolgr .mp of ^ yards ; then will the ait« 
gles APB, Bpc, CPD, be each xe 45^« 

24. Having at a certoiii unkoowii tUsta&ce taken the 
«ngle of dewitionof a steeple, I advanced 60 yardi 
nearer (upon level ground), and then observed the^le- 
^vation to ve the complement of the former : advancing 
«till itd vards nearer, the elevation was found to be doii^ j 
ble the first. Hence tiie height of the steeple is requtredN? 

Ans. 745*16198 yards. 

25. The excess of the three angles oif a triangle, mea- 
sured on the earth's surface, above two right angles, is 
1 second: irbat is its-area, taking ilie earths diameter 
at 79571- miles ? . 

Ans. 76*75299 square miles. 

^6. The three sides of a ttiangle, measured on Ihi^ 
earth's surface, and reduced to the level of the sea, are 
17» 18, and 10 miles^ What is the spherical ^ac^ ess ? 

27. The angles subtended by two distant objects at a 
third object is 66° 30" 39"': dneof tliose odbiects appear- 
Sunder an elevation of 25^47^; the •other uruter a 
idepression a£ y\ Bequired the reduced horiaontal 
-angle? 

jhu. 66° SO' 87''. - 

28. In two r^ht an§^4ipherical triai^es A9C, AOfe! 
Jiaving one angfe a commoB, Jet there be given the ti* 



i: 



236 Problems toiihottt Solutions. 

erpendiculars bc, de, and tliie suit) or difference of the 
lyputhenuses ac, ae; then it will be, 
tan jj (de -f Bc) : tan J (de — bc) :: tan ^ (ae + ac) 
: tan J (ae — ac), 
liequired a demonstration. 

29. If, besides the two perpendiculars, there be given 
the sum or difference of the bases, ab, ad; then it will 
be, 

sin (de + bc) :sin (de — bc) ::tan J (ad -f ab) 

tan j (ad — ab). 
Required a demonstration. 

SO. Given the hypothenuse ac, and the sum ab -f 
Bc, or difference ab -» bc of the legs of a right angled 
spherical triangle : then it will be» , 

2 cos AC = cos (ab + bc) -h-C0S-(AB — Bc) 

whence the legs become known. Hequired a demon* 
stratlon. 

31. If, in a plane triangle abc there be given, the 
sides AC, bc, and the line cd drawn to bisect the verti* 
Cal ^ngle and terminating in the base : then we kave 

, . / AC . BC — C0* 

AB = (AC + BC) y/ ■- c -. ^„ ; 

J (AC ■!■ BC)c1I ■■ 

and cot ag» as cot bcd m p,^ ' . * 

SAC t BO 

Required a demonstration. 

S2. If the triangle abc be spherical, and the tame 
'parts be given ; then 

•in (ac + bc) tan cd 
COS ACD = cos BCD = ' r-r : •.• 

• 

Required a demonstration. 

33. Given the north latitude of three places, viz, 
Moscow 55'' SC, Vienna 48° 12', Gibraltar 35*^ 30', all 
lying directly in the same arc of a great circle. The dif*- 
ference of longitude between Vienna (situated between 
the other two) and Moscow, easterly, is equal to that 
between Vienna and Gibraltar, westerly* It is required 
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to find the true bearing and distance ofeach place from 
the other, as well as their difference of longitude. 

Ans. Difference of longitude between Moscow and 
Vienna 14-** 13' 27", between Moscow and Gibraltar 28* 
26' 54". 
Vienna and Gibraltar bear from Moscow. S*. 56° 4' W, 

Moscow from Vienna N. 44® 5(f E. 

Gibraltar from Vienna S. 44® 50' W. 

Vienna and Moscow from Gibraltar N. S5® 16' E. 

Vienna is distant from Gibraltar 16° 29' = 1 146 Eng- 
lish miles; Vienna from Moscow, 11° 25' = 791 miles; 
Gibi^Uar from Moscow, 27° 52' = 1987 miles. 

34. Two sides of a plane triangle are ^ and 50, and 
the line bisecting the verticle angle and terminating in 
the base is 52, Required the angles of the triangle, 
without previously finding the base. 

Aris. 37° 38' 16", 64° 39' 22", and 77° 42' 22". 

35. Two sides of a plane triangle are 12 and 9, and 
the right line drawn from the vertical angle to the mid- 
die of the third side is 8. Required the angles of the 
triangle. 

^w. 39° 45' 10", 58° 29' 55'^ and 81° 44' 55". 

36. When all the three sides of any plane triangle 
are given, an angle a may be found by the following 
theorem : 

2 (I perim — ab) (|t perim — Ac^ 

versm a = ' — •• 

AB. AC 

Required a demonstration. 

37. In any spherical triangle abc, 

vorsin cb — vprsin 'ck — ba) 

versm a '=: : r— • 

bin AC sin AB 

36. Also, 

i ['^crjiin CB — versin (cA — ba)] 

"'^^ 2A= siDACiDAB 

39. And 

Jvcrsin cb — Venii^(cA -»- «a) 
A S= ;--r r--^^ : • 
versm (ca + ba) ^ venin cb 

Required the demoutration. 
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40. On a' oartain Iiorisontal dial the luiff of t&e an- 
gular dbtaacesof the hour lines of S and 4 in the afber^ 
noon firom the 12 o'clock hour line, ia 82^ W, For what 
latitude was the dial made? 

Ans. The latitude of 41' 48'. 

41. On another horizontal dial the distance bettv<een 
the hour lines of 4 and 5 o'clock in the afternoon waa 
20 degrees. For what latitude was this dial made ? 

. Ans. The latitude of 35*^53'. 

42. In what latitude is the ai^le included between 
the hour lines of 12 and 1, on a horizontal dial, double 
of that included between the same hour lines on a verti- 
cal south dial? 

Ans. Latitude 63^ 45- 20'^ 

43. Suppose a horizontal dial made for the la^tude of 
51® 32^9 to be fixed horizontally in the latitude of 54® ; 
what will be the greatest error, and at what time of the 
day? 

Ans. The greatest error will be 4** 27' of time, and 
it will occur at 6** 15"' 27", true time from noon. 

44. On what day of the year, in the latitude of Lon- 
don, will the length of the afternoon exceed' that of the 
morning by the greatest difference possible; conceiving 
the day to begin at sun-rising and to end at sun-set'-^ 
ting ? 

Ans. When the sun's longitude is 29® %2' from the 
first point of Aries, that is, on the 19th day of April ; 
the aflernoon of that day exceeding the^morning* br 
l-4i'. 

45. In latitude 53® N. stands a tower, the shadow of 
whose summit on June 10th j 1816, described on the ho- 
rizontal plane a hyperbolic curve whose transverse axis 
was 150 yards. What was the height of that tower ? 

Ans. 43-688 yards. 

46. Reauired the latitude of the place and the decli- 
nation of the sun when the length of the day is to that 
of the night as S to 2, and the sun's mid-day; altitude to 
his midnight depression as>2 to 1 ? 

Ans. Lat. 61® 57' N. Dedina^n 9° 21- N. 



47. Ittthe north latitude of 51'' W I obierved the 
sun to rise on a certain point of the compass ; and eleveob 
hours after the sun had arisen^ I perceived my shadow ' 
to be projected towards the same point. What was the 
sun^s declination? 

Ans. Declinatbn ^ 5^' ^V N. 

481 To what height must a person b&raised:above the ' 
city of London^ on June ^Ist^ at midnight, so that he 
may just see the sun's upper limb ? 

Ans, 155-42B3 miles, the radius of the earth being 
8i:qpposed 3980. 

49* In the latitudes of 30^ and 50^ north, on the 
same meridian, on the 2 1st of June in the morning, it is' 
required to determine the exact instant when the sun's 
altitude will be equal, if observed at both places ; also 
the latitude at that time? 

Ans. Time 3*" 55"^ 16' from noon ; altitude 37** 37' 17". 

50. At what time of the year is the night (exclusive 
of twilight] longer at York ( N. lat. 54^) than it is either 
at London (N. lat. 51"^ 32") or at Edinburgh (N. lat. 

56*7')? 

Ans. Whilst the sun's declination south is between 
14® 14' 46" and 14° 40^ 34"; that is, on February 10th 
and November Ist. 

51. In what north latitude may an erect south declin- 
ing dial be fixed, to have the declination of the plane, 
the distance of the substyle from the meridian, and the 
height of the style, all equal ? 

Ans» The latitude of 38° 2^; and the plane's declina- 
tion will be 38° 13'. 

52. In the spring quarter last year, day broke at 
> 3 o'clock, and the sun's altitude that: morning when 

due east was 32° 42'. Where and when cud' thia 
happen ? 

Ins. Lat. 38° 39' 20" N. ; Dec 19? 48' 18'' N. answer- 
ing to May the 19th. 

BZ. At a certain place I observed the sun to rise at 10 
minutes past 4 o'clock^ and hit altitude at. noon to bo 
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58^ 40'. What were the latitude and day of observa- 
tion ? 

Ans, Lat. 51° S(y N.; Dec. 20® 10' N., answering to 
May 21st and July 22d. 

54. On the longest day last year it was observed at a 

certain place, that the sun's altitude when due east was 

H° ^' more than it was at 6 o'clock the same mormng ; 

what were those altitudes, and what was the latitucfe of 

' the place ? 

Ans. Altitudes S2° 8' 5" and 17** 22' 5", 

Latitude 48° 30' 49" N. r 

S5» What is the northern latitude, time of the year, 
and time of the day, in 18 J 6, when the sun*s altitude^ 
his azimuth from the east, the arc from noon, and the 
co-latitude of the place are equal to each other ? 

Ans. Lat. 51° 28' 53", time of year Apr 17, or Aug. 26, 

time of *day 9^ 25" 56'- A. M. 

56. In what north latitude is the shortest day equal to 
•j'j- of the longest at London ? 

^Ans. Latitude 43° 28'. 

57. In what latitude and time of the year does tlie 
sun rise at half past 5 o'clock, and appear due east 
at 10 ? 

Ans. Lat. 21° 13', Dec. 18° 35', both of the same 
kind. 

58. ^Vhere is the sun's altitude at 6 o'clock, on the 
longest day, equal to the co-latitude ? 

Ans. N. latitude 68° 17' 12". 

.59. To find the declination of that gtar whose -change 
in azimuth is a maximum or minimum in a given time, 
reckoned from the time that it transits a given almu- 
cantar in a given latitude. Suppose the latitude of 
London, the time one hour, and the almucantar 15° 
above the horizon. 

Ans. Star's declination 20° 25' south. 

60. What arc of a circle is equal to its tangent? 

Ans. Arcs of 257° 27' 12", 442° 37' 28", 62 4'° 45' 38", 
805° 56' 1", 986° 40' 36", 1 167° 1 V 23", 1 347° 33' 55", 
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1527*51' 9", 1708^ 5' 44^ or 1S88^ 16' 12', mkwntx tb9 
conditions of the question; and these arcs UX in the2d» 
4thy 6th> 8th^ 10th» 12th, Sic. quadmnts^ ruaiiiiig con- 
tinually round the same circle. 

61. What arc is that whose sine shall be equal to th« 
sine of triple the same arc ? 

62. What arc is tiiat whose sine is half the sine of its 
triple arc? 

63. What arc is that whose sine b the ~th part of 

the sine of its triple arc ? 

Arts. The arc whose nne is } ^ rs — it). 

64. What arc is that whose sine is equal to tjhe sisa 
of its quadruple arc ? 

65. What arc is that whose sine is equal to the me 
ef its quintuple arc ? 

66. Wliat arc is that whose sine is equal to n times its 
cosine ? 

Ans. The arc whose sine is 4 / > + 1 * 

67. What arc is that whose secant is equal to n times 

its tangent ? 

/I 
Ans, The arc whose tangent w a / ^_ « 

68. In a right angled triangle the right lines drawn 
from the acute angles to the middle points of the oppo- 
site sides are equal to a and b respectivelj : required 
the acute angles. 

Ans, The acute angles are those whose tangents are 

Thus if a = 4, ^ = S, then the tangents are 
a/ — and 4/jj-, and the angleb are 58^54^ 82*' and 

sr 5' 28". 

69. Demonstrate the truth of Dr. Maskel^e's four 

M 



249 ProUems noitkout Solutions. 

rules for determining the log. sines and tangents of small 
arcsy given at pa. 5B of this volume. 

70.. Supposmg the latitude of London to be 51^ 30^ 
N.9 the latitude and longitude of Moscow 5SP ifS' N. and 
88° E.y and the latitude and longitude of Constantinople 
41°S0'N. and 29° 15' E. It is required to determme 
the latitude and longitude of a place which shall be 
equidistant from the former three. 

Ans. Lat. 51°. IT N., long. 19° 13' E. 

71. Three stars a, b, ana c» were all observed to be 
in the arc of a great circle ; the distance of a and b was 
found to be 10°, of b and c 20^; the difference of the 
azimuths of a and c was found to be 90° ; and the mid- 
dlemost B was the least distance possible from the ze* 
nith. Required the altitudes of the three stars ? 

Ar}s. Alt. of A, 72° 18' 14", of b, 75° 19^ 32", and of 
c, 65° 22' 33". 

72. In what north latitude will the sun appear due 
east, on the longest day, at the mid-time between sun- 
rise and noon i 

Ans, In N. lat. 64° 35' 48." 

BC 

73. Let ABC be a plane triangle of which — = »» ; 

it is required to demonstrate, that the value of the angle 
A is expressed in seconds by the first or second of the 
following series, according as the perpendicular from 
b on AC falls within or out of the triangle : viz. 

_^ msinc m'^sinSc m^ sin 3c m* sin 4c 

^ ii^l^ "*" 8in«'' "*" sinS" ■*■ sin 4" "*" ^' 

___ msinc m* sin 2c mSsin 3c w* sin 4c 

^ "" sin 1" sjpje" + sin.T' sin 4" "*" 

74. Demonstrate also that 

mcosB m*sin2B m' cos 3b m^ sin 4b 
. ^ "" sin 1'' "^ 8ia >i" SST^ sin 4'' "*" * 

__^ mcosB m«8in2B m^cosSB m^ sin 4b 
^ iiiiT^ t^aF* uuS'' + gin 4" ^ • 



> 
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75. If in a plane triangle tan b = » tan a, then de- 
monstrate that 

(A -. B) — YT^ ' iiiT' " vTTii/ ' 8i^' 

1 — n\3 sin 6a 



■^(i^j 



— &C. 



sin 3" 

and that if n = cos c, then 

w tan* ic sin 2a tan* Jc sin 4a 

(A — B} ^rj^p jtj-jt; 

tannic sin 6a 

76. Let E be the spherical excess in seconds of a 
spherical triangle abc, then it is to be demonstrated 
th^t 

, ^ tap^fttaajctinA tan*^5tan'^tf'tingA 

■ * "■ lin 1" "" iln*" 

tanS \h tan' \c si n S a 

+ SKF *^* 

77. Demonstrate also, that 

^ t ^ . cot W cot Jo 

cot is = cot A + — '. ' 8 

and find B| when a = 5 s e =s 179^* 
Ans. E = 857^ 59"58". 

78. Given the latitude of the place, and the position 
of two hour circles, with respect to the meridian ; to de- 
termine the declination of that star whose change in al- 
titude shall be the greatest possible in passing over the 
interval between those hour circles. 

Ans. Let h' be the greatest, and h the least hour an- 
gle from the meridian, l the latitude, and d the decli- 
nation; then 

sin i (V - h) 
tan D = tan l . I ^ ^ „/ * 

sin 4 (A + hf) 

79. If a person could approach so near to the moon 
as to see one third of her convex surface, what angle 
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M his eye would the diameter of her apparent disc sub* 
tend ? 

Ans, Twice the angle whose natural cosecant ia thrice 
radius, that is, twice 19^ 28' 16" or S8<> 56^ 32". 

80. In a plane triangle abc are given 

cot A cot B =: I, cot B COt C = ^; 

to find the angles a^ b, and e. 

Ans, 45% 63^ 26' 6", and 71°S3;54". 

81. In a certain north latitude it was observed that 
on the morning of the longest da^ the body of the sun 
occupied precisely 8 minutes of time in rising out of the 
horizon. What was the latitude i 

Ans. 61® 29" W disregarding refraction and parallax: 
or, 62^ 28' 54", taking the horizontal refraction at S3% 
and the paraUax at 9". 



THE END. 
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S. LOWNDES'S NEW AND COMPLETE HISTORY OF 
ENGLAND, from tne Invasion of Julius Cmsar to the Peace of 
Paris in 1814, by Question and Answer. A New Edition, in-- 
eluding the recent glorious Achievements of the Duke of Wel- 
lington, and the Allied Armies. 55. 6r2. boards: 6». bound. 

9. A DESCRIPTION OF MORE; THAN THREE HUN- 
DRED ANIMALS, embellished with upwards of Three Hundred 
fine Wood Engravings of Quadrupeds, Birds, Fishes, Serpents, 
and lusects, copied from Nature, and engraved w ith Taste and 
Accuracy. Demy ISmo. bs, 6d. boards; %s, bound. A few 
copies in 8vo. on the finest wove paper, worked as proofs, 
10^. 6d, boards. 

*«« This work has been entirely recomposed and the objec- 
tionable articles expunged, by A. D« M'Qinif, H.F.S.A. and 
now forms a valuable Compendium of Natural History, inter- 
spersed with amusing Anecdotes aud Observations, frSm the best 
Authorities. To which is added, An Original Appendix, ou 
Allegorical and Fabulous Animals ; and an Index to the whole, 
with the English, Latin, and French Names. 

10. AN ABSTRACT OF THE HISTORY OF THE BIBLE, 
for the Use of Children and Young Persons; with Questions for 
Examination, and a Sketch of Scripture Geography, illustrated 
wiih Maps. By the Rev. Wiluam Tdrner, of Newcastle-upoo- 
T;^ne* The Sixth Edition, ISmo,; price 89. M hAlf4>o«Bd. 



